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Abstract

Objectives: Weinvestigatehefeasibility of binary-valued3D tomographic
reconstructiorusingonly asmallnumberof projectionsacquiredoveralim-
ited rangeof angles.

Methods: Regularizationof this stronglyill-posedproblemis achieved by
(i) con ning thereconstructiorio binary vessel non-\esseldecisionsand
(i) by minimizing aglobalfunctionalinvolving asmoothnesgrior.
Results: Our approachsuccessfullyreconstructs/olumetric vesselstruc-
turesfrom 3 projectionstaken within . Thepercentag®f reconstructed
voxelsdiffering from groundtruth is belov

Conclusion: We demonstrateéhat for particularapplications- like Digital
SubstractiorAngiography— 3D reconstructiongrepossiblewhereconsen-
tional methodsmustfail, dueto a severly limited imaginggeometry This
couldplay animportantrole for dosereductionand3D reconstructiomusing
non-conentionaltechnicalsetups.

MeSH-Keywords: X-Ray TomographyComputerAssistedmageAnalysis,Im-
age ReconstructionComputerGeneratedD Imaging, Digital SubtractionAn-

giography



1 Intr oduction

1.1 Motivation

The procesof reconstructinghe 3D densitydistribution within the humanbody
from multiple X-ray projectionsis well understood1]. Today Itered back-
projectionis the fundamentahlgorithmfor Computerizedfomography This al-
gorithm, however, hasits limitations in that a large amountof input datais re-
quiredfor the reconstructiorto becomefeasible. More speci cally, a necessary
conditionfor its successs the rotationof the X-ray tubeof at least180 degrees
plusfanangleandthe acquisitionof alarge numberof projectiong1].

Thereare prospectie applicationsof 3D imagingwherethe technicalsetup
doesnot allow for 180 degreerotationsand, therefore, Iltered back-projection
cannotbe applied. For instancethe reconstructiorof the coronaryvesselof the
moving heartusingthe Feldkampalgorithmrequiresmuchmoredatathancanbe
capturedby C-armsystemsluringinterventions.More generallyit is reasonable
to investigatesituationswherethe doserateto which patientsareexposedcanbe
considerablyreduced.Unfortunatly violating the constraintdor dataacquisition
mentionedabove renders3D-reconstructiomlmostimpossible1].

A patrticularsituationconcern®igital SubtactionAngiagraphy(DSA)where
vesselsare lled with a constrastagentandthe backgrounds almosthomoge-
neous. As a consequencexye shift our focus from 3D-reconstructiorof a con-
tinuousdensityfunctionsto the 3D-reconstructiorof a binary-valuedfunctions
whereeachvoxel indicateshe presenc®r absencef avessel.The naturalques-
tion thenis whetherthe considerablyeduceddegreesof freedomof the function
to bereconstructedancompensatéor thelack of inputdatawhenrecordingfew
projectiondataonly over a limited range of angles The presenpaperaddresses
this question.

1.2 RelatedWork

Our approachis basedon recentresearchn the eld of Discrete Tomagraphy
[2] which, historically, originatedfrom severalbranchef mathematicdik e, for
example thecombinatoriaproblemto determinébinarymatricedromits row and
columnsums(seethesuney [3]). Dueto thefactthatreconstructionarerequired
to be discrete-valuedthe reconstructiortask inevitably leadsto combinatorial
optimizationproblemswhich, accordinglyrequirea quitedifferenttreatmenthan
cornventional3D tomographyMeanwhile however, progresss notonly drivenby
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challengingtheoreticalproblemg4, 5] but alsoby real-world applicationsvhere
discretetomographymight play anessentiatole (cf. [2, chaptersl5-21]).

