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Abstract— A major drawback of Katsevich's exact general
cone-beaminversion schemeis the dif�culty in �nding practical
algorithms adapted to every novel type of source trajectory. We
succeededto overcome this problem, and can formulate recon-
struction algorithms, for trajectories that are related thr ough a
linear distortion to an already studied scenario.The intr oduced
theory yields two reconstruction strategies that are in principle
independent fr om the underlying reconstruction algorithm and
are either basedon data pre- and post-processingor on adjust-
ment of �ltering dir ections.Numerical resultsbasedon simulated
cone-beamdata are presented.

Index Terms— Computed tomography, exactcone-beamrecon-
struction, linearly distorted source trajectories

I . INTRODUCTION

In recentyears,computedtomography(CT), in particular
three-dimensional(3D) cone-beam(CB) reconstructiontheory
hasundergonesigni�cant advances.As a majorbreakthrough,
Katsevich introduced a general schemeto �nd exact CB
inversionformulasfor most completesourcetrajectories[1].
One essential componentof this inversion scheme is an
auxiliary function that has to be de�ned and adjustedto the
actualacquisitionscenarioin order to obtain a practicaland
ef�cient reconstructionalgorithm. The attribute “practical”
refershere to the algorithm allowing a good amountof data
truncation,and thus requiring little X-ray exposureoutside
the imagedslab of the patient body. Unfortunately, �nding
a good auxiliary function is in general a very intellectual
processrequiring signi�cant effort. To do so, one typically
needsto carefullystudyhow planesthrougheachobjectpoint
within the region-of-interest(ROI) intersectvarioussegments
of thesourcetrajectory. The auxiliary functionde�nes how to
weightdataon theseplaneswithin the reconstructionprocess.
Only some auxiliary functions allow data truncation, and
thesefunctionsonly exist for speci�c segmentsof the source
trajectorythatgenerallydependon theobjectpoint. Usinghis
theory in [1], Katsevich investigatedseveral trajectoriesthat
are relevant for real world CT devices, such as the medical
CT scanneror theC-armdevice. He foundauxiliary functions
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that yield practical,accuratealgorithmsfor the ideal helical
trajectory [2], the ideal circle-plus-(orthogonal)-arc[3], and
the ideal circle-plus-(orthogonal)-linetrajectory[4]. However,
the algorithms are restrictedto the sourcetrajectoriesthey
werederived for. Therefore,they do not readily apply to, for
example,a sourcetrajectorymadeof a circle andan oblique
arc, which is a simple deviation from the ideal circle-plus-
arc trajectory. In [5], Noo et al. presenteda data rebinning
strategy to easily obtain a reconstructionalgorithm for a
helix-with-gantry-tilt trajectoryfrom algorithmsderived for a
conventional(non-tilted)helix. In [6], theauthorsalsoapplied
this rebinning method to allow reconstructionfrom another
speci�c trajectory. In this article, we apply that conceptto
obtaintheoretically-exactreconstructionapproachesfor a large
spectrumof novel andunconventionalacquisitiongeometries.
Insteadof deriving algorithmsfrom the generalCB inversion
scheme,we proposea theory which allows the development
of practical and accurateCB reconstructionalgorithms for
sourcetrajectoriesthatdiffer from analreadystudied,socalled
ideal scenarioby a linear transformation.Fromthattheory, we
derive two reconstructionapproachesthat utilize an existing
implementationof an algorithm for the ideal scenario.These
approachesconsistof (i) a direct datarebinningstrategy in a
pre-andpostprocessingstepor (ii) a modi�cation of �ltering
directionswithin the �ltered-backprojectionframework of the
available implementation.

I I . MODELING OF GEOMETRY DISTORTIONS

Considera sourcetrajectoryfor which a CB reconstruction
algorithm has been implemented.Let � be the parameter
describing this trajectory and a0(� ) 2 IR3 be the source
position at a given � . The trajectorya0(� ) may be a smooth
curve like the ideal helical trajectory, or may be the union of
severalsmoothcurves,like the ideal circle-plus-arctrajectory.
CB dataacquisitionalonga patha0(� ) will be referredto as
an ideal scenarioor just ideal throughoutthis article.

