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Abstract— A major drawback of Katsevich's exact general
cone-beaminversion schemeis the dif culty in nding practical
algorithms adapted to every novel type of source trajectory. We
succeededo overcome this problem, and can formulate recon-
struction algorithms, for trajectories that are related through a
linear distortion to an already studied scenario. The intr oduced
theory yields two reconstruction strategiesthat are in principle
independent from the underlying reconstruction algorithm and
are either basedon data pre- and post-processingor on adjust-
ment of ltering dir ections.Numerical resultsbasedon simulated
cone-beamdata are presented.

Index Terms— Computed tomography, exactcone-beamrecon-
struction, linearly distorted source trajectories

I. INTRODUCTION

In recentyears,computedtomography(CT), in particular
three-dimensiong3D) cone-beanfCB) reconstructiortheory
hasundegonesigni cant advancesAs a major breakthrough,
Katsevich introduced a general schemeto nd exact CB
inversionformulasfor most completesourcetrajectories[1].
One essentialcomponentof this inversion schemeis an
auxiliary function that hasto be de ned and adjustedto the
actual acquisitionscenarioin orderto obtaina practicaland
efcient reconstructionalgorithm. The attribute “practical”
refershereto the algorithm allowing a good amountof data
truncation, and thus requiring little X-ray exposureoutside
the imagedslab of the patient body. Unfortunately nding
a good auxiliary function is in generala very intellectual
processrequiring signi cant effort. To do so, one typically
needgo carefully studyhow planesthrougheachobjectpoint
within the region-of-interest(ROI) intersectvarioussegments
of the sourcetrajectory The auxiliary functionde nes how to
weightdataon theseplaneswithin the reconstructiorprocess.
Only some auxiliary functions allow data truncation, and
thesefunctionsonly exist for speci c segmentsof the source
trajectorythat generallydependon the objectpoint. Using his
theoryin [1], Katsevich investigatedseveral trajectoriesthat
are relevant for real world CT devices, such as the medical
CT scannewor the C-armdevice. He found auxiliary functions
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that yield practical, accuratealgorithmsfor the ideal helical
trajectory [2], the ideal circle-plus-(orthogonal)-ar¢3], and
the ideal circle-plus-(orthogonal)-lindérajectory[4]. However,
the algorithms are restrictedto the sourcetrajectoriesthey
were derived for. Therefore,they do not readily apply to, for
example,a sourcetrajectorymadeof a circle and an oblique
arc, which is a simple deviation from the ideal circle-plus-
arc trajectory In [5], Noo et al. presenteda data rebinning
stratgy to easily obtain a reconstructionalgorithm for a
helix-with-gantry-tilt trajectoryfrom algorithmsderived for a
corventional(non-tilted) helix. In [6], the authorsalsoapplied
this rebinning methodto allow reconstructionfrom another
speci ¢ trajectory In this article, we apply that conceptto
obtaintheoretically-&actreconstructiorapproachefor alarge
spectrumof novel and uncorventionalacquisitiongeometries.
Insteadof deriving algorithmsfrom the generalCB inversion
scheme we proposea theory which allows the development
of practical and accurateCB reconstructionalgorithms for
sourcetrajectorieghatdiffer from analreadystudied,socalled
ideal scenaridy alineartransformationFromthattheory we
derive two reconstructiorapproacheshat utilize an existing
implementationof an algorithm for the ideal scenario.These
approachesonsistof (i) a directdatarebinningstratgy in a
pre-andpostprocessingstepor (i) a modi cation of Itering
directionswithin the Itered-backprojectionframeawvork of the
availableimplementation.

Il. MODELING OF GEOMETRY DISTORTIONS

Considera sourcetrajectoryfor which a CB reconstruction
algorithm has been implemented.Let  be the parameter
describing this trajectory and a,( ) 2 IR® be the source
positionat a given . Thetrajectorya,( ) may be a smooth
curve like the ideal helical trajectory or may be the union of
several smoothcurves, like the ideal circle-plus-ardrajectory
CB dataacquisitionalonga patha,( ) will bereferredto as
an ideal scenarioor just ideal throughoutthis article.