Despitethe factthat 3D binary reconstructiongrom few projectionsmay be
arbitrarily worsein theory[5], numericalexperimentg6] basedon determining
reconstructiondeing consistentwith given projectiondataby linear program-
ming (LP) yieldedencouragingesults. Furthermoreyariousobjectve functions
wereinvestigatedn [7] in orderto obtain“maximal”’ consistenteconstruction§
amongother things, and suboptimalsolutionswere computedwithin a greedy
framavork. Our work supplementshe LP approachor computingfeasiblere-
constructionsuggesteth [6] with a particularobjective functionproposedn [7]
and, additionally includesa smoothnesgrior enforcingspatiallyhomogeneous
reconstructions.The latter is a naturalbut non-trivial extension(in the present
context) andunderthe notion regularizationwell-known from mary variational
approaches imageprocessingand computationavision (cf. , e.g.,[9, 10]). In
connectionwith discrete-aluedtomographiaeconstructionpur LP-basedegu-
larizationapproachs novel andfurther motivatedfrom the viewpoint of combi-
natorialoptimizationby favourableapproximatiorpropertiegprovedin [8].

Otherrelatedwork in the eld of DiscreteTomographyinclude the MRF-
basedapproachesdy [11, 12, 13] andthe binary steeringtechniqueby [14] (see
also[2]). Both Matej et al. [11] and Chanet al. [12] useregularizationpriors
aswell. On the other hand, stochasticsampling (Metropolis and Gibbs sam-
pling, respectrely) is usedin [11, 12] for the purposeof optimizationwhich,
whenproperlyapplied,is notoriouslyslow, whereasa multiscaleimplementation
of a coordinate-wisesequentiabipdatetechnique(a specialversionof the ICM-
technique)s employedin [13]. In this connectionwe focuson a LP framewvork
for which mathematicallysoundconceptsof corvex optimizationareknown [15]
providing the basisfor future parallelimplementations.

We also stressthat discretetomographyshould not be confusedwith other
reconstructiorapproachekk etomosynthesidpr instanceln tomosynthesig 6],
singleslicescanbe reconstructedrom a single, limited anglemovementof the
X-ray source ,wherepatientanddigital detectorare kept stationary By adding
andshifting the acquiredimagesit is possibleto bring a certainslice of the 3D
structurein focus. Theanatomybelov andabove the currentsliceis blurredand,
therefore acomplete3D volumecannotbe reconstructedisingthis method.

2Seesection2.2.1for aprecisede nition.



1.3 Objectives

The objective of this paperis a feasibility study of 3D tomographicreconstruc-
tion usinga smallnumberof projectionsacquiredover a limited range of angles
To this end, we combinea suitableobjective function with a regularizingterm
within a LP approach.The studyis mainly performedby comparingnumerous
reconstruction®btainedby systematicallyvarying the imageacquisitioncondi-
tionswith ground-thruth Ground-truthis de ned to bethefull 3D-reconstruction
of real vesselstructuresobtainedby commontechniquesand many projections
overawiderangeof angles.

We stresghatour approachs applicableonly in situationsvheretheassump-
tion of binary-valuedvolumesis justi ed. Thecorrespondingpplicationwe have
in view is 3D reconstructiorfrom DSA projections.While the rangeof applica-
tions of our approactis clearlylimited, the prospecbf both exposingpatientsto
lower doserates,and obtaining3D-informationunderconditionswherecornven-
tional methoddail, motivatesandjusti es ourwork.

2 Methods

In this section,we describethe mathematicahndcomputationamethodsunder
lying our approach. Subsectior2.1 concerngpre-processingDSA dataacqui-
sition, discreterepresentatiomsedfor volumetric structuresand determination
of locationswhich, basedon given projectiondata,do surely not belongto ary
volumetricdatato bereconstructeih the subsequenteconstructiorstep.
Thereconstructiorof volumetricstructuresamountgo solve a large-scald_P
whosespeci ¢ form depend®nthe projectiondata,the objectve functionfor re-
constructionaregularizationtermandtherelaxationof the combinatoriainteger
constraint.Thesepointsaredescribedn subsectior?.2.

