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Abstract

Objectives: We investigatethefeasibilityof binary-valued3D tomographic
reconstructionusingonly asmallnumberof projectionsacquiredoveralim-
ited rangeof angles.
Methods: Regularizationof this stronglyill-posedproblemis achieved by
(i) con�ning thereconstructionto binaryvessel/ non-vesseldecisions,and
(ii) by minimizingaglobalfunctionalinvolving asmoothnessprior.
Results: Our approachsuccessfullyreconstructsvolumetric vesselstruc-
turesfrom 3 projectionstakenwithin ����� . Thepercentageof reconstructed
voxelsdiffering from groundtruth is below ��� .
Conclusion: We demonstratethat for particularapplications– like Digital
SubstractionAngiography– 3D reconstructionsarepossiblewhereconven-
tional methodsmustfail, dueto a severly limited imaginggeometry. This
couldplayanimportantrole for dosereductionand3D reconstructionusing
non-conventionaltechnicalsetups.

MeSH–Keywords: X-RayTomography, Computer-AssistedImageAnalysis,Im-
ageReconstruction,Computer-Generated3D Imaging, Digital SubtractionAn-
giography
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1 Intr oduction

1.1 Moti vation

Theprocessof reconstructingthe3D densitydistribution within thehumanbody
from multiple X-ray projectionsis well understood[1]. Today, �ltered back-
projectionis the fundamentalalgorithmfor ComputerizedTomography. This al-
gorithm, however, hasits limitations in that a large amountof input datais re-
quiredfor the reconstructionto becomefeasible.More speci�cally, a necessary
conditionfor its successis the rotationof theX-ray tubeof at least180degrees
plusfanangleandtheacquisitionof a largenumberof projections[1].

Thereareprospective applicationsof 3D imagingwherethe technicalsetup
doesnot allow for 180 degreerotationsand, therefore,�ltered back-projection
cannotbeapplied.For instance,thereconstructionof thecoronaryvesselsof the
moving heartusingtheFeldkampalgorithmrequiresmuchmoredatathancanbe
capturedby C-armsystemsduringinterventions.More generally, it is reasonable
to investigatesituationswherethedoserateto which patientsareexposedcanbe
considerablyreduced.Unfortunatly, violating theconstraintsfor dataacquisition
mentionedaboverenders3D-reconstructionalmostimpossible[1].

A particularsituationconcernsDigital SubtractionAngiography(DSA)where
vesselsare �lled with a constrastagentand the backgroundis almosthomoge-
neous. As a consequence,we shift our focusfrom 3D-reconstructionof a con-
tinuousdensityfunctionsto the 3D-reconstructionof a binary-valuedfunctions
whereeachvoxel indicatesthepresenceor absenceof avessel.Thenaturalques-
tion thenis whethertheconsiderablyreduceddegreesof freedomof thefunction
to bereconstructedcancompensatefor thelackof inputdatawhenrecordingfew
projectiondataonly over a limited range of angles. Thepresentpaperaddresses
thisquestion.

1.2 RelatedWork

Our approachis basedon recentresearchin the �eld of Discrete Tomography
[2] which, historically, originatedfrom severalbranchesof mathematicslike, for
example,thecombinatorialproblemto determinebinarymatricesfrom its row and
columnsums(seethesurvey [3]). Dueto thefactthatreconstructionsarerequired
to be discrete-valued, the reconstructiontask inevitably leadsto combinatorial
optimizationproblemswhich,accordingly, requireaquitedifferenttreatmentthan
conventional3D tomography. Meanwhile,however, progressis notonly drivenby
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challengingtheoreticalproblems[4, 5] but alsoby real-world applicationswhere
discretetomographymightplay anessentialrole (cf. [2, chapters15–21]).

Despitethe fact that3D binary reconstructionsfrom few projectionsmaybe
arbitrarily worsein theory[5], numericalexperiments[6] basedon determining
reconstructionsbeing consistentwith given projectiondataby linear program-
ming(LP) yieldedencouragingresults.Furthermore,variousobjective functions
wereinvestigatedin [7] in orderto obtain“maximal” consistentreconstructions2,
amongother things, and suboptimalsolutionswere computedwithin a greedy
framework. Our work supplementsthe LP approachfor computingfeasiblere-
constructionssuggestedin [6] with aparticularobjectivefunctionproposedin [7]
and,additionally, includesa smoothnessprior enforcingspatiallyhomogeneous
reconstructions.The latter is a naturalbut non-trivial extension(in the present
context) andunderthe notion regularizationwell-known from many variational
approachesin imageprocessingandcomputationalvision (cf. , e.g.,[9, 10]). In
connectionwith discrete-valuedtomographicreconstruction,our LP-basedregu-
larizationapproachis novel andfurthermotivatedfrom theviewpoint of combi-
natorialoptimizationby favourableapproximationpropertiesprovedin [8].