We cannow introducea linearly distortedsource trajectory
a( ) thatis relatedto an ideal path by

a( ) = Aag( ); )

with the non-singularmatrix A describinga bijective linear
mappingin IR3. The distortion de ned by (1) operatesylob-
ally on the ideal trajectory so that, if a( ) is composedof
several smooth sgments, all of them are distorted by the
sameoperationA. Although ary linear transformationmay
be consideredshearingoperationsand non-isotropicscaling
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areof specialinterest.Then,the curvesa,( ) anda( ) differ

in shapesothata distinctacquisitionscenarias obtainedand
with that we get a different CB reconstructionproblem. To

get a rough idea about potential effects of (1) onto an ideal
trajectory we use the fact that certain geometricproperties
areinvariantundera linear transformationFor instance,f a
segmentof the ideal sourcetrajectoryis entirely locatedin a
plane,thenthe correspondingeggmentin a( ) will be planar

too. Also, aline in ay( ) is mappedontoalinein a( ), andif

ay( ) consistsof several connectedsggments thesesggments
will remainconnectedo eachotherin a( ).

I1l. RECONSTRUCTION THEORY

CB dataacquiredalonga sourcetrajectorya( ) consistsof
line integralsthat may be written as
z 1

9(; )= dif (a( ) + t)); )
where f (x) with x 2 IR® describesthe spatial distribution
of the linear X-ray attenuationcoefcient, while _ is a unit
vector giving the line direction.Now, if a( ) is relatedto an
ideal trajectory we can substitute(1) into (2) and introduce
_= (A 1)=(kA ' k) to get
z 1

dtf (Aag( )+ t)
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dtf A ay( )+tA 1_
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Here, fy(x) = f (Ax) denotesa virtual object, which is a
distortedversionof the objectunderinvestigation Equation(3)
establishes link betweenthe acquiredline integralsg(; _)
andCB datag, (; _) of thevirtual object,which corresponds
to an ideal sourcetrajectory The inverserelationsare given
as

f)="fy A 'x (4)

and
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IV. RECONSTRUCTION USING DIRECT DATA REBINNING

From the presentedtheory a three step reconstruction
methodcan be readily formulated:

(i) Rebinningof CB dataat x ed
Using (5) we obtain CB data of the virtual object
fv(x) for the correspondingdeal sourcetrajectory
ao( ).

(i) Reconstructiorof the virtual object
Using ary existing reconstructioralgorithm for the
idealtrajectorya,( ), we canreconstruct (x) from
the rebinnedCB datag,(; _) createdin step(i).

(iii) 3D rebinningin the imagevolume

The desiredvaluesof f (x) are obtainedfrom the
reconstructed, (x) by a3D rebinningstepaccording
to (4).

Note that the 3D interpolationrequiredin step (iii) comes
with a loss in high frequeng, so that the sought object
function f (x) is of lower spatial resolution comparedto
fy(x). However, if the implementedreconstructioralgorithm
allows modi cations in the backprojectionfunctionality, one
canbene cially adjustthe samplinggrid on which the virtual
objectis reconstructedinsteadof usinga Cartesiangrid, the
valuesof f are obtainedimmediatelyat the samplingpoints
A x. Then, a subsequeninterpolationto obtain f (x) =
fv(A 1x) canbeavoidedandstep(iii) become®bsoleteThis
approachs referredto asthe improved rebinningmethod

V. RECONSTRUCTION USING FILTERING LINE
ADJUSTMENT

From the theory presentedn Sec.lll, a CB reconstruction
algorithm can be derived that comesalong without ary ad-
ditional datarebinningsteps.This derivation may be applied
to ary ltered-backprojectionreconstructionformula that is
basedon the conceptof -lines and Itering planes.Here,
we considerKatsevich's theoretically-aact CB reconstruction
algorithmsfor the ideal-circle-plus-arcand ideal-circle-plus-
line trajectory respectiely, both derived from the generalCB
inversionscheme1].

From (4) we know that the reconstructionof f (x) in the
distorted acquisition set-up is identical to the computation
of the density of the virtual object f, at point A x in
the correspondingdeal scenario.We obsene further that the

-line determinedfor A x in the ideal scenario(which
intersectghe trajectoryatay( ) andag( o)) is mappedonto
a -line for x in the linearly distorted scenario;this -line
intersectsthe distortedtrajectoryat a( ;) anda( o), i.e. at
unchangedurve parametersConsequentlyif the reconstruc-
tion of fy (A 1x) from CB dataon ag( ) is obtainedthrough
backprojectionover the internval [ j; o] asin [3] or [4], sO
may the reconstructiorof f (x) from dataon a( ). The point
that needsto be addresseds the data Itering.