2.1 Preprocessing
2.1.1 DSA- Digital Subtraction Angiography

DSA is a commontechniquein medicaldiagnostics. Two imagesof a vascular
systemare taken from eachdirection, one with contrastagentand anotherone
without. Afterwards,bothimagesaresubtractedrom eachotherfor eachimage
pair sothatonly the distribution of the contrastagentremains.The logarithmof



eachimageintensityis takenbeforesubtractingdueto theexponentialabsorption
function. Figurel illustratesthis process.

ip

Figurel: Proces®f DSA imaging.In principle,two imagesof a vascularsystem
are taken with (left) and without (center)contrastagent,respectrely. This is
illustratedhereby meansof a phantom(madeof knead)scannedwvith a C-arm
tomograph(in  -stepsover a rangeof ). Subtractionof both imagesleads
to animage (right) that containsonly information aboutthe distribution of the
contrastagent.

2.1.2 Discretization

Considera function , de ned by , andalinear ray
parametrizedby : . Inthecontinuousspace
theprojectionvalue measure@longthisrayis givenby equation(1).

1)

Splitting up the integral for eachpixel (voxel) traversedby the ray yields a
discretizationof equation(1). Thisis shavn in Figure(2) for the 2-dimensional
casewheresomeray (indicatedby anarran) hits the pixels assignedo the vari-
ables . For all thesepixels , dotsdepictentryandleaving point
of theray, and denotesthe length of the correspondingntersection. In the
3-dimensionataseonehasto computethe entry andleaving pointsfor “boxes”
representingoxelsinsteadof “squares’representingixels.

Eachpixel variabletakesrangesover two valuesonly: . Its values
dependon whethera pixel contributesto the measuregrojection or not. The
integral value, thatis the contritution of the -th pixel to the projectionvalue ,
accordinglyis . For pixels  not hit by the ray, we set . De ning



Figure2: lllustration of the discretizatiorof the projection(line integral) alonga
ray (indicatedby the arrow) for a image. Dotsindicatethe intersectionof
the ray with imagepixels . Thelengthsof theseintersectionsare assignedo
correspondingariables . Pixel variablesmay only take two values
dependingon whethera pixel conritutesto the measuredrojectionvalue or
not. Accordingly, the equation representsll possiblepixel values
consistentvith the obsenedvalue . The procedurdor 3D projectionsis exactly
thesamewith “squares” (pixels)replacedoy “boxes”  (voxels).

and , We cansetup an equationfor the
projectionray,

(2)

whichdescribesll possiblepixel con gurationsconsistentvith theobsenedpro-
jection .

Sofar, equation(2) representa discretizatiorfor a singleprojectionray only.
In orderto obtainacompletedescriptiorof thereconstructioproblem,onehasto
considemary projectionraysfrom severalprojectiondirections.Thecorrespond-

ing measurementare collectedinto the vector . Analogous
to (2), we obtainequations for eachprojectionray .
Assembling , : , iInto amatrix  leadsto thefollowing

representationf theimagemeasurements:

(3)

As detailedabove, vector containsall obsened projectionmeasurementgnd
matrix encodeghe known geometryof the projections. The reconstruction
problemis to recovertheunknovn values from equation(3).



2.1.3 Removing UnambiguousVariables

As Figure (2) suggeststhe value is measuredor mary projectionsray
which do not hit any absorbingvolumetricstructure.As a consequencell vari-
ables hit by ary of theserayscanberemovedfrom thelinearsystem(3) before
thereconstructiorprocessstarts.

Especiallyfor vascularsystemsthe reductionof unknovns obtainedin this
way is signi cant sincethe vesselgnon-zerovoxels) cover only a smallfraction
of theentirevolume.

2.2 Regularization and Binary Reconstruction

This sectiondescribe®urapproactio 3D reconstructiorin termsof theunknovn
variables to be recovreredfrom the linear system(3). We discussthe objec-
tive function for optimizationaswell asthe relaxationof the integer constraint

rst (subsectior?.2.1),followed by extensionsin orderto include
regularizingterms(subsectior.2.2).

