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Abstract. The paperpresentsan extendedhand-eye calibrationapproachthat,
in contrastto thestandardmethod,doesnot requirea calibrationpatternfor de-
terminingcamerapositionandorientation.Instead,a structure-from-motional-
gorithmis appliedfor obtainingtheeye-datathat is necessaryfor computingthe
unknown hand-eye transformation.Differentwaysof extendingthestandardal-
gorithmarepresented,which mainly involvestheestimationof a scalefactorin
addition to rotation and translation.The proposedmethodsare experimentally
comparedusingdataobtainedfrom an optical trackingsystemthat determines
theposeof anendoscopiccamera.Theapproachis of specialinterestin ourclin-
ical setup,astheusageof an unsterilecalibrationpatternis dif�cult in a sterile
environment.

1 Intr oduction

Hand-eyecalibrationalgorithms[9,10,7,5] solvethefollowingproblemthatoriginated
in theroboticscommunity:Givenarobotarmandacameramountedonthatarm,com-
putethe rigid transformationfrom arm to camera(hand-eye transformation).Knowl-
edgeof this transformationis necessary, becausetheposeof the robot arm is usually
providedby therobotitself, while theposeof thecamerais unknown but neededfor vi-
sualguidanceof thearm.However, if thehand-eyetransformationis known thecamera
posecanbecomputeddirectly from theposedataprovidedby therobot.

Usually, thecamera(eye) posesarecomputedusinga calibrationpatternandstan-
dard cameracalibrationtechniques.In contrastto that, a methodfor hand-eye cali-
brationis presentedin this paper, whereno calibrationpatternis needed.Instead,the
cameraposesareobtainedsolely from animagesequencerecordedusinga hand-held
cameraby applyingstructure-from-motionmethods.

Hand-eyecalibrationis alsointerestingfor applicationsthatarenotdirectly related
to robotics,but wheresimilar problemsarise.Insteadof a robot we usedan optical
trackingsystemthatprovideshanddata,andacamera,wherethecameraposes(eye) are
computedusinga calibrationpatternfor standardhand-eye calibration,andstructure-
from-motionfor theextendedhand-eyecalibrationdescribedin this paper. Thecamera
mayin generalbeanarbitraryhand-heldvideocamera.For ourapplication—therecon-
structionof high-qualitymedicallight �elds [11]—weusedanendoscopewith arigidly
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mountedCCDcamera.Theendoscopeis movedby hand,its poseis determinedby the
opticaltrackingsystem.Moredetailsonthissystemwill follow in theexperimentssec-
tion.Thehand-eyetransformationhasto beestimatedeverytimewhenthecamerahead
is mountedanew ontheendoscopeoptics,which is donebeforeeachoperationbecause
theendoscopehasto besterilized.This requiresanalgorithmthatworksautomatically
andfastwith aminimumof humaninteraction.

Thepaperis structuredasfollows: After anintroductionto hand-eyecalibrationin
Sect.2 thestructure-from-motionalgorithmwill bedescribed(Sect.3).Section4 shows
themodi�cations to thehand-eye calibrationequationsthatarenecessarywhenusing
structure-from-motioninsteadof standardcameracalibration.Experimentalresultsare
presentedin Sect.5.

2 Hand-Eye Calibration

The�rst hand-eyecalibrationmethodswerepublishedby TsaiandLenz[10], andShiu
andAhmad[9], wherethelatterformulatedthehand-eyecalibrationproblemasa ma-
trix equationof theform
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THij is the robot arm (hand) movementfrom time stepi to j , TEij the camera(eye)
movement,andTHE is the unknown hand-eye transformation,i. e. the transformation
from gripperto camera.All transformationsT� aredescribedby a 3 � 3 rotationma-
trix R � anda 3-D translationvectort � . Equation(1) canbedirectly derivedfrom the
following diagram:
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H i andH j denotethegripperposes,E i andE j thecameraposesat timesi; j . The
usualway to solve (1) is to split it into two separateequations,onethatcontainsonly
rotation,anda secondonethatcontainsrotationandtranslation:

R HER Hij = R Eij R HE; (I 3� 3 � R Eij )t HE = t Eij � R HEt Hij : (3)