Other relatedwork in the �eld of DiscreteTomographyinclude the MRF-
basedapproachesby [11, 12, 13] andthebinary steeringtechniqueby [14] (see
also [2]). Both Matej et al. [11] and Chanet al. [12] useregularizationpriors
as well. On the other hand,stochasticsampling(Metropolis and Gibbs sam-
pling, respectively) is usedin [11, 12] for the purposeof optimizationwhich,
whenproperlyapplied,is notoriouslyslow, whereasa multiscaleimplementation
of a coordinate-wisesequentialupdatetechnique(a specialversionof the ICM-
technique)is employedin [13]. In this connection,we focuson a LP framework
for which mathematicallysoundconceptsof convex optimizationareknown [15]
providing thebasisfor futureparallelimplementations.

We also stressthat discretetomographyshouldnot be confusedwith other
reconstructionapproachesliketomosynthesis,for instance.In tomosynthesis[16],
singleslicescanbe reconstructedfrom a single,limited anglemovementof the
X-ray source,wherepatientanddigital detectorarekept stationary. By adding
andshifting the acquiredimagesit is possibleto bring a certainslice of the 3D
structurein focus.Theanatomybelow andabove thecurrentsliceis blurredand,
therefore,acomplete3D volumecannotbereconstructedusingthismethod.

2Seesection2.2.1for aprecisede�nition.
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1.3 Objectives

The objective of this paperis a feasibility studyof 3D tomographicreconstruc-
tion usinga smallnumberof projectionsacquiredover a limited range of angles.
To this end,we combinea suitableobjective function with a regularizing term
within a LP approach.The studyis mainly performedby comparingnumerous
reconstructionsobtainedby systematicallyvarying the imageacquisitioncondi-
tionswith ground-thruth.Ground-truthis de�ned to bethefull 3D-reconstruction
of real vesselstructuresobtainedby commontechniquesandmanyprojections
overawiderangeof angles.

Westressthatourapproachis applicableonly in situationswheretheassump-
tion of binary-valuedvolumesis justi�ed. Thecorrespondingapplicationwehave
in view is 3D reconstructionfrom DSA projections.While therangeof applica-
tionsof our approachis clearly limited, theprospectof bothexposingpatientsto
lower doserates,andobtaining3D-informationunderconditionswhereconven-
tionalmethodsfail, motivatesandjusti�es ourwork.

2 Methods

In this section,we describethemathematicalandcomputationalmethodsunder-
lying our approach.Subsection2.1 concernspre-processing:DSA dataacqui-
sition, discreterepresentationusedfor volumetricstructures,anddetermination
of locationswhich, basedon given projectiondata,do surelynot belongto any
volumetricdatato bereconstructedin thesubsequentreconstructionstep.

Thereconstructionof volumetricstructuresamountsto solvea large-scaleLP
whosespeci�c form dependson theprojectiondata,theobjective functionfor re-
construction,a regularizationtermandtherelaxationof thecombinatorialinteger
constraint.Thesepointsaredescribedin subsection2.2.

2.1 Preprocessing

2.1.1 DSA - Digital Subtraction Angiography

DSA is a commontechniquein medicaldiagnostics.Two imagesof a vascular
systemare taken from eachdirection,onewith contrastagentandanotherone
without. Afterwards,both imagesaresubtractedfrom eachotherfor eachimage
pair so thatonly thedistribution of thecontrastagentremains.The logarithmof
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eachimageintensityis takenbeforesubtractingdueto theexponentialabsorption
function.Figure1 illustratesthisprocess.

�

�

Figure1: Processof DSA imaging.In principle,two imagesof avascularsystem
are taken with (left) and without (center)contrastagent,respectively. This is
illustratedhereby meansof a phantom(madeof knead)scannedwith a C-arm
tomograph(in

�

� -stepsover a rangeof
�����

� ). Subtractionof both imagesleads
to an image(right) that containsonly informationaboutthe distribution of the
contrastagent.

