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Abstract—We investigatehelical cone-beamreconstruction us-
ing differ entiated backprojection on � -lines and a subsequentin-
verseHilbert transform. Wereport in particular on an implemen-
tation schemethat allows ef�cient reconstructionin the geometry
of curr ent Multi-Slice-CT scanners. This scheme is based on
reconstruction on “theor etical” � -lines (� -lines that would have
beenmeasured in a continuous measurement systembut are not
actually measured becauseonly a �nite number of projectionsare
measured in practice) and thus allows us to specify the sampling
of the backprojection grid independently of the sampled source
positions.We have identi�ed six signi�cant variations within our
implementation scheme,which differ mainly in the way the DBP
is implemented. We provide a description of all six variants of
the algorithm and evaluate their advantagesand disadvantages
and give examplesof reconstructions of the FORBILD thorax
phantom.

Index Terms—Helical Cone-BeamCT, Two-StepHilbert algo-
rithm, � -line.

I . INTRODUCTION

In the �eld of ComputedTomography (CT) the idea of
a two-stepHilbert reconstructionalgorithm, consistingof a
DifferentiatedBackprojection(DBP) followed by an inverse
Hilbert transform(HT), has recently received attentionas a
methodof exact imagereconstruction.See[1]–[4] for various
presentationsof this HT-DBP method.

The HT-DBP methodis especiallyattractive becauseit al-
lows reconstructionfrom both laterallyandtransversallytrun-
cateddata.Furthermore,for Helical Cone-BeamCT (HCBT)
it requires only the data within the Tam-Danielsson(TD)
window [5], [6]. Most of the HT-DBP algorithms for this
geometryaredesignedto reconstructdataalongso-called“ � -
lines”, i.e. lineswhich intersectthevertex pathtwice, with the
two intersectionpoints separatedby lessthan one helix turn.
This allows reconstructioneverywherewithin the ROI as it
canbe proved that eachpoint insidethe helix lies on oneand
exactly one � -line [5].

The �rst works on HT-DBP [1]–[4] were tailored for the
�at detector, however, Zou et al. recentlypublishedthedetails
of the transformationto the practically more signi�cant case
of a curved detectorgeometry[7]. Moreover, Yu et al. lately
introduceda rebinningversionof the two-stepHilbert algo-
rithm to the pseudo-parallel“wedge” geometry[8], [9] using
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a �at detector[10]. However, due to the complex geometry
of � -lines it hasremainedlargely unclearuntil todaywhether
� -line basedHT-DBP algorithmscouldbemadepracticalin a
way that they aresuitablefor currentlymanufacturedmedical
Multi-Slice CT (MSCT) scanners,e.g. allowing an ef�cient
reconstructionwith an arbitrary reconstructiongrid in the x-
y-planeandsupportingthe slice thicknessconcept.

In this work we presentan implementationschemefor HT-
DBP reconstructionon � -lines that was developedfollowing
the ideas presentedin [11] for implementing Katsevich's
formulafor exactHCBT [12]. This schemeis adaptedfor data
acquiredusingacurveddetectorandis basedonreconstruction
on what we call “theoretical” � -lines (i.e. on a subsetof the
unlimited set of � -lines that would have beenmeasuredin
a continuousmeasurementsystem,as opposedto “real” � -
lines that connectonly sourcepositionswhereprojectionsare
actuallymeasured).Thischoiceenablesthereconstructiongrid
to be varied freely in the (x; y)-plane.

We have identi�ed six signi�cant variations within our
implementationscheme.In the following we concentrateon
a descriptionof all six variantsof the algorithmsand sub-
sequentlydiscusstheir advantagesand disadvantages(sec-
tion III). An evaluation of thesevariantsagainst eachother
is being performedby measurementsof resolutionand noise
alongwith reconstructionsof the FORBILD thoraxphantom.
We presentour �rst resultsin sectionIV.

I I . GEOMETRY

A. Data acquisition

This sectiongives a short overview of the geometryand
notationusedin this report.The vertex path is given as

a(� ) = [R0 cos(� + � 0); R0 sin(� + � 0); z0 + h� ] (1)

where � is the rotation angle of the sourcein the interval
[0; � max ], R0 is the helix radiusand2� h the helix pitch. The
vertex path is adjustedby � 0 and z0 suchthat at � = 0 the
sourceis locatedat angle� 0 in the planez = z0.

