Construction of Daubechies filters D4 und D6

The D4 filter pair

Polynomials for low-pass and high-pass filters of length 4

d4h[z_] := Sum[h4[k] 2"k, {k, O, 3}]; d4h[z]

h4[0] +zh4[1] +22h4[2] + 2> h4[3]

d4hcoeffs = CoefficientList[d4h[z], z]

{h4[0], h4[1], h4[2], h4[3]}

g4[k_] := (-1) "k h4[3 - k]

d4g[z_] := sum[g4[k] z"k, {k, O, 3}]; d4g[z]

-2z°h4[0] +2z2h4[1] -zh4[2] +h4[3]

Orthogonality conditions

041 = Sum[h4[k] h4[k], {k, O, 3}] =

h4[0]?+h4[1]%+h4[2]%+h4[3]% =1

042 = Sum[h4[k] h4a[k +2], {k, 0, 1}] =0

h4[0] h4[2] +h4[1] h4[3] =

Low-pass conditions

ansatz[w_] := d4h[Exp[I w]]; ansatz[w]

h4[0] +e'“h4[1] +e**“h4[2] +e>'“ h4[3]

TP41

ansatz[Pi] ==

h4[0] -h4[1] +h4[2] -h4[3] =

TP42 = ansatz '[Pi] ==

~1h4[1] +21h4[2] -3 1h4[3] =
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Solving the conditions

Solve[{041, 042, TP41, TP42}, d4dhcoeffs]

1 3/2
{{114[0]—>E 2+/3 (2—\/3) _7 3(2—\/3) ],
1 3/2
h4[1}az{\/3 (27\/3) 4 3(24/3) hd

h4[3] > — [ﬁ(zx/?)mu 3 (27\/?) ]},

N

N2

I
| =
w

—
N

I

a

h4[11+1[—\5(2—\5)3/2+4 3(2—\5) h4[2]ei 3(2-\/?)
4 4
h4[3hi[ﬁ(zﬁ)“z 3(zﬁ)J}
12
{h4[0}»i[2\/?(2+\/?)3/2 3(2+\/?)]
12
h4[1}—>1{\/?(2+\/?)3/2—4 3(2+\/?) ,h4[2}—>—i 3(2+\/?)
4 \ 4
h4[3191[-\/?(2+ﬁ)3/2+2 3(2+ﬁ)]}
12
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Simplify[%]

{{h4[0]»—% 2-3 (2+\5),h4[11»7%\/27\5 (3+2\E),

114[21»7i 673\5,114[3]»2_—\5},@4[0]»i 2-+/3 (2+ﬁ),
4 4 4

h4[1}»% 2-3 (3+2\E),h4 %\/6—3\/?,h4[3}»—% 27\5},

{h4[0}»—%(2+\/37> 2+43 , h4[1 %(3 2W)x/ 3,

h4[2}—>—2 3(2+\/?) , ha[3] > -+ +\/?},

1

242

4
{h4[0j—>£(-2+x/3)\/2+x/3 ,h4[1]e%\/2+\/3 (-3+2\/3),

4
114[219i 3(2+\5),h4[31% ZM/?}}
4 4

NSolve[{041, 042, TP41, TP42}, ddhcoeffs]

{{h4[0] - -0.482963, h4[1] > -0.836516, h4[2] » -0.224144, h4[3] - 0.12941},
{h4[0] - 0.482963, h4[1] - 0.836516, h4[2] - 0.224144, h4[3] - -0.12941},
{h4[0] - 0.12941, h4[1] » -0.224144, h4[2] > -0.836516, h4[3] > - 0.482963},
{h4[0] > -0.12941, h4[1] —» 0.224144, h4[2] > 0.836516, h4[3] - 0.482963}}

daub4 = %[[2]]

{h4[0] - 0.482963, h4[1] » 0.836516, h4[2] — 0.224144, h4[3] - -0.12941}

Polynomials and frequency representation

H4[z_] :=

d4h[z] /. daub4; H4[z]

0.482963 +0.836516 z + 0.224144 z% -

0.12941 z3

fourierH4 [w_]

0.482963 +0.836516 ' “

:= H4[Exp[I w]]; fourierH4 [w]

+0.224144 €219 -0.12941 3¢

G4[z_] :=

d4g[z] /. daub4; G4[z]

-0.12941-0.224144 2 +0.836516 z° -

0.482963 z°

fourierG4[w_] :=

~0.12941 - 0.224144 e'®

G4 [Exp[Iw]]; fourierG4[w]