With the existing algorithms[3] and[4] we candetermine
the Itering planesrequiredfor a reconstructionat A x in
the ideal scenario.Considernow an arbitrary Itering plane
Po. It intersectswith the trajectoryat ag( p) with p

o, Containsby de nition the point A 'x and has normal
vectorn,. Geometricallythe linear distortionwith A yieldsa
mappingof Py onto the planeP on which ltering hasto be
performedin the distortedscenarioThe planeP containsthe
sourcepointa( ) = Aag( p), thepointx = AA 1x andis
orthogonalto the vectorn = A Tny=kA Tngk. Therefore,
it species the Itering direction for CB data acquiredin
the distorted scenarioat curve parameter , requiredfor a
reconstructioratthe pointx. Themathematic®f thisapproach
have alreadybeenderived but are left out for the purposeof
conciseness.

Whenassuminga at paneldetectorgeometrythis one-on-
one mappingof ltering planescorrespondgo a transforma-
tion of (ideal) ltering lines that are determinedfor the ideal



scenarioonto ltering linesrequiredfor CB projectionimages
occurringin the distortedacquisitiongeometry Modi cation
of the ltering directions makes a major differenceto the
rebinningmethodof Sec.IV. There,the ideal ltering lines
were used and an initial rebinning of CB data accounted
for the distortedtrajectory In this secondapproachhowever,
acquiredCB datais not modi ed but we adjustthe Itering
lines appropriatelyand allow thereby ef cient and accurate
reconstructiorwithout the drawbacksof datarebinning.Using
this Itering line adjustmentstrateyy, we expectan improved
spatial resolution in the reconstructionscomparedto the
methodof sectionlV.

V1. NUMERICAL RESULTS

The two suggestedeconstructionapproachedor linearly
distorted sourcetrajectorieswere evaluatedusing computer
simulatedCB dataof two analytically de ned phantomsthe
FORBILD headphantom[7] and a disc phantom,which is
a variation of the well-known Defrise phantom.Numerical
studiesassumea at detectorgeometrywhereX-ray sensitve
detectorelementsare aligned on a 2D Cartesiangrid. We
consideredtwo distinct data acquisition set-ups,for which
no direct reconstructionalgorithm has been derived to our
knowledge.

W

Fig. 1. Theellipse-plus-obliquedtie trajectorya® P OL (). The dimensions
of the ellipse are de ned by the half axesa and b andits rotationis given
by the angle . The linear scansegmentis attachednon-orthogonallyto an
endpointof the ellipseand describesan angleof =2 with the plane of
the elliptical scan.

First, dataacquisitionfor anellipse-plus-oblique-lind¢rajec-
tory aFPOL () was simulated.The elliptical segmentcovers

TABLE |
PROJECTION DATA SIMULATION PARAMETERS

ellipse-plus circle-plus
oblique-line oblique-arc
detectordiscretization 0:4 0:4 mn¥ 0:4  0:4 mn¥
source-to-detectadistance 80 cm 80 cm
propertiesof ellipse/circle
dimensions a= 88cm R = 80cm
b= 80cm
orientation =0 -
discretization = 0:4 =04
# of projections(head/disc) 496/496 497/498
propertiesof line/arc
radius - R = 80cm
orientation =10 ;' =45 = 10
discretization z=1mm =04
# of projections(head/disc) 167/333 31/60

an angularinterval of length ejipse and is locatedin the
planez = 0 mm. The ellipse dimensionsare de ned by the
half axis a andb andits orientationis describedoy the angle

, measuredetweenthe x-axis and the direction of the half
axis with lengtha. The linear scansegmentis attachedo an
endpointof the ellipsesuchthatit describesnangleof =2
with the planeof theelliptical scan.Theazimuthalangleof the
lineis' . SeeFig. 1 for anillustrationof theacquisitionset-up.
The shapeof the consideredrajectorysuggestgo relateit to
theidealcircle-plus-linetrajectory which canbe parametrized
as

if 0
if 2

<2,
<2 4+

(
[R;0;(1)=(2 )"

ICPL —
& ()= [Rcos;Rsin;O]T

Here, R denotesthe radius and . the angularinterval of
the ideal circle scanand | the length of the orthogonally
attachedline segment. We can determinea linear transform
A1 consistingof subsequerD shearingnon-isotropicscaling
and rotation operationsas

3
a’cos b’sin  sin cos'
A; =4 alsin tPcos  sin sin' 9; (6)
0 0 cos
suchthatafPOL () = A;ay®PL( ). Here, aiipse = ¢ and

a’ and° are selectedso thata = a’R andb=

In aseconcdevaluation,we considerediataacquisitionalong
a circle-plus-oblique-artrajectorya®®©A (), which consists
of two circular sggmentswith common centerand identical
radiusR. The circle scanis locatedin the planez = 0 mm
and coversan angularinterval of length .. The planeof the
arc scancontainsthe x-axis andis rotatedby anangle from
its vertical position. The length of the arc segmentis 5. The
two segmentsare connectedto eachotherin their endpoint
thathasz = y = 0 mm. For a geometricillustration of the
acquisition set-up see Fig. 2. The describedtrajectory is a
variation of the ideal circle-plus-arcpath,which is given by

cPA( ) = [Rcos; O;Rsin ] if0 < 4
% [Rcos;Rsin;O]T if 2 <2 + ..
(7)
AZ
Fig. 2. The circle-plus-oblique-ardrajectorya®P ©A (). The two scan

segmentsare both of circular shapewith radiusR andare locatedin planes
that containthe x-axis.