Thus,the rotationalpart of the hand-eye transformationcanbe determined�rst, and,
after insertingit into thesecondequation,thetranslationalpartcanbecomputed.This
is theway hand-eye calibrationis done,e.g., in [9, 10,3]. Differentparameterizations
of rotationhavebeenapplied.Theoriginalworksof [9,10] usetheaxis/anglerepresen-
tation,quaternionswereusedby [3,7], anddualquaternionswereintroducedby [5]. In
contrastto the formerapproaches,it wassuggestedin [2] that rotationandtranslation
shouldbesolvedfor simultaneouslyandnot separately. This approachis alsofollowed
in [7], wherea non-linearoptimizationof rotationandtranslationis done.

3 Structure-from-Motion

The usualway to obtain the cameraposesE i is to captureimagesof a calibration
patternandapply standardcameracalibrationtechniques[12]. In contrastto that our



approachis capableof usingan imagesequencewithout a patternandanuncalibrated
camera.By applyinga structure-from-motionapproach,thecameramotion(andthere-
foretheeyeposesE i ) canbecomputedfor eachrecordedimage.Basically, it is possible
to useany algorithmthatresultsin cameraposes,asthefollowing computationstepsdo
not rely on theactualmethodused.Theapproachappliedin this paperis basedon the
work of [6]; it will beoutlinedin thefollowing.

Thealgorithmstartswith establishing2-D point correspondencesbetweenimages.
Eachdetectedfeaturepoint hasto betrackedovera sequenceof imagesto allow a 3-D
reconstruction.Here,a modi�ed morerobustandfasterversionof theTomasi-Kanade-
Shi tracker is usedthatcanalsodealwith illuminationchanges[13].

After point featuresaretracked,theactual3-D reconstructionstepstarts.First, an
initial reconstructionis computedusingtheparaperspective factorizationalgorithmon
a subsetof the images,sinceall featureshave to be visible in all images.The recon-
structedaf�ne camerasarenow convertedto perspectiveonesby assumingareasonable
valuefor focal lengthandby choosingthe centerof the imageasthe principal point.
Theseperspectivecamerascanbeusedasaninitializationfor anon-linearoptimization
step,wherecameramatricesand3-D pointsareoptimizedalternatingly.

The initial sequenceis now extendedby performingthe following stepsfor each
framethat is to be added:First, 3-D scenepointsaretriangulatedfrom featurepoints
thatarevisible in thenew imageusingalreadyreconstructedcameramatrices.Thisway
it is possibleto usethetriangulatedpointsascalibrationpointsandapplystandardcam-
eracalibrationtechniques.In fact,sincedifferencesfrom onecameraposeto thenext
will usuallybe small, it is suf�cient in practiceto skip the linear standardcalibration
methodsandinitialize thenew cameraposewith theparametersof theneighboringone.
Non-linearoptimizationof thiscamerawill yield thedesiredresult.Thesetwo stepsare
repeateduntil all framesare processed.Optionally, the whole reconstructioncan be
optimizednon-linearlyby a �nal bundle-adjustmentstep.

The result is a reconstructionof the 3-D scenepointsaswell asthe extrinsic and
intrinsic cameraparametersfor eachrecordedimage.Note, however, that the recon-
structionis only uniqueup to a similarity transformation,i. e., the world coordinate
systemcanbechosenarbitrarily, andthescaleof thereconstructionis unknown.While
the choiceof the world coordinatesystemis exactly the problemthat is solved with
standardhand-eye calibration,the unknown scalefactorhasto be estimatedaddition-
ally. This topicwill now beaddressed.

4 ExtendedHand-Eye Calibration

Thedrawbackof usingstructure-from-motioninsteadof cameracalibrationis that the
scalingfactormentionedabove hasto beestimatedin additionto rotationandtransla-
tion duringhand-eyecalibration;themodi�ed methodwill becalledextendedhand-eye
calibration in thefollowing.

In [1] a structure-from-motionbasedhand-eye calibrationapproachwaspresented
already, wherethe scalingfactorhasbeenintegratedinto the standardequations(3).
Themaindrawbackof thatmethodis thattheorthogonalityof therotationmatrix R HE
is notguaranteedby theextendedequations,but hasto beenforcedafterwardsusingthe
SVD.