We cannow introducea linearly distortedsource trajectory
a(� ) that is relatedto an ideal pathby

a(� ) = Aa0(� ); A 2 IR3� 3; detA 6= 0; (1)

with the non-singularmatrix A describinga bijective linear
mappingin IR3. The distortion de�ned by (1) operatesglob-
ally on the ideal trajectory so that, if a(� ) is composedof
several smooth segments,all of them are distorted by the
sameoperationA. Although any linear transformationmay
be considered,shearingoperationsand non-isotropicscaling



areof specialinterest.Then,the curvesa0(� ) anda(� ) differ
in shapeso that a distinctacquisitionscenariois obtainedand
with that we get a different CB reconstructionproblem. To
get a rough idea aboutpotentialeffects of (1) onto an ideal
trajectory, we use the fact that certain geometricproperties
are invariantundera linear transformation.For instance,if a
segmentof the ideal sourcetrajectoryis entirely locatedin a
plane,thenthe correspondingsegmentin a(� ) will be planar,
too.Also, a line in a0(� ) is mappedontoa line in a(� ), andif
a0(� ) consistsof several connectedsegments,thesesegments
will remainconnectedto eachother in a(� ).

I I I . RECONSTRUCTION THEORY

CB dataacquiredalonga sourcetrajectorya(� ) consistsof
line integrals that may be written as

g(�; � ) =
Z 1

0
dtf (a(� ) + t� ); (2)

where f (x) with x 2 IR3 describesthe spatial distribution
of the linear X-ray attenuationcoef�cient, while � is a unit
vectorgiving the line direction.Now, if a(� ) is relatedto an
ideal trajectory, we can substitute(1) into (2) and introduce
� = (A � 1� )=(kA � 1� k) to get

g(�; � ) =
Z 1

0
dtf (Aa0(� ) + t� )

=
Z 1

0
dtf

�
A

�
a0(� ) + tA � 1�

��

=
Z 1

0
dtf v

�
a0(� ) + tA � 1�

�

=
1

kA � 1� k
gv (�; � ) :

(3)

Here, f v (x) = f (Ax ) denotesa virtual object, which is a
distortedversionof theobjectunderinvestigation.Equation(3)
establishesa link betweenthe acquiredline integrals g(�; � )
andCB datagv (�; � ) of thevirtual object,which corresponds
to an ideal sourcetrajectory. The inverserelationsare given
as

f (x) = f v
�
A � 1x

�
(4)

and

gv (�; � ) =
1

kA� k
g

�
�;

A�
kA� k

�
: (5)

IV. RECONSTRUCTION USING DIRECT DATA REBINNING

From the presentedtheory, a three step reconstruction
methodcanbe readily formulated:

(i) Rebinningof CB dataat �x ed �:
Using (5) we obtain CB data of the virtual object
f v (x) for the correspondingideal sourcetrajectory
a0(� ).

(ii) Reconstructionof the virtual object:
Using any existing reconstructionalgorithm for the
idealtrajectorya0(� ), we canreconstructf v (x) from
the rebinnedCB datagv (�; � ) createdin step(i).

(iii) 3D rebinningin the imagevolume:

The desiredvaluesof f (x) are obtainedfrom the
reconstructedf v (x) by a3D rebinningstepaccording
to (4).

Note that the 3D interpolationrequiredin step(iii) comes
with a loss in high frequency, so that the sought object
function f (x) is of lower spatial resolution comparedto
f v (x). However, if the implementedreconstructionalgorithm
allows modi�cations in the backprojectionfunctionality, one
canbene�cially adjustthe samplinggrid on which the virtual
object is reconstructed.Insteadof usinga Cartesiangrid, the
valuesof f v areobtainedimmediatelyat the samplingpoints
A � 1x. Then, a subsequentinterpolation to obtain f (x) =
f v (A � 1x) canbeavoidedandstep(iii) becomesobsolete.This
approachis referredto as the improvedrebinningmethod.

V. RECONSTRUCTION USING FILTERING L INE

ADJUSTMENT

From the theorypresentedin Sec.III, a CB reconstruction
algorithm can be derived that comesalong without any ad-
ditional datarebinningsteps.This derivation may be applied
to any �ltered-backprojectionreconstructionformula that is
basedon the conceptof � -lines and �ltering planes.Here,
we considerKatsevich's theoretically-exactCB reconstruction
algorithmsfor the ideal-circle-plus-arcand ideal-circle-plus-
line trajectory, respectively, bothderived from the generalCB
inversionscheme[1].