2.1.2 Discretization

Considera function �	��

�����
� � , de�ned by ��� � ������� , anda linear ray
�

������

�

���

�! #"%$ parametrizedby �'&

� ,  )(*$+&

�
� . In thecontinuousspace

theprojectionvalue , measuredalongthis ray is givenby equation(1).
-.

���

�/ 0"1$

�32

�

�4, (1)

Splitting up the integral for eachpixel (voxel) traversedby the ray yields a
discretizationof equation(1). This is shown in Figure(2) for the2-dimensional
casewheresomeray (indicatedby anarrow) hits thepixelsassignedto thevari-
ables576

(

5!8

(

5:9

(

5:;

(

57< . For all thesepixels 5:= , dotsdepictentryandleaving point
of the ray, and >?= denotesthe length of the correspondingintersection. In the
3-dimensionalcaseonehasto computetheentryandleaving pointsfor “boxes”
representingvoxelsinsteadof “squares”representingpixels.

Eachpixel variabletakesrangesover two valuesonly: 5@=

&

�

�

(

�

(

. Its values
dependon whethera pixel contributesto the measuredprojection , or not. The
integral value,that is the contribution of the A -th pixel to the projectionvalue , ,
accordinglyis >?=B5!= . For pixels 5!= not hit by the ray, we set >C=D�

�

. De�ning
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Figure2: Illustrationof thediscretizationof theprojection(line integral) alonga
ray (indicatedby thearrow) for a ����� image.Dots indicatethe intersectionof
the ray with imagepixels 5:= . The lengthsof theseintersectionsareassignedto
correspondingvariables>C= . Pixel variablesmayonly take two values57=

&

�

�

(

�

(

dependingon whethera pixel conributesto the measuredprojectionvalue , or
not. Accordingly, the equation�

=

>?= 5!= � , representsall possiblepixel values
consistentwith theobservedvalue , . Theprocedurefor 3D projectionsis exactly
thesamewith “squares”57= (pixels)replacedby “boxes” 57= (voxels).

�

� � � >��

(	�
�
� (

>

�

��� and � � � ��5
�

(
�	�
� (

5

�

��� , we cansetup an equationfor the
projectionray,

�

�

=����

>�=B5!= �

�

�

� � ,

( (2)

whichdescribesall possiblepixel con�gurationsconsistentwith theobservedpro-
jection , .

Sofar, equation(2) representsadiscretizationfor asingleprojectionrayonly.
In orderto obtainacompletedescriptionof thereconstructionproblem,onehasto
considermany projectionraysfrom severalprojectiondirections.Thecorrespond-
ing measurementsarecollectedinto the vector � � � � ,��

(
�
�	� (

,��+�
� . Analogous

to (2), we obtainequations>
�

�

5�� ,

�

(��

�

�

(	�
�
� (�� for eachprojectionray � .
Assembling>

�

= ,
���

A

���

,
���

�

�

� , into a matrix � leadsto thefollowing
representationof theimagemeasurements:

� � � � (3)

As detailedabove, vector , containsall observed projectionmeasurements,and
matrix ! encodesthe known geometryof the projections. The reconstruction
problemis to recover theunknown values� from equation(3).
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2.1.3 Removing UnambiguousVariables

As Figure (2) suggests,the value , �

�

is measuredfor many projectionsray
which do not hit any absorbingvolumetricstructure.As a consequence,all vari-
ables5!= hit by any of theserayscanberemovedfrom thelinearsystem(3) before
thereconstructionprocessstarts.

Especiallyfor vascularsystems,the reductionof unknowns obtainedin this
way is signi�cant sincethevessels(non-zerovoxels)cover only a small fraction
of theentirevolume.

2.2 Regularization and Binary Reconstruction

Thissectiondescribesourapproachto 3D reconstructionin termsof theunknown
variables� to be recoveredfrom the linear system(3). We discussthe objec-
tive function for optimizationaswell as the relaxationof the integer constraint

5!=

&

�

�

(

�

(

�rst (subsection2.2.1), followed by extensionsin order to include
regularizingterms(subsection2.2.2).

2.2.1 Objective Function and ProblemRelaxation

It is known that the computationaleffort to computea binary solution � to the
system(3) grows exponentiallywith the numberof unknowns if morethantwo
projectiondirectionsare considered[5]. Therefore,the integer constraint�

&

�

�

(

�

(

�
is relaxedto theconvex constraintsset

�

� �����

&

�

���

���

5!=

� �

(

A��

�

(
�
�
� (

���

(4)

andthe linearsystem(3) is supplementedby anobjective function to form a LP
for 3D reconstruction.