4.1 Extensionof BasicEquations

Thestraight-forwardmethodis to extend(3) by ascalingfactorsHE, resultingin:

R HER Hij = R Eij R HE ; (4)
(I 3� 3 � R Eij )t HE = t Eij � sHER HEt Hij : (5)

It canbeobservedthat therotationalequationin (3) andeq.(4) arethesame,i. e., the
scalefactorhasno in�uence onthecomputationof rotation.Therefore,therotationcan
beobtainedby standardmethods,e.g., usingthequaternionrepresentationof rotations
[3,7], which guaranteesthat the resultingmatrix actually is a rotation.Equation(5),
however, containstranslationandscale,andcanbe formulatedasa linear systemof
equationsasfollows:

�
(I 3� 3 � R Eij ) R HEt Hij

�
�

t HE
sHE

�
= t Eij : (6)

This methodof extendedhand-eyecalibrationhastheadvantagethatall equationsys-
temsarelinear, but thedisadvantagethatonehasto solve for rotation�rst, andthenfor
translationandscale.

The equations(4) and(5) canbe usedto formulatean objective function f (�) for
non-linearoptimization,which is basedontheobjectivefunctionfor standardhand-eye
calibrationproposedby [7]:

f (qHE; t HE; sHE) =
N relX

i =1
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(7)

whereqHE is thequaternionusedfor parameterizationof therotationmatrixR HE and�
is a regularizationfactor(e.g., � = 2 � 106) thatpenalizesdeviationsof thequaternion
qHE from norm oneandthusimplementsthe norm oneconstraint.The function Q(�)
mapsa3-D vectorto apurelyimaginaryquaternion:Q(x ) = 0+ x1i + x2j + x3k, where
x =

�
x1 x2 x3

� T
. The singletermsof (7) canbe deriveddirectly from the hand-eye

equations(4) and(5): The�rst summandequals(4) in quaternionnotation.Thesecond
oneis derivedfrom (5) by reformulatingthemultiplicationof therotationmatrix R HE
andthetranslationvectorof therelativemovementof theleft camerausingquaternions.

4.2 Extensionof the Dual Quaternion Algorithm

This sectionshowshow theestimationof rotation,translation,andscalecanbeformu-
latedusingdualquaternions.As quaternionsarearepresentationfor 3-D rotations,dual
quaternionstreatrotationsandtranslationsin a uni�ed way.

Dual numberswereproposedby Clifford in the19th century[4]. They arede�ned
by ez = a + "b, where" 2 = 0. Whenusingvectorsfor a andb insteadof realnumbers,
theresultis adualvector.

A dualquaternioneq is de�ned asa quaternion,wheretherealandimaginaryparts
aredualnumbersinsteadof realones,or equivalentlyasa dualvectorwherethedual



andthenon-dualpartarequaternions:eq = qnd+ "qd. Justasunit quaternionsrepresent
rotations,unit dualquaternionscontainrotationandtranslation[5]. In thedualquater-
nion representationof R and t , the non-dualpart qnd is the well-known quaternion
representationof R , andthedualpartis givenby

qd =
1
2

t qqnd; t q = (0; t ) ; (8)

wheret q is a purely imaginaryquaternionde�ned by the translationvectort . A dual
quaternionformulation of hand-eye calibrationwas introducedby [5]. We will now
show how to integratescaleinto thedualquaternionformulationby usingnon-unitdual
quaternions,which resultsin a uni�ed representationof similarity transformations.

For this purposea dual quaternioneqsHE containingall theseparametersis intro-
duced,which is de�ned by:

eqsHE = qsHEnd + "qsHEd = sHEqHE + "
1
2

t HEqqHE : (9)

A dualquaternionhaseightelements,but for rotation,translation,andscaleonly seven
degreesof freedomarenecessary. The norm of a dual quaternionis in generala dual
numberwith non-negativerealpartgivenby:

jeqj2 = eqeq� = qndq
�
nd + "(qndq

�
d + qdq�

nd) : (10)

Whenthedualquaternionasde�ned in (9) is used,thescaleis actuallymodeledasthe
normof eqsHE:

jeqsHEj2 = sHE
2 + "0 , jeqsHEj = sHE : (11)