2.2.1 Objective Function and Problem Relaxation

It is known that the computationakffort to computea binary solution to the
system(3) grows exponentiallywith the numberof unknovnsif morethantwo
projectiondirectionsare considered5]. Therefore,the integer constraint

is relaxedto thecorvex constraintset

(4)

andthelinear system(3) is supplementedby anobjective functionto form aLP
for 3D reconstruction.

In the literatureon discretetomographytwo LP approacheareknown. The
rst one(5), suggestedy Fishlurn, Schwander Shepp,andVanderbe(6], op-
timizesthe dummyfunctional”zero” subjectto the linear projectionconstraints
(3). Thus,ary interior point methodfor solvinglarge scaleLPs canbe usedfor

computingsomefeasiblepoint (FP) satisfyingthe projectionconstraints.

subjectto (5)

Thesecondapproach(6), suggestethy GritzmanndeVries,andWiegelmann
[7], replaceghedummyfunctionalin (5) by theterm



whichmeasureghesizeof thereconstructegtolumein termsof voxels with
. Furthermorethe linear projectionequationsarechangedo linearinequalities
which copesbetterwith slight inconsistenciesf (3) dueto measuremengrrors
anddiscretizatioreffects(i.e., (3) may not hold exactly for binary vectors ). In
summary the “best inner t” criterion (BIF) (6) aimsat computinga maximal
volumeamongall solutionsnot violating the projectionconstraints.
Note that problem (6) was optimizedin [7] over the dif cult constraintset
by local optimizationwithin a greedyframework. In contrastwe again
relaxthis problemby optimizingoverthelargerset de nedin (4) soasto make
global optimization(by LP) feasiblewhich takesall constraintssimultaneously
into account.Furthermorethis providesa basisfor regularization(seenext sec-
tion).
subjectto (6)

2.2.2 Regularization

Both approacheg¢5) and(6) do not exploit spatialcohereng which is not plau-
siblein connectiorwith the reconstructiorof volumetricstructures.As a result,
spatiallyincoherentandthuslessplausiblesolutionsmay be favoredby the opti-
mizationprocess.

A commonremedyis to include smoothnesgriorsinto the optimizationcri-
terion. However, sincewe dealwith integer solutions,this further complicates
the combinatorialoptimizationproblem. Furthermoresmoothnesgriorsleadto
quadratidunctionalswhich cannotbeincorporatedy LP relaxations.

Inspiredby recentprogresson generalmetric labeling problems[8], we in-
troduceauxiliary variableso representhe absolutedeviation of adjacenentities,
asan approximationof standardquadraticpriors. Consequentlyspatialsmooth-
nesscanbemeasuredby alinearcombinationof auxiliary variablesjeadingto an
extended_P approach.

Let denotethe sumover all adjacenpixel pairs(4-neighborhoodand
voxel pairs(4-neighborhood)espectiely. Then(6) is extendedo theregularized
bestinner t (R-BIF) approach:

- (7)



2.2.3 Implementation Details

In orderto arriveata LP in standardorm, we introduceadditionalslackvariables

for eachpair of adjacenpixels/\oxels . Letthevector collectall vari-
ables . Thenthevectorof unknavns in (7) is supplementetdy , andthe
linear constraintsn bothapproachearesupplementetdy two linearinequalities
for eachvariable

By virtue of theseadditionalconstraintsyve canreplacesachterm in (7)
by

2.2.4 Postprocessing

The LP stepresultsin a solutionvector with eachcomponent
In orderto obtaina binary solutionwe simply usedathreshold :

if
otherwise

(8)

3 Evaluation

The rst datasetconsistof real projectiondatawhich weretakenwith a C-arm
systemfrom a phantommadeof knead(Figure 1). The volume resolutionis

voxel, and pixel for the projectionimages. The
corresponding unknavns weretypically reducedo about
variablesby the proceduralescribedn Section2.1.3.

This wasour rst experimentusingthree-dimensionadlata. No 3D ground
truthwasavailable. Thepositiveresultsdescribedn Sectiord.1encouragedsto
setup an3D ground-truthexperiment.