From (4) we know that the reconstructionof f (x) in the
distorted acquisition set-up is identical to the computation
of the density of the virtual object f v at point A � 1x in
the correspondingideal scenario.We observe further that the
� -line determinedfor A � 1x in the ideal scenario (which
intersectsthe trajectoryat a0(� i ) anda0(� o)) is mappedonto
a � -line for x in the linearly distortedscenario;this � -line
intersectsthe distortedtrajectory at a(� i ) and a(� o), i.e. at
unchangedcurve parameters.Consequently, if the reconstruc-
tion of f v (A � 1x) from CB dataon a0(� ) is obtainedthrough
backprojectionover the interval [� i ; � o] as in [3] or [4], so
may the reconstructionof f (x) from dataon a(� ). The point
that needsto be addressedis the data�ltering.

With the existing algorithms[3] and [4] we candetermine
the �ltering planesrequiredfor a reconstructionat A � 1x in
the ideal scenario.Considernow an arbitrary �ltering plane
P0. It intersectswith the trajectoryat a0(� p) with � i � � p �
� o, containsby de�nition the point A � 1x and has normal
vectorn0. Geometrically, the linear distortionwith A yields a
mappingof P0 onto the planeP on which �ltering hasto be
performedin the distortedscenario.The planeP containsthe
sourcepoint a(� p) = Aa0(� p), the point x = AA � 1x and is
orthogonalto the vector n = A � T n0=kA � T n0k. Therefore,
it speci�es the �ltering direction for CB data acquired in
the distortedscenarioat curve parameter� p required for a
reconstructionat thepointx. Themathematicsof thisapproach
have alreadybeenderived but are left out for the purposeof
conciseness.

Whenassuminga �at paneldetectorgeometry, this one-on-
one mappingof �ltering planescorrespondsto a transforma-
tion of (ideal) �ltering lines that aredeterminedfor the ideal



scenarioonto �ltering linesrequiredfor CB projectionimages
occurring in the distortedacquisitiongeometry. Modi�cation
of the �ltering directions makes a major differenceto the
rebinningmethodof Sec. IV. There,the ideal �ltering lines
were used and an initial rebinning of CB data accounted
for the distortedtrajectory. In this secondapproach,however,
acquiredCB data is not modi�ed but we adjust the �ltering
lines appropriatelyand allow therebyef�cient and accurate
reconstructionwithout thedrawbacksof datarebinning.Using
this �ltering line adjustmentstrategy, we expectan improved
spatial resolution in the reconstructionscompared to the
methodof sectionIV.

VI . NUMERICAL RESULTS

The two suggestedreconstructionapproachesfor linearly
distortedsourcetrajectorieswere evaluatedusing computer-
simulatedCB dataof two analytically de�ned phantoms,the
FORBILD headphantom[7] and a disc phantom,which is
a variation of the well-known Defrise phantom.Numerical
studiesassumea �at detectorgeometry, whereX-ray sensitive
detectorelementsare aligned on a 2D Cartesiangrid. We
consideredtwo distinct data acquisition set-ups,for which
no direct reconstructionalgorithm has been derived to our
knowledge.

Fig. 1. The ellipse-plus-oblique-line trajectoryaE P O L (� ). The dimensions
of the ellipse are de�ned by the half axes a and b and its rotation is given
by the angle� . The linear scansegment is attachednon-orthogonallyto an
endpointof the ellipseanddescribesan angleof � =2 � � with the planeof
the elliptical scan.