+0.836516 e?'“-0.482963 31¥
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Plot[{Abs[fourierH4[w]], Abs[fourierG4[w]]}, {w, O, Pi}, Filling - Axis]

The Dé filter pair

Polynomials for low-pass and high-pass filters of length 6

d6h[z_] := sum[h6[k] z"k, {k, O, 5}]; d6h[z]

h6[0] +zh6[1] +22h6[2] +2°h6[3] +2*h6[4] + 2> h6[5]

d6hcoeffs = CoefficientList[d6h[z], z]

{h6[0], h6[1], h6[2], h6[3], h6[4], h6[5]}

g6[k_] := (-1) "k h6[5 - k]

dég[z_] := Sum[g6[k] z"k, {k, O, 5}]; d4g[z]

~2z>h4[0] +2z°h4[1] -zh4[2] + h4[3]

Orthogonality conditions

061 = Sum[h6[k] h6[k], {k, 0, 5}] =1

h6[0]%2+h6[1]2+h6[2]%>+h6[3]%2+h6[4]%>+h6[5]? =

062 = Sum[h6[k] h6[k+ 2], {k, 0, 3}] ==

h6[0] h6[2] +h6[1] h6[3] +h6[2] h6[4] +h6[3] h6[5] =

063 = Sum[h6[k] h6[k+4], {k, 0, 1}] =

h6[0] h6[4] +h6[1] h6[5] ==




Low pass conditions
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ansatz[w_] := d6h[Exp[I w]]; ansatz[w]

h6[0] +e'“h6[1] +e?*“h6[2] +e>t“h6[3] +e*'“h6[4] +e®*¥h6[5]

TP61 = ansatz[Pi] =0

h6[0] ~h6[1] +h6[2] ~h6[3] +h6[4] —h6[5] =0

TP62 = ansatz ' [Pi] == 0

~ih6[1]+21ih6[2] -31h6[3] +41h6[4] -51h6[5] =0

TP63 = ansatz''[Pi] == 0

h6[1] -4h6[2] +9h6[3] -16h6[4] +25h6[5] =0

Solving the conditions

Solve[{061, 062, 063, TP61, TP62, TP63}, d6hcoeffs]

1 135225
{{h6[0]a275400( . J(2074W7\/(5(75+4\/W)))7
2 (204 IO -5 -5+ VIO )))
?(20—4W-J(5(—5+4m)))5/2—
“ [20-4v30 - /(5 (-5 +4v10]))) "),
h6[1}+18260 (—%J(zow\/l—-\/(s(-swm)))-
5265

— (20—4@—\/(5 (-5+4\/W))) +
313

22 (a0~ 4T s[5V )

(208 3I -/ [3 -50v70))) 7).

(21 -y (20-4 3T -5 -5 470 ))).

6131+ ooz (g [20- 470 - [5 (34470 )) ) -
e (204 VT (5 (5T )))

[

8
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16 (2074 VT [5 [-5+4vT0))) 7).

16
1 127305
h6 (4] > ( ; J(2074—MT_TaJ(5(75+4«f55)))7
22 (20410 - (5 (-5+4V30)) )
581 5/2
7;7P074JT57X/@(75+4VTF)H -
7 7/2
g(2074VT_7\/ﬁ(75+4VTF)H %
1 267075
h6w}-+91800( ; J(20—4v7__—J(5(-5+4v76j))—
36;35(2074v7477J(5(75+4v751))w2+
1475

o (00 AT - 5 (-5 avTo)) -
o (204 VT (5 (-5avi@) )],

1 135225
{h6[0}4>275400 ﬁ, - J<2074«Jfgl.J(5(75+4«fif)))+
T2 (20410 - (5 (-5 avE0 ) )) -
3085 5/2
—g—(20—4%?5—\/@(-5+4JTF)H N
%}(2074Mﬁ77J(5(75+4METH)”1,
h6[ﬂ-+18260(E§¥5J(20—4v7__—J(5(—5+4v76j))+
5265

22 (a4 T - [3 [-5+4 VT )

8
313 5/2

22 (oo 4T s[5+ av) )

o | u

[20-4/70 -/ (5 -5 +450)])"°).
hﬂz}aiw/@of4VT*—J(5L5+4Jﬂfﬂ),

8
h6[3] >
1 ( 26 415

6885
5235

252 a0~ 4T - [3 -5+ 4 VT ) -

16

(204 - [s [-5+4TT)))

o (204 3IT (5 (5 avT)))s
16 (204 VT (5 (-54vi@) )",

16

h6[4] >

(20T -3 [-3+4 3] )