In orderto preciselyevaluatethe capabilityfor 3D-reconstructiofasedon a
small numberof projectionstaken over a limited rangeof projectionangles,we
reconstructed real vascularvolumetric structurewhich was scannedvith a C-
armsystemusinga corventionalmethod( Itered backprojection).This structure
is shavnin Figure3, left, andwasconsidereds3D ground-truth.

Thevolumeresolutionis voxel, and pixel for each
projection. The diametersof the vesselstructuresrangefrom voxel
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(seeFig. 3). Thestructureshavn in Fig. 3 consistof 24466voxels, whereaghe
numberof unknowns after preprocessingsection2.1.3) was about3 timesthis
number

Figure3: Left: A real 3D vesselstructurereconstructedby corventionaltomog-
raphy This datasetwastaken asgroundtruth for variousreconstructionseach
computedfrom threeprojectiondirectionsonly within the limited rangeof
Right: Close-upsof the structure. The diametersat the locationsmarked with
crosseare8.5voxel (bottom)and2.5voxel (top), respectiely.

Figure4 shaws the imaginggeometryusedfor the evaluation. In caseof the
kneadphantomwe used5 projectionsover arangeof . The reconstruction
resultswere judged by visual inspection. This experimentcon rmed that our
regularizedLP approachR-BIF) signi cantly improved3D-reconstruction.

Concerninghe vascularstructureshavn in Figure 3, we constructegrojec-
tion dataasfollows (seeFig. 4). Overarangeof , only threeprojectionsonly
were computed.In this way, we producedl9 differentdatasetsby varying the
offsetfrom to in  -steps. For eachof these3-projectiondatasetsa
separat@D-reconstructionvascomputedandcomparedvith thetrue dataset.

We useda threshold for all experimentsconcerninghe vesselstruc-
ture. For the kneadphantom,a value of gave visually slightly more
pleasantesults.In our futurework, we will adoptprobabilisticmethodgo deter
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minethis valueautomatically
Parameter ( numberof neighbors)was chosenfor all experi-
ments.

A4. Projection

5. Prolecton( 3. Projection

2. Projection

1. Projection
\ Offset (dashed line)
'

-

Figure 4: lllustration of the imaging geometrywith a small numberof projec-
tions— veprojectiondor thekneadphantomandthreeprojectiongor thevessel
structure- andarangeof projectiondirectionslimitedto . Differentdatasets
were producedby varying the offsetfrom . While varying the offset,
the spacingof directionswaskeptconstant.

4 Numerical Results

4.1 3D Knead Phantom

Figure5 shaws the 3D-reconstructionsf the kneadphantomcomputedwith the
approacheg6) and (7), respectrely. The lower panelillustratesthe favourable
effect of the regularizationemployedin (7): in contrastto the resultcomputed
with theapproach(6), isolatedandnoisyvoxel con gurationsareavoidedduring
the reconstructiorbasedon (7), which resultsin spatiallyhomogeneousolume
structures.

4.2 3D Blood VesselStructure

Figure 6 shows the original 3D dataset (top, left), the undeterminedrariables
after the preprocessinghasedescribedn section2.1.3 (top, right), andin the
lower paneltheresultscomputedoy (6) and(7), respectiely.
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Figure5: Left column: 3D reconstructiorof the phantomusing the approach
, (6). Right column: 3D reconstructiorof the phantonmusingtheapproach

(D).

Notethatduring preprocessinghasea large numberof variablegattachedo
eachvoxel) wereremoved, dueto the volumetricsparsenessf vesselstructures.
Relatve to that, however, a considerablemountof ambiguousvariablesremains
(Fig. 6, topright). Theresultshovnin Fig. 6, bottomleft, illustratesthatthecom-
putationfor solving (6) reconstructshe desiredvesselstructureimmersednto a
setof isolatedvoxels which do not belongto the vesselstructure. Additionally
invoking spatialregularizationby virtue of (7) almostcompletelysuppressethis
setduringthereconstructior{Fig. 6, bottomright). Figure7 depictsclose-upsof
thethreedatasetsfor bettervisualinspection.