First,dataacquisitionfor anellipse-plus-oblique-linetrajec-
tory aE P OL (� ) was simulated.The elliptical segmentcovers

TABLE I

PROJECTION DATA SIMULATION PARAMETERS

ellipse-plus circle-plus
oblique-line oblique-arc

detectordiscretization 0:4 � 0:4 mm2 0:4 � 0:4 mm2

source-to-detectordistance 80 cm 80 cm
propertiesof ellipse/circle

dimensions a = 88 cm R = 80 cm
b = 80 cm

orientation � = 0� -
discretization � � = 0:4� � � = 0:4�

# of projections(head/disc) 496/496 497/498
propertiesof line/arc

radius - R = 80 cm
orientation � = 10� ; ' = 45� � = � 10�

discretization � z = 1 mm � � = 0:4�

# of projections(head/disc) 167/333 31/60

an angular interval of length � ellipse and is located in the
planez = 0 mm. The ellipse dimensionsare de�ned by the
half axis a andb andits orientationis describedby the angle
� , measuredbetweenthe x-axis and the directionof the half
axis with lengtha. The linear scansegmentis attachedto an
endpointof theellipsesuchthatit describesanangleof � =2� �
with theplaneof theelliptical scan.Theazimuthalangleof the
line is ' . SeeFig. 1 for anillustrationof theacquisitionset-up.
The shapeof the consideredtrajectorysuggeststo relateit to
the idealcircle-plus-linetrajectory, which canbeparametrized
as

aI C P L
0 (� ) =

(
[R; 0; (�l )=(2� )]T if 0 � � < 2� ,

[R cos�; R sin �; 0]T if 2� � � < 2� + � c.

Here, R denotesthe radius and � c the angular interval of
the ideal circle scan and l the length of the orthogonally
attachedline segment.We can determinea linear transform
A1 consistingof subsequent3D shearing,non-isotropicscaling
androtationoperationsas

A1 =

2

4
a0cos� � b0sin � sin � cos'
a0sin � b0cos� sin � sin '

0 0 cos�

3

5 ; (6)

suchthataE P OL (� ) = A1 aI C P L
0 (� ). Here,� ellipse = � c and

a0 andb0 areselectedso that a = a0R andb = b0R.
In asecondevaluation,we considereddataacquisitionalong

a circle-plus-oblique-arctrajectoryaC P OA (� ), which consists
of two circular segmentswith commoncenterand identical
radiusR. The circle scanis locatedin the planez = 0 mm
andcoversan angularinterval of length � c. The planeof the
arc scancontainsthex-axis andis rotatedby an angle� from
its vertical position.The lengthof the arc segmentis � a . The
two segmentsare connectedto eachother in their endpoint
that hasz = y = 0 mm. For a geometricillustration of the
acquisition set-up see Fig. 2. The describedtrajectory is a
variationof the ideal circle-plus-arcpath,which is given by

aI C P A
0 (� ) =

(
[R cos�; 0; R sin � ]T if 0 � � < � a ,

[R cos�; R sin �; 0]T if 2� � � < 2� + � c.
(7)

Fig. 2. The circle-plus-oblique-arctrajectory aC P O A (� ). The two scan
segmentsareboth of circular shapewith radiusR andare locatedin planes
that containthe x-axis.



The linear transform

A2 =

2

4
1 0 0
0 1 sin �
0 0 cos�

3

5 (8)

mapstheidealtrajectoryaI C P A
0 (� ) ontoaC P OA (� ) according

to (1).

Fig. 3. Transaxialslicez = 40 mmof theFORBILD headphantom(centered
aroundz = 40 mm) in the grayscalewindow [0; 100] HU: (top) valuesof
f (x) from analyticalphantomde�nition, (center)reconstructionof f (x) from
CB datacorrespondingto aE P O L (� ), (bottom)f (x ) obtainedfrom CB data
for aC P O A (� ). For bothreconstructions,the�ltering line adjustmentmethod
wasused.

The two investigatedreconstructionscenariosinvolve tra-
jectorieswhich have just beenidenti�ed as linearly distorted
versionsof previouslystudied,idealtrajectorieswith distortion
parametersA1 and A2, respectively. Therefore, the object
function f (x) can be reconstructedusing the algorithmsde-
scribedin Sec.IV andSec.V.

Fig. 4. Slice x = 0 mm for z 2 [0; 140] mm of the disc phantom
using the grayscalewindow [� 500; 500] HU: (top) valuesof f (x) from the
phantomde�nition, (center)result obtainedfor the ellipse-plus-oblique-line
trajectoryand(bottom)for thecircle-plus-oblique-arc trajectory. Both images
werereconstructedusing the improved rebinningmethod.