In the literatureon discretetomography, two LP approachesareknown. The
�rst one(5), suggestedby Fishburn, Schwander, Shepp,andVanderbei[6], op-
timizesthe dummyfunctional”zero” subjectto the linear projectionconstraints
(3). Thus,any interior point methodfor solving large scaleLPscanbeusedfor
computingsomefeasiblepoint (FP) satisfyingtheprojectionconstraints.

���
	D� �
���

�������

�

�

( subjectto � � � � (5)

Thesecondapproach(6), suggestedby Gritzmann,deVries,andWiegelmann
[7], replacesthedummyfunctionalin (5) by theterm

�

�

�

(

�

� � �

�

(

�

(
�
�
� (

�

�

�

(
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whichmeasuresthesizeof thereconstructedvolumein termsof voxels A with 5 = �

�

. Furthermore,thelinearprojectionequationsarechangedto linear inequalities
which copesbetterwith slight inconsistenciesof (3) dueto measurementerrors
anddiscretizationeffects(i.e., (3) maynot hold exactly for binary vectors� ). In
summary, the “best inner �t” criterion (BIF) (6) aimsat computinga maximal
volumeamongall solutionsnotviolating theprojectionconstraints.

Note that problem(6) was optimizedin [7] over the dif�cult constraintset
�

�

(

�

(

� by local optimizationwithin a greedyframework. In contrast,we again
relaxthisproblemby optimizingoverthelargerset

�

de�ned in (4) soasto make
global optimization(by LP) feasiblewhich takesall constraintssimultaneously
into account.Furthermore,this providesa basisfor regularization(seenext sec-
tion).

����� � � �����

� � �

�

�

�

( subjectto � �

�

� (6)

2.2.2 Regularization

Both approaches(5) and(6) do not exploit spatialcoherency which is not plau-
sible in connectionwith the reconstructionof volumetricstructures.As a result,
spatiallyincoherentandthuslessplausiblesolutionsmaybefavoredby theopti-
mizationprocess.

A commonremedyis to includesmoothnesspriors into theoptimizationcri-
terion. However, sincewe dealwith integer solutions,this further complicates
thecombinatorialoptimizationproblem.Furthermore,smoothnesspriors leadto
quadraticfunctionalswhichcannotbeincorporatedby LP relaxations.

Inspiredby recentprogresson generalmetric labelingproblems[8], we in-
troduceauxiliaryvariablesto representtheabsolutedeviationof adjacententities,
asanapproximationof standardquadraticpriors. Consequently, spatialsmooth-
nesscanbemeasuredby a linearcombinationof auxiliaryvariables,leadingto an
extendedLP approach.

Let �	�

�

� 
�� denotethesumover all adjacentpixel pairs(4-neighborhood)and
voxelpairs(4-neighborhood),respectively. Then(6) is extendedto theregularized
bestinner �t (R-BIF) approach:

��
������ �D� �
���

�����

�

�

�

�

"�� �

�

�

�

� 
��

�

5

�

� 5




�

(

� �

�

� (7)
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2.2.3 Implementation Details

In orderto arriveataLP in standardform, weintroduceadditionalslackvariables
�

�

� 
 for eachpair of adjacentpixels/voxels
�

��(���� . Let thevector � collectall vari-
ables

�

�

�

� 


(

. Thenthevectorof unknowns � in (7) is supplementedby � , andthe
linearconstraintsin bothapproachesaresupplementedby two linear inequalities
for eachvariable�

�

� 
 :

� 5

�

� 5




� �

�

�

� 


� �

(

� � 5

�

� 5




� �

�

�

� 


� �

By virtueof theseadditionalconstraints,wecanreplaceeachterm �

5

�

� 5




� in (7)
by �

�

� 
 .

2.2.4 Postprocessing

TheLP stepresultsin a solutionvector �

&

�

with eachcomponent5@=

&��

�

(

�
	

.
In orderto obtainabinarysolutionwesimply useda threshold� :

�

5!=

	
�

� �

�

�

if 5!=

�

�

�

otherwise
(8)

3 Evaluation

The�rst datasetconsistsof realprojectiondatawhich weretakenwith a C-arm
systemfrom a phantommadeof knead(Figure 1). The volume resolutionis

�

���

�

�

���

�

�

���

voxel, and
���

���

�

���

���

pixel for the projectionimages.The
corresponding

�

� �

6

�

�

; unknownsweretypically reducedto about
�

�

6

�
�
�

���

6

variablesby theproceduredescribedin Section2.1.3.
This wasour �rst experimentusing three-dimensionaldata. No 3D ground

truthwasavailable.Thepositiveresultsdescribedin Section4.1encouragedusto
setupan3D ground-truthexperiment.