We con rmed andevaluatedhisresultquantitatvely by systematicallyepeat-
ing thereconstructiorwhile varyingthe offsetof the projectionrange(seeFig. 4,
andthe correspondingaption). Figure8 shaws the errorsof the 3D reconstruc-
tions for all 19 datasetsconstructedn this way, in termsof the percentagef
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voxelsdiffering from groundtruth. The evaluationrevealederrorsof
for reconstructiondasedon (6), anderrorsbelov for reconstructiondased
on (7).

5 Discussion

Theresultsdepictedn Figs.5, 6, and6 shav

1. that regularizationsigni cantly improves 3D reconstructionsn terms of
spatialcohereng of volumetricstructuresand

2. thatour approximation(7) of a standardsmoothnesgrior aspartof a LP
approactto discretetcomographyworks (seealsosection2.2.3).

The 3D reconstructiorerrors obtainedduring our evaluation (Fig. 8, lower
panel)stronglysuggesthatarealvolumetricvessektructurecanbereconstructed
from few projectionsover a limited rangeof anglesonly, despitethe severeill-
posednes$rom the mathematicabpoint of view. This ill-posednesss clearly
visible in termsof the variation of the reconstructiorerror asa function of the
absoluteorientationof the angularprojectionrange(Fig. 8, upperpanel). The
morevolumetricstructureccludeeachother thelargerthereconstructiorerror
is. While this dependengis visible in thelower panelof Fig. 8 aswell, the error
hasbeenreducedby a factorof about10, thusyielding reconstructiongloseto
groundtruth (absoluteerror ) uniformly for all experiments.

Let usaddtwo furthercommentsn orderto putthis positive empiricalresults
into perspectie:

At presentwe have only a computationabpproachandempiricalresults,
but no proof specifyingconditionsunderwhich suchaccuratereconstruc-
tions arepossible.Our resultsmerelyshav thatthereexist practicallyrel-
evantsituationswhereill-posednesslueto constrainedmagingconditions
canbecompensateby restrictingthe degreeof freedomf thefunctionsto
bereconstructedin our case:binaryvaluedfunctions).On the otherhand,
we arenotawareof ary otherwork shaving similar empiricalresults.

We deliberatelyexcludedall sourcesof errorsdueto imaging,preprocess-
ing, discretizationetc., by computing(not measuring!) the projectionsof
thevessebtructurefrom 3D groundtruth. This allowedusto focusdirectly
onthereconstructiorproblemandto drav the conclusionstatedunderthe
previousitem.

14



6 Conclusionsand Further Work

We empiricallyexploredthe 3D tomographiaeconstructiomproblemunderimag-
ing conditionswherestandardnethodsmustfail. Our work pavesthe way for
exploring suchsituationsunderclinical conditionsin the nearfuture.

In this context, we will focusnext on Digital SubstractiorAngiographyand
noiseeffectsdueto imaging(e.g.,calibration),preprocessinganddiscretization.
Furthermorewe will enhanc®ursmoothnesprior by learningrelevantstructures
from large sampleof reconstructedtructures.Last but not least,we will focus
on the opentheoreticalissuesfrom the viewpoint of regularizationof ill-posed
problems.
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Figure6: Top, left: Groundtruth. Top right: Locationscorrespondingo theun-
known variablesafterthe preprocessinghasedecribedn section2.1.3.Bottom,
left: 3D-reconstructiorusing , (6). Bottom, right: 3D-reconstructions-

ing , (7).
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Figure7: Top: Close-upsof the resultsshavn in Figure6. From left to right:
Groundtruth, 3D-reconstructiomising , (6), 3D-reconstructiomising
, (7). Bottom: The samefor anothewolumesection.
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Figure8: Reconstructiorrrorsin termsof theprecentagef voxelsdifferingfrom
groundtruth for the vesselstructure.Eachbar indicatesthe error for the experi-
mentwith the correspondingffsetin degrees(cf. Figure4). Top: Errorsfor the
3D-reconstructiorusing , (6). Bottom: Errorsfor the 3D-reconstruction
using , (7).
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