Apart from the standard(x; y; z) geometry, we also usea
coordinatesystemrotatingwith thedataacquisitionsystemas
depictedin �gure 1. The orthonormalbasisof this coordinate
systemis given by the vectors

eu (� ) = [� sin(� + � 0); cos(� + � 0); 0] ; (2)

ev = [0; 0; 1] ; (3)

ew (� ) = [cos(� + � 0); sin(� + � 0); 0] : (4)

The detectorconsistsof an arrayof N rows � Ncols elements,
whichare,column-wise,arrangedparallelto ev and,row-wise,




̂

L a

D

� + � ozo + P �
2�

a(� )

ev

eu

ew

(
 ; w) = (0; 0)
(
̂ ; ŵ)
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Fig. 1: Dataacquisitiongeometry.

formingarcsarounda line L a parallelto thez-axisthroughthe
vertex point. Despiteof being countedin the direction of eu
andev , respectively, thedetectorunitsaredenotedby theangle

 andw, asthedetectordoesnot lie fully in theplanede�ned
by eu and ev . We furthermoredenotewith D the distance
from the line L a throughthe focal point to the detectorand
with f (x) the 3D object density to be reconstructed.In our
notationthe measurementsareobtainedas

g(�; 
 ; w) =
Z 1

0
f (a(� ) + t� (�; 
 ; w))dt (5)

with

� (�; 
 ; w) =
(D sin 
 eu (� ) � D cos
 ew (� ) + w ev )

p
D 2 + w2

: (6)

The upperand lower boundaryof the TD window in this
geometryaregiven by [11]:

wtop = �
Dh
R0

� =2 + 

cos


; wbottom =
Dh
R0

� =2 � 

cos


: (7)

B. Arrangementof the backprojectiongeometry

For backprojectionweneedto changethestandard(x; y; z)-
geometryso that we can work on setsof parallel theoretical
� -lines. We restrict ourselves, with no loss of generality, to
working on � -lines having a positive slope and re-arrange
the reconstructionvolumeto a stackof surfacesof “parallel”
� -lines. Fig. 2 depicts one such surface. Each surface is
indexed by a vertex position � �lt , wherea(� �lt ) denotesthe
starting point of a � -line which intersectswith the z-axis
(seeagain �g. 2). All � -lines on a given surface have their
projectionson the (x; y)-planeparallelto eachother, and� �lt

de�nes the direction of theselines. Note, however, that by
constructionevery � -line intersectsthe vertex path twice and

thus� -lines de�ned by the same� �lt arenot parallel in the z
dimension.Accordingly, a setof � -linesasin �gure 2 doesnot
de�ne a planein space,but merelya twistedsurfacein space.
Yet, using properinterpolationwe can still do reconstruction
using thesesurfaces.

For indexing onto each� -line surfacewe usea (s; � )-grid
which is obtainedby rotating the x- andy-axessuchthat

es(� �lt ) = [� sin(� �lt + � 0); cos(� �lt + � 0); 0] ; (8)

e� (� �lt ) = [� cos(� �lt + � 0); � sin(� �lt + � 0); 0] : (9)

In otherwords,s denotesa signeddistanceof the projections
of the � -linesonto the (x; y)-planefrom theorigin, and� is a
coordinatealong thoseprojections.We furthermoreintroduce
a variablet alongthe� -linessuchthat theprojectionof t onto
the(x; y)-planeyields � . Thez-positionof a point indexedby
(s; � ; � �lt ) is thengiven by

z = z0 + h

 

� �lt +
�
2

+
� (� =2 � arcsin(s=R0))

p
R2

0 � s2

!

: (10)

For a given volume (x; y; z) this equation also allows us
to determinethe range of � �lt , over which backprojection
shouldbecarriedout to cover thevolumeof interest.We then
set the distancebetweenthe surfacesof � -lines over which
backprojectionis carriedout to

� � �lt = � z=h; (11)

where� z is the desiredvoxel size in z.
The backprojectiongrid can be arrangedin two different

ways:
1) The grid is laid out on an arbitrary (s; � )-grid, and

backprojectionis directly performedin this (s; � ; � �lt )
coordinatesystem.The �nal reconstructionis then ob-
tainedby applyingthe inverseHT in thesamegeometry
anda subsequentinterpolationto the (x; y; z)-grid.