1 ( 127 305

18360 8




15735 3/2
- (20-4v10 - /(5 (-5+4v10)))7" -
581

2 (oo o T - 5 (-5 4 AT )

L 20410 /(s -5+ 410 )))"")

1 267075
h6[ﬂ‘$91800(7 - J(2074\H0 7J(5(75+4V10)))+
36 735 3/2
; @074V1 7J(5k5+4V10)H -
1475

4———@0—4VT_-\/@(—5+4VTF)H5”+

2 Jav-avio - s [-5-4479))) ")),

1 [135225
8

{hG[OJe
275400

57855(20—4v367+J(5(—5+4v76j))”2+

8
3085

———-@074MFT+J(5L5+4VTFH)WZ7

8

sl (20-2+10 + /(5 (_5+4m)))7/2),

8

h6[1] >

L (222 04T s [5+4vTT))) -

18360
5265

———(2074VTE+\/@(75+4VTF)H3”+

8
313

———Po-4JiT+J(5L5+4VTFH)WZ—

8
5

2 (20410 (5 (-5 +avT9)))77),

8
1
8

h6[2] »

4JP074MFT+J(5@5+4J37H),

h6[3] -
1 (26415

(20T o5 [-3+4 3 ) -

6885 8

EEE-@074MET+J(505+4VTF)H3”+

16
67

—f@0—4M3T+J(5L5+4VTFH)M2—

8

= (20-44/10 + /(5 -5+ 4710)))"),

16

1
h6[4] - (
18360

15735

127 305
8

J(z0-45 (5 [-5+47T0))) -

P0—4VﬂT+J(5@5+4VTFH)”2+

8
581

———(2074v?67+J(5(75+4viﬁj))wzf

8

J{20-40 1 (5 [5+47T0))) -
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L (20430 4[5 (-5 4v30))) "),

h6[5] - 91200 (2678075 \/(2074\/W+\/(5 (75+4\/W)))7
36;35 (20—4m+\/(5 (—5+4m)))3/2+
=2 (20-4v10 (5 (-5+4v10)) )"
= (204730 + (5 (-5 4410 )] )7},

{h6[0} > 2751400 [— 1358225 \/(20—4\/W+\/(5 (—5+4x/ﬁ))) +
57255 (2074W+J(5 (75+4m)))3/27
3085

e (20-4\/W+\/(5 (-5+4\/W)))5/2+
&7 (20—4\/ﬁ+\/(5 (—5+4m)))7/2),

8
h6[1] - 18;0 (%J(zo%mﬁ/(s (75+4\/ﬁ)))+
5265 3/2
e (20-4\/W+\/(5 (—5+4\/W))) -
313

- (20—4\/ﬁ+\/(5 (-5+4\/ﬁ)))5/2+

5

s (2of4m+\/(5 (,5+4m)))”2],
h6[2] ei\/(20—4\/ﬁ+\/(5 (-5+4v10))),

h6[31_>8
@ (726315\/(2074m+\/(5 (75+4\/W)))+
22 (20-4vI0 (5 (-5+4v30)) )
%7 (2074\/ﬁ+\/(5 (75+4\/W)))5/2+
% (2074m+\/(5 (75+4m)))m),
h6[4] - 18260 (— 1278305 \/(20—4m+\/(5 (—5+4\/W)))+
15;35 (2074W+J(5 (75+4m)))3/27

581 5/2

T (20-4v10 + [ (5 (-5+4v10))) "+
2(20—4\/W+\/(5 (—5+4\/ﬁ)))m],

h6[5] -

\/(2074m+\/(5 (75+4m)))+

1 ( 267075

91800 8




36735

(20-4x/ﬁ+\/(5 (—5+4\/ﬁ)))3/2_

8
1475

— (2074m+\/(5 (75+4m)))5/2+

2 fr0-a VT s 24T ) )},

1 [135225

{ha[m >

J[20+4V10 -3 /(5 (5+410]))) -

275400

27855 (20+4m,j\/(5 (5+4m)>)3/2+

8
3085

- (20+4\/W—11\/(5 (5+4\/W)))5/2—

8

47 (20+4v10 -i./(5 (5+4m)))”2),

8

8

h6[1] »