Sincethescalefactorwill alwaysbeapositiverealnumber, thedualpartof thenormhas
to bezero.Therefore,onedegreeof freedomis lost,andwegetanadditionalconstraint
thatis givenby:

qsHEndq
�
sHEd + qsHEdq�

sHEnd = 0 : (12)

Using(9), theextendedhand-eye calibrationproblem(cf. [5] for thestandardfor-
mulation)solvingfor scale,rotation,andtranslationcanbeformulatedas:

qEndqsHEnd = qsHEndqHnd ; (13)

qEndqsHEd +
1

sHE
qEdqsHEnd = qsHEndqHd + qsHEdqHnd : (14)

Theindicesij thatindicatearelativemovementfrom framei to framej havebeenomit-
tedfor reasonsof simplicity. NotethatsHE is not anadditionalindependentparameter
asin theprevioussection,but thenormof thedualquaternioneqsHE (cf. (11)).

It canbeobservedthat(14) is a non-linearequation;anobjective functionf 0(�) for
non-linearoptimizationwill look asfollows:

f 0(qsHEnd; qsHEd) =
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Fig.1. Opticaltrackingsystem(left) andoneimageof thesequencesART1 (middle)andART2
(right) showing asilicon liver/gall-bladdermodelthatwereusedfor structure-from-motionbased
3-D reconstruction.

Thisobjective functionestimatesrotation,translation,andscale,whichareall encoded
in the dual andnon-dualpartsof eqsHE. The �rst summandis derived from (13), the
secondonefrom (14). As before,a regularizationtermenforcestheconstraint(12) on
thenormof thedualquaternioneqsHE, whichhasto bearealnumber. In this case,eight
parameterswith only sevendegreesof freedomareoptimized.

5 Experiments

In the following we presentan experimentalevaluationof theextendedhand-eye cal-
ibrationmethods.Thedatawereacquiredusinganendoscopewith a cameramounted
on it (theeye), which wasmovedby hand.An optical trackingsystem(cf. Fig. 1, left)
providesposedataof a so-calledtarget (thehand) that is �x ed to theendoscope.The
infraredoptical trackingsystemsmARTtrack1 by AdvancedRealtimeGmbH is em-
ployed.It is a typical optical trackingsystemconsistingof two (or more)camerasand
a target that is tracked.Thetarget is built from markersthatcaneasilybeidenti�ed in
theimagescapturedby thecameras.In our casesphereswith a retro-re�ectivesurface
areused.Infraredlight simpli�es marker identi�cation. The3-D positionof eachvisi-
ble marker is calculatedby thetrackingsystem.Theknowledgeof thegeometryof the
targetthenallows to calculateits pose.

Insteadof usingconsecutivemovementsfor calibration,weappliedthevectorquan-
tizationbaseddataselectionmethodproposedin [8], which leadsto moreaccuratere-
sults.

Sinceno groundtruth is availablewhencalibratingrealdata,we cannotgiveerrors
betweenthe realhand-eye transformationandthecomputedone.It is desirable,how-
ever, thatanerrormeasureis availablewhich ratesthequality of theresultingtransfor-
mation.Therefore,the following error measureis used:After applyingthe computed
hand-eyetransformationonthehanddata,wegetanestimateof theeyemovementsE0.
Thisestimatedmovementcannow becomparedto theoriginaleyemovementE, which
hasbeenobtainedby structure-from-motion:If thehand-eye transformationis correct,
the relative movementsbetweensingle camerapositionsare equalin E and E0. The
errorsarecomputedby averagingovera setof randomlyselectedrelativemovements.

Table1 shows residualerrorsin translationandrotationaswell asthecomputation
timesfor hand-eyecalibrationon a Linux PC(Athlon XP2600+)includingdataselec-
tion,but not featuretrackingand3-D reconstruction.Thelatterstepsarethesamefor all
methods,andtakeapproximately90secfor trackingand200secfor 3-Dreconstruction.
Thevaluesshown arerelativeandabsoluteresidualsfor rotation,andrelativeerrorsfor
thenormof thetranslationvectorof relativemovements.Absoluteerrorsfor translation



Table1. Meanerrorsin rotationandtranslationof relativeeyemovementscomputedwith differ-
enthand-eye calibrationmethodsusingstructure-from-motionasa basis.