In orderto preciselyevaluatethecapabilityfor 3D-reconstructionbasedon a
small numberof projectionstaken over a limited rangeof projectionangles,we
reconstructeda real vascularvolumetricstructurewhich wasscannedwith a C-
armsystemusinga conventionalmethod(�ltered backprojection).This structure
is shown in Figure3, left, andwasconsideredas3D ground-truth.

Thevolumeresolutionis
�����

�

�����

�

���

�

voxel, and
�

�

�

�

�

�

�

pixel for each
projection. The diametersof the vesselstructuresrangefrom

�

�

�

�	�
�

�

�

�

voxel
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(seeFig. 3). Thestructureshown in Fig. 3 consistsof 24466voxels,whereasthe
numberof unknowns after preprocessing(section2.1.3)wasabout3 timesthis
number.

Figure3: Left: A real3D vesselstructurereconstructedby conventionaltomog-
raphy. This datasetwastaken asgroundtruth for variousreconstructions,each
computedfrom threeprojectiondirectionsonly within the limited rangeof �

�

� .
Right: Close-upsof the structure. The diametersat the locationsmarked with
crossesare8.5voxel (bottom)and2.5voxel (top), respectively.

Figure4 shows the imaginggeometryusedfor theevaluation. In caseof the
kneadphantomwe used5 projectionsover a rangeof �

�

� . The reconstruction
resultswere judgedby visual inspection. This experimentcon�rmed that our
regularizedLP approach(R-BIF) signi�cantly improved3D-reconstruction.

Concerningthevascularstructureshown in Figure3, we constructedprojec-
tion dataasfollows (seeFig. 4). Over a rangeof �

�

� , only threeprojectionsonly
werecomputed.In this way, we produced19 differentdatasetsby varying the
offset from

�

� to
�����

� in
� �

� -steps. For eachof these3-projectiondatasetsa
separate3D-reconstructionwascomputedandcomparedwith thetruedataset.

We useda threshold� �

�

�

�

for all experimentsconcerningthevesselstruc-
ture. For the kneadphantom,a valueof � �

�

�

���

gave visually slightly more
pleasantresults.In our futurework, we will adoptprobabilisticmethodsto deter-
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minethisvalueautomatically.
Parameter

�

�

���

�

( �

���

numberof neighbors)waschosenfor all experi-
ments.

Offset (dashed line)

1. Projection

2. Projection

4. Projection
3. Projection5. Projection

Figure4: Illustration of the imaginggeometrywith a small numberof projec-
tions– � veprojectionsfor thekneadphantom,andthreeprojectionsfor thevessel
structure– anda rangeof projectiondirectionslimited to �

�

� . Dif ferentdatasets
wereproducedby varying the offset from

�

�

�
�
�

�����

� . While varying the offset,
thespacingof directionswaskeptconstant.

4 Numerical Results

4.1 3D Knead Phantom

Figure5 shows the3D-reconstructionsof thekneadphantomcomputedwith the
approaches(6) and(7), respectively. The lower panelillustratesthe favourable
effect of the regularizationemployed in (7): in contrastto the resultcomputed
with theapproach(6), isolatedandnoisyvoxel con�gurationsareavoidedduring
the reconstructionbasedon (7), which resultsin spatiallyhomogeneousvolume
structures.

4.2 3D Blood VesselStructure

Figure 6 shows the original 3D dataset (top, left), the undeterminedvariables
after the preprocessingphasedescribedin section2.1.3 (top, right), and in the
lowerpaneltheresultscomputedby (6) and(7), respectively.
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Figure5: Left column: 3D reconstructionof the phantomusing the approach
����� � � , (6). Right column: 3D reconstructionof thephantomusingtheapproach
��
 � ��� �D� , (7).

Notethatduringpreprocessingphasea largenumberof variables(attachedto
eachvoxel) wereremoved,dueto thevolumetricsparsenessof vesselstructures.
Relative to that,however, a considerableamountof ambiguousvariablesremains
(Fig. 6, topright). Theresultshown in Fig.6, bottomleft, illustratesthatthecom-
putationfor solving(6) reconstructsthedesiredvesselstructureimmersedinto a
setof isolatedvoxels which do not belongto the vesselstructure.Additionally
invoking spatialregularizationby virtue of (7) almostcompletelysuppressesthis
setduringthereconstruction(Fig. 6, bottomright). Figure7 depictsclose-upsof
thethreedatasetsfor bettervisualinspection.