The linear transform

2 3
10 0
A,=40 1 sin 5 (8)
0 0 cos

mapstheidealtrajectoryal®”A () ontoa®P°A () according
to (1).

Fig. 3. Transaxiaklicez = 40 mm of the FORBILD headphantom(centered
aroundz = 40 mm) in the grayscalewindow [0; 100] HU: (top) valuesof

f (x) from analyticalphantomde nition, (center)reconstructiorof f (x) from

CB datacorrespondingo af P ©L ( ), (bottom)f (x) obtainedfrom CB data
for a®P ©A (). For bothreconstructionghe ltering line adjustmentmethod
was used.

The two investigatedreconstructionscenariosinvolve tra-
jectorieswhich have just beenidenti ed aslinearly distorted
versionsof previously studied idealtrajectorieswith distortion
parametersA; and A,, respectiely. Therefore,the object
function f (x) can be reconstructedising the algorithmsde-
scribedin Sec.IV and Sec.V.

Fig. 4. Slicex = 0 mm for z 2 [0;140] mm of the disc phantom
usingthe grayscalewindow [ 500; 500] HU: (top) valuesof f (x) from the

phantomde nition, (center)result obtainedfor the ellipse-plus-oblique-line
trajectoryand (bottom)for the circle-plus-obliquea trajectory Both images
were reconstructedising the improved rebinningmethod.

For bothtrajectoriesthe extentof the scansegmentswasse-
lectedlarge enoughto guarante@ completesetof CB datafor
a theoretically-&act reconstructionof the region of interest.
Also, detectorposition and dimensionswere chosento yield
transaxiallyuntruncatedprojectiondata.A comprehensie list
of simulation parameterds presentedin table I. Core CB
reconstructionwas carried out using our implementationof
the accurate Itered-backprojectionalgorithms proposedby
Katsevich for the ideal circle-plus-line[4] (for evaluation1)
andthe ideal circle-plus-arctrajectory[3] (for evaluation2).

The valuesof f (x) were obtainedon a Cartesiangrid of
cubic voxels of size 0:5 0:5 0.5 mme. Fig. 3 presents
image resultsfor the FORBILD headphantomin a narrov
grayscalewindow of width 100 HU. An off-centertransaxial
slice throughthe reconstruction®f the phantomis visualized.
The imageswere obtainedfrom CB data correspondingto
aFPOL () anda®POA( ) usingthe ltering line adjustment
reconstructiorapproactof sectionV. Theresultsarepresented
next to the correspondingslice of the original phantom.

Reconstructionsf thediscobjectfrom CB datacorrespond-
ing to thetrajectoriesa® P Ot () anda®P ©A () wereobtained



usingthe improvedrebinningmethodof IV. A centralvertical
slice throughthe imageresultsis presentedn Fig. 4 against
the original phantomde nition using a grayscalewindow of
width 1000 HU.

VII. CONCLUSIONS

We presentedwo stratgjies that allow CB reconstruction
from a large class of (novel) source trajectoriesthat are
relatedto ary well-studied acquisition scenarioby a linear
distortion. The approachesanbe understoods extensionsto
alreadyavailable algorithms,andin principle, every Iltered-
backprojection style algorithm can be applied for actual
reconstruction.During simulation studies,we were able to
achieve high quality image reconstructiondrom an ellipse-
plus-oblique-line trajectory by involving two theoretically-
exact reconstructioralgorithmsarising from Katsevich's gen-
eral CB inversionschemeTo our knowledge anotheraccurate
reconstructionapproach[8] can deal with distorted source
trajectoriesmore naturally However, this algorithmmay have
dravbacksin termsof datautilization and detectorrequire-
mentscomparedo the presentedtratgies. This issuewill be
investigatedmore closelyin the future.

Thepresentedeconstructiompproachs applicableto exist-
ing medicaldevices, sincea linearly distortedtrajectorymay
representthe scanningmotion of an X-ray imaging device
betterthan currentlyinvestigateddeal pathsa,( ).
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