DataSet Method Translation Rotation Time
DQ, scalesep. 22.3% 0.191� 3.75% 310msec
Hor., scalesep. 13.0% 0.179� 3.72% 2090msec

ART1 non-lin.,eq.(7) 17.8% 0.191� 3.75% 2350msec
non-lin.,eq.(15) 44.6% 0.191� 3.75% 756msec
Andreff 13.2% 0.172� 3.60% 309msec
DQ, scalesep. 20.7% 0.290� 7.25% 433msec
Hor., scalesep. 18.7% 0.266� 7.00% 1590msec

ART2 non-lin.,eq.(7) 18.4% 0.290� 7.25% 1770msec
non-lin.,eq.(15) 20.7% 0.290� 7.25% 482msec
Andreff 19.7% 0.272� 7.10% 434msec

arenotgiven,asthesearehighly dependenton theestimatedscalefactorandtherefore
cannotbecompareddirectly, whereasabsoluterotationalresidualsareindependentof
scale.We show the resultsfor two datasets,namelyART1 (190 images)andART2
(200images).After featuretrackingand3-D reconstruction,differenthand-eyecalibra-
tion methodshavebeenevaluated;in all casesthereconstructedcameramovementhas
beenusedaseye-data.Theresultsshown in Table1 werecomputedasfollows:

DQ, scalesep.: Here,the scalefactorwasestimated�rst by solving (4) and(5). Af-
ter scalingthe eye-reconstructionappropriately, rotationand translationwerere-
estimatedusing a standardhand-eye calibrationmethod,namelythe linear dual
quaternionalgorithmof [5].

Hor., scalesep.: ThesameasDQ, scalesep., i. e., scaleandrotation/translationwere
computedseparately. Insteadof dualquaternionsthenon-linearmethodproposed
by [7] wasusedfor hand-eyecalibration.

non-lin., eq. (7)/(15): Here, the non-linearobjective functions (7), (15) were used,
which wereinitialized with theresultof DQ, scalesep. After non-linearoptimiza-
tion of rotation,translation,andscale,rotationand translationwerere-estimated
usingthelineardualquaternionmethod,whichresultsin amoreaccuratehand-eye
transformationcomparedto non-linearoptimizationalone.

Andr eff: This is theresultof thehand-eyecalibrationmethodproposedby [1].

Therelative residualerrorsobtainedusingstandardhand-eyecalibrationanda cal-
ibration patternare4.20%(transl.)and0.725%(rot.) for the con�guration similar to
ART2 and5.39%(transl.)and1.09%(rot.) for thecon�gurationsimilar to ART1. The
deviationsto thehand-eyetransformationcomputedthiswaycomparedto theextended
approachusingstructure-from-motion(dependingon themethod)are15% to 16% in
rotationandabout35%for translation(ART2), and9% to 11%in rotationand26%to
32%in translation(ART1).

6 Conclusion

We presentedmethodsfor an extendedhand-eye calibration,which allow to compute
thehand-eye transformationwithout thenecessityfor usinga calibrationpatternin or-
derto obtainthecamera(eye)poses.Instead,thesearecomputedusingfeaturetracking



anda structure-from-motionapproach,which makesthe extensionof standardhand-
eye calibrationnecessarysincein additionto rotationandtranslationa scalefactorhas
to beestimated.Differentwaysof extendingtheseequationshave beenpresentedand
compared.Themainresultis thattheestimationof thehand-eye transformationis fea-
siblewithout a calibrationpattern.Of course,onecouldnot expectto obtainresultsas
accurateaswith standardcalibration;dependingontheapplication,however, theadvan-
tagesof theextendedmethodmayoutweighthis drawback.This is especiallytrue for
theclinical setupthatwehave in mind,ashand-eyecalibrationhasto beperformedbe-
foreeachoperation.Theusageof anunsterilecalibrationpatternin combinationwith a
sterileendoscopeandasurgeonworkingundersterileconditionsis dif�cult in practice,
andcanbecompletelycircumventedwhenusingthemethodsproposedhere.
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