For bothtrajectories,theextentof thescansegmentswasse-
lectedlargeenoughto guaranteea completesetof CB datafor
a theoretically-exact reconstructionof the region of interest.
Also, detectorposition and dimensionswere chosento yield
transaxiallyuntruncatedprojectiondata.A comprehensive list
of simulation parametersis presentedin table I. Core CB
reconstructionwas carried out using our implementationof
the accurate�ltered-backprojectionalgorithms proposedby
Katsevich for the ideal circle-plus-line[4] (for evaluation1)
and the ideal circle-plus-arctrajectory[3] (for evaluation2).

The valuesof f (x) were obtainedon a Cartesiangrid of
cubic voxels of size 0:5 � 0:5 � 0:5 mm3. Fig. 3 presents
image results for the FORBILD headphantomin a narrow
grayscalewindow of width 100 HU. An off-centertransaxial
slice throughthereconstructionsof thephantomis visualized.
The imageswere obtainedfrom CB data correspondingto
aE P OL (� ) andaC P OA (� ) using the �ltering line adjustment
reconstructionapproachof sectionV. Theresultsarepresented
next to the correspondingslice of the original phantom.

Reconstructionsof thediscobjectfrom CB datacorrespond-
ing to thetrajectoriesaE P OL (� ) andaC P OA (� ) wereobtained



usingthe improvedrebinningmethodof IV. A centralvertical
slice throughthe imageresultsis presentedin Fig. 4 against
the original phantomde�nition using a grayscalewindow of
width 1000HU.

VI I . CONCLUSIONS

We presentedtwo strategies that allow CB reconstruction
from a large class of (novel) source trajectories that are
related to any well-studied acquisition scenarioby a linear
distortion.Theapproachescanbe understoodasextensionsto
alreadyavailable algorithms,and in principle, every �ltered-
backprojection style algorithm can be applied for actual
reconstruction.During simulation studies,we were able to
achieve high quality image reconstructionsfrom an ellipse-
plus-oblique-line trajectory by involving two theoretically-
exact reconstructionalgorithmsarisingfrom Katsevich's gen-
eralCB inversionscheme.To our knowledge,anotheraccurate
reconstructionapproach[8] can deal with distorted source
trajectoriesmorenaturally. However, this algorithmmay have
drawbacksin terms of data utilization and detectorrequire-
mentscomparedto thepresentedstrategies.This issuewill be
investigatedmoreclosely in the future.

Thepresentedreconstructionapproachis applicableto exist-
ing medicaldevices,sincea linearly distortedtrajectorymay
representthe scanningmotion of an X-ray imaging device
betterthancurrently investigatedideal pathsa0(� ).

REFERENCES

[1] A. Katsevich, “A generalschemefor constructinginversion algorithms
for cone beamCT,” Int. J. Math. Math. Sci., vol. 21, pp. 1305–1321,
2003.

[2] ——, “An inversionalgorithm for spiral CT,” in ProceedingsInt. Conf.
on SamplingTheoryand Applications, 2001,pp. 261–5.

[3] ——, “Imagereconstructionfor thecircle andarc trajectory,” Phys.Med.
Biol., vol. 50, pp. 2249–2265,2005.

[4] ——, “Imagereconstructionfor thecircle andline trajectory,” Phys.Med.
Biol., vol. 49, pp. 5059–5072,2004.

[5] F. Noo, M. Defrise, and H. Kudo, “General reconstructiontheory for
multislice X-ray computedtomographywith a gantry tilt.” IEEE Trans.
Med. Imaging, vol. 23, no. 9, pp. 1109–1116,2004.

[6] S. L. T. Zhuang,B. E. Nett and G. H. Chen,“A shift-invariant �ltered
backprojection(FBP) cone-beamreconstructionalgorithmfor the source
trajectory of two concentriccircles using an equal weighting scheme,”
Phys.Med. Biol. 51, pp. 3189–3210,2006.

[7] “Description of the FORBILD Head Phantom, online at
http://www.imp.uni-erlangen.de/forbild/english/results/index.htm.”

[8] J. D. Pack and F. Noo, “Cone-beamreconstructionusing 1D �ltering
along the projectionof M-lines,” Inverse Problems, vol. 21, pp. 1105–
1120,2005.