2) The backprojectionis still doneon the surfaceof theo-
retical � -lines, but the grid is laid out on a (x; y)-grid,
resultingin a (x; y; � �lt ) coordinatesystem.The back-
projection result then is interpolatedto the (s; � ; � �lt )
systemfor the inverseHT and �nally to the (x; y; z)-
grid.

Thesecondmethodhastheadvantagethat the(x; y)-positions
of the voxels to be reconstructeddo not changeover � �lt ,
which acceleratesbackprojection.However, due to the addi-
tional interpolationneededfor the inverseHT, imagequality
hasto be closelymonitored.

I I I . ALGORITHMS AND IMPLEMENTATION STRATEGIES

A. Inversion of the Hilbert Transform

In contrast to a standard �ltered backprojection(FBP)
approach,the differentiatedbackprojection(DBP) does not
directly result in a theoreticallyexact reconstructionof f (x),
but merely in a Hilbert transform of f (x) along the � -
linesdescribedabove. Implementinga two-stepHilbert recon-
structionthusincludes�nding a goodway to applyan inverse
HT to the backprojectionresult. A methodof doing so has
been suggestedearlier [13], and thus will be just sketched
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Fig. 2: Reconstructiongeometry.

shortly. In the following we will denotethe outcomeof the
backprojectionas (H f )(x) and the �nal reconstructionas
f̂ (x).

As statedin [14], aninverseHT alongthedirectionof a unit
vector � for a function with limited supportcan be achieved
by useof

f̂ (x + t� ) =
� 1

p
(t � tmin )( tmax � t)

"

C(x) + :::

::: +
Z t max

t min

(H f )(x + t0� )
t � t0

p
(t0 � tmin )( t0

max � t) dt0

#

;

(12)

if f (x + t� ) � 0 for t =2 (tmin ; tmax ). The function C(x) can
be computedin different ways: see,e.g. [3], [10], [13]. For
our implementation,we found it easiestto set

C(x) = �
2 �

R1
�1 f (x + t� ) dt

�
; (13)

as we can get a good approximationof this value directly
from the measureddata.We implementeq.12 the way it was
suggestedin [3], [13] usinga rectangularapodizationwindow
anda half-pixel shift of the output to avoid aliasingartifacts.

B. DifferentiatedBackprojection (DBP)

The different variantsof implementingthe DBP presented
in this work canbe divided into threeclasses:

1) Takingthederivativewith respectto detectorcoordinates
only. As this method requires backprojectionwith a
squareddistanceweight, we have dubbedit “DBP-2”.

2) Taking the derivative of the measureddatawith respect
to � at �x ed ray direction. This “DBP-1” methodre-
quiresno squarein the backprojectionweight.

3) Rebinningthe datato the pseudo-parallelwedgegeom-
etry �rst and doing differentiationand backprojection
in that geometry. This “DBP-0” method requires no
backprojectionweight.

Together with the two different methods of creating the
backprojectiongrid describedin sectionII-B this makes an
overall of six differentversionsof DBP-HT. In the following

we will presentthe differentvariantsof the DBP usedin our
work anddetailsof their implementation.

1) DBP-2: This approachof implementing the DBP is
presentedin detail in [3]. It featuresdifferentiationonly in
detectorcoordinatesanda backprojectionweightof thesquare
of the distancefrom the current voxel to the vertex point,
projectedontothe(x; y)-plane.For acurveddetectorgeometry
we have [7]

(H f )(x) = �
1

2�

"
2X

q=1

(� 1)qg(� q; 
 � (� q; x); w� (� q; x))
kx � a(� q)k

+
Z � 2 (x )

� 1 (x )

DgF (�; 
 � (�; x); w� (�; x))
� (�; x)2 d�

#

(14)

with � 1(x) and � 2(x) denotingthe �rst andsecondintersec-
tion of the � -line throughx with the vertex path,andwith

� (�; x) = R0 � x cos(� + � 0) � y sin(� + � 0); (15)


 � (�; x) = arctan
�

y cos(� + � 0) � x sin(� + � 0)
� (�; x)

�
; (16)

w� (�; x) =
D cos(
 � (�; x))

� (�; x)
(z � z0 � h � ) ; (17)

and

gF (�; 
 ; w) = R0
cos2 


D
@�g
@


+ cos
 (h � R0w
sin 


D
)