Wecon�rmedandevaluatedthisresultquantitativelybysystematicallyrepeat-
ing thereconstructionwhile varyingtheoffsetof theprojectionrange(seeFig. 4,
andthecorrespondingcaption).Figure8 shows theerrorsof the3D reconstruc-
tions for all 19 datasetsconstructedin this way, in termsof the percentageof
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voxelsdiffering from groundtruth. Theevaluationrevealederrorsof
���

�

���

�

for reconstructionsbasedon (6), anderrorsbelow
�

�

for reconstructionsbased
on (7).

5 Discussion

Theresultsdepictedin Figs.5, 6, and6 show

1. that regularizationsigni�cantly improves 3D reconstructionsin termsof
spatialcoherency of volumetricstructures,and

2. that our approximation(7) of a standardsmoothnessprior aspart of a LP
approachto discretetomographyworks(seealsosection2.2.3).

The 3D reconstructionerrorsobtainedduring our evaluation(Fig. 8, lower
panel)stronglysuggestthatarealvolumetricvesselstructurecanbereconstructed
from few projectionsover a limited rangeof anglesonly, despitethe severeill-
posednessfrom the mathematicalpoint of view. This ill-posednessis clearly
visible in termsof the variationof the reconstructionerror asa function of the
absoluteorientationof the angularprojectionrange(Fig. 8, upperpanel). The
morevolumetricstructuresoccludeeachother, thelargerthereconstructionerror
is. While this dependency is visible in thelowerpanelof Fig. 8 aswell, theerror
hasbeenreducedby a factorof about10, thusyielding reconstructionscloseto
groundtruth (absoluteerror �

�

�

) uniformly for all experiments.
Let usaddtwo furthercommentsin orderto put thispositiveempiricalresults

into perspective:
� At present,we have only a computationalapproachandempiricalresults,

but no proof specifyingconditionsunderwhich suchaccuratereconstruc-
tionsarepossible.Our resultsmerelyshow that thereexist practicallyrel-
evantsituationswhereill-posednessdueto constrainedimagingconditions
canbecompensatedby restrictingthedegreeof freedomsof thefunctionsto
bereconstructed(in our case:binaryvaluedfunctions).On theotherhand,
wearenotawareof any otherwork showing similarempiricalresults.

� We deliberatelyexcludedall sourcesof errorsdueto imaging,preprocess-
ing, discretizationetc.,by computing(not measuring!) the projectionsof
thevesselstructurefrom 3D groundtruth. Thisallowedusto focusdirectly
on thereconstructionproblemandto draw theconclusionsstatedunderthe
previousitem.
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6 Conclusionsand Further Work

Weempiricallyexploredthe3D tomographicreconstructionproblemunderimag-
ing conditionswherestandardmethodsmust fail. Our work pavesthe way for
exploringsuchsituationsunderclinical conditionsin thenearfuture.

In this context, we will focusnext on Digital SubstractionAngiographyand
noiseeffectsdueto imaging(e.g.,calibration),preprocessing,anddiscretization.
Furthermore,wewill enhanceoursmoothnesspriorby learningrelevantstructures
from largesamplesof reconstructedstructures.Lastbut not least,we will focus
on the opentheoreticalissuesfrom the viewpoint of regularizationof ill-posed
problems.
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Figure6: Top, left: Groundtruth. Top right: Locationscorrespondingto theun-
known variablesafterthepreprocessingphasedecribedin section2.1.3.Bottom,
left: 3D-reconstructionusing ����� � � , (6). Bottom, right: 3D-reconstructionus-
ing � 
 � � � � � , (7).
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Figure7: Top: Close-upsof the resultsshown in Figure6. From left to right:
Groundtruth,3D-reconstructionusing ����� � � , (6), 3D-reconstructionusing � 
 �

��� �D� , (7). Bottom: Thesamefor anothervolumesection.
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Figure8: Reconstructionerrorsin termsof theprecentageof voxelsdifferingfrom
groundtruth for thevesselstructure.Eachbar indicatestheerror for theexperi-
mentwith thecorrespondingoffset in degrees(cf. Figure4). Top: Errorsfor the
3D-reconstructionusing ��� � � � , (6). Bottom: Errorsfor the 3D-reconstruction
using ��
������ �D� , (7).
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