@�g
@w

(18)

where�g = �g(�; 
 ; w) = (D=
p

D 2 + w2) g(�; 
 ; w).
For reconstructionof onesurfaceof � -lineswe�rst compute

the z value of each voxel on the desired (s; � ) or (x; y)
grid. The backprojectionfor eachsurfaceof � -lines indexed
by � �lt is then carried out over the interval � 2 [� �lt �

 FOV ; � �lt + � + 
 FOV ], where 
 FOV = arcsin(RFOV =R0)
with RFOV denotingtheradiusof the �eld-of-view. To handle
the voxel dependenceof the rangeof projectionsover which
thebackprojectionis carriedout we usea techniquesuggested
anddescribedin detail in section4.3.5,eqs.(59)–(64)of [11].
We alsousethis techniqueto estimatethe boundarytermsin
(14).

2) DBP-1: The implementationof this variant is the same
as the one for Katsevich's algorithm presentedin [11] up to
a replacementof the �ltering step by a differentiationwith
respectto � at �x edray direction.Becauseof spacelimitations
wedonotgivedetailsin thisabstract,however wewill provide
themin the �nal presentation.

3) DBP-0: Thethird approachof implementingtheDBP is
basedon a rebinningof themeasureddatato a pseudo-parallel
geometryaccordingto

#(�; 
 ) = � +
�
2

� 
 ; sr (�; 
 ) = R0 sin 
 ; (19)

with w remaininguntouchedduring rebinning.The backpro-
jection formula after rebinningcanbe shown to be

(H f )(x) = �
1

2�

Z # filt + �

# filt

D � �grb (#; s�
r (#; x); w� (#; x))

p
D 2 + (w� (#; x))2

d#

(20)



with

�grb (#; sr ; w) =
@

@sr
grebin (#; sr ; w); (21)

s�
r (#; x) = x cos(# + #0) + y sin(# + #0); (22)

w� (#; x) =
D (z � z0 � h (# � � =2 + arcsin(s�

r =R0)) )

y cos(# + #0) � x sin(# + #0) +
p

R2
0 � s�

r
2

(23)

and #�lt = � �lt + � =2 and #0 = � 0 + � =2. As can be seen,
this approachreducesthe�ltering to a singlederivative @=@sr ,
which constitutesa great advantagefor the implementation.
Furthermore,both the backprojectionweight and the voxel-
dependenceof the backprojectionrange within any given
surfaceof � -lines are eliminated.After deciding in favor of
a (s; � )- or (x; y) backprojectiongrid and computingthe z
values of the voxels accordingly, we thereforecan run the
integration directly over the interval [#�lt ; #�lt + � ] without
further worrying about the reconstructionrange.For imple-
menting the integration as a sum in this context we suggest
using the well-known trapezoidalrule.

IV. RESULTS

Due to lack of spacewe are only able to show a few
selectedresultshere.For comparingthe different versionsof
the DBP, we presentreconstructionsof the FORBILD thorax
phantomusing the differentalgorithms.We simulatedhelical
cone-beamdatawith andwithout Poissonnoisecorresponding
to anemissionof 500000photonsper ray, with R0 = 57 cm,
D = 104cm and1160projectionsper turn with a helix pitch
of 6:58 cm. Thecurveddetectorconsistsof 673� 64 elements
with a size of 0:14083� 0:13684 cm2. The reconstructed
imagespresentedhere all have a size of 600 � 383 square
pixels of side 0:007 cm and the inverseHT was perfomed
along the imagecolumns.

Fig. 3 comparestwo different reconstructionsobtained
using DBP-1 in the plane z = � 0:065 cm, whereat the
backprojectionwas carried out on a (x; y)-grid for the �rst
one, on a (s; � )-grid for the secondone. Fig. 4 compares
two reconstructionswithout addednoise on a surface of � -
lines with no interpolation in z at � �lt = 3� =2. The �rst
one was obtainedby using DBP-2, the secondone by using
DBP-0. Fig. 5 �nally shows the samereconstructionsas in
�g. 4, but with Poissonnoiseaddedto thedatabeforestarting
reconstruction.

Note that we have not yet performedany resolutionmatch-
ing and only a few noise measurements,so these �gures
constitutean illustrative resultonly at this time. However, we
plan to have performedtheseinvestigationsby the time of the
conference.
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