1 ( 5895

s [22 faoeaiwafs (5+4vET)) -

2265 (20+4\/W—11\/(5 (5+4\/W)))3/2+

8
313

- (20+4m71\/(5 (5+4m)))5/27

8
5

s (20+4\/W-11\/(5 (5+4\/W)))m],

8

h6 (2] %_E\/(20+4\/ﬁ—ﬁ\/(5 (5+4v10)]],

8
h6[3] >
1 (26415

J(20+4V10 -i[(5 (5+4V10]])-

6885 8

235 (20+4\/W-]1\/(5 (5+4\/W)))3/2+

16
67

- (204410 -i./(5 (5+4m)))5/27
= (2044vT0 -1/ (5 (5+4vE0 )] )"

16
1 127305
h6[4}»18360( - \/(20+4\/W71J(5(5+4W)))7
15;35(20+4m,j\/(5(5+4m)>)3/2+
581 ; 5/2
T(20+4\/ﬁ—1\/(5(5+4\/ﬁ))) -
7 . 7/2
~ (2044 VIO -3 /(s (s+4vT0 )] )77
1 267075
h6[5}+91800( : \/(20+4m-1\/(5(5+4\/ﬁ)))—
36735

(20+4v10 -i./(s (5+4\/ﬁ)))3/2+

8
1475

- (20+4m7]1¢(5 (5+4W)))5/27

8
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1?9 (20+ 410 -3/ (s (5+4m)))”2)},

1 135225

{h6[0}»275400[— - \/(20+4m71\/(5(5+4m)))+

2T (204410 -1/ (s (544 V30)) )

3085 . 5/2

T(20+4\/W71J(5(5+4\/W))) N

%(20+4m7w(5(5+4m)))”2),
h6[1}—>18260(%\/(20+4m—1\/(5(5+4m)))+

5265

- (20+4\/ﬁfjJ(5 (5+4\/ﬁ)))3/27

8
313 ; 5/2
T(20+4m—1\/(5(5+4m))) .
5 . 7/2
g(20+4\/ﬁ—1\/(5(5+4\W))) ],
1
8
h6[3] >
1 (_26415

h6[2] -

J(20+4v10 -1 /(5 (5+4v10))),

6885
5235

-/ (20+4m7]1¢(5 (5+4W)))3/27

16
67 5/2

—(20+4m—i\/(5 (5+4x/ﬁ))) v

8

V(204410 -1 /(5 (5+aV10 )]+

8

* (20+4\/ﬁ-j\/(5 (5+4\/ﬁ)))7/2),

16

J(20+4VIT -1 (5 (5+ 410 ))) +

1 ( 127 305
8

(20+4m—i\/(5 (5+4m)))3/2_

8
581

i (20+4\/ﬁ71\/(5 (5+4\/ﬁ)))5/2+

8
7

= (0+ a0 -1/ (5 (5430 )))"7).

8

h6[5] >

\/(20+4m—i\/(5 (5+4\/W)))+

1 ( 267075
91800

7 (204 a1 -1 (5 (5-avT0))) -

8

8
1475

Y (204410 -i /(5 (5+4\/W)))5/2+
2 (2044310 -1y (5 (5+4v10)) )],

{hs[m >

J(zowmq\/(s (5+4m)))7

1 [135225

275400 8




57 855

(20+4\/ﬁ+j\/(5 (5+4m)))3/2+

8
3085

- (20+4m+j\/(5 (5+4m)))5/27

8
2 (2044 V30 i (5 s+ 2 viD )",

1 ( 5895

7T\/(20+4\/ﬁ+j\/(5 (5+4m)))7

h6[1] -

18 360
5265

- (20+4m+j\/(5 (5+4m)))3/2+

8
313

i (20+4m+1\/(5 (5+4m)))5/2-

8
5

g(20+4Jﬂ?+1¢(5(5+4Jﬂ7”)wj,
h6 (2] %—é\/(20+4m+i\/(5 (5+4v10))),

h6[3] >
1 (26415

J(20+4m+j\/(5 (5+4\/W)))7

6885 8

23> (20+4\/W+11\/(5 (5+4\/W)))3/2+

16
67

o (20+4m+i\/(5 (5+4\/W)))5/2—
L (20+4m+j\/(5 (5+4m)))7/2),

16

h6[4] - 18260 (1278305\/(20+4\/W+11\/(5 (5+4\/W)))-
15;35 (20+4m+j\/(5 (5+4\/ﬁ)))3/2+
581

~ (204410 +i/(5 (5+4m)))5/27
L (20+4v10 <14/ [s (5+4v10 )",

h6[5] - 91200 (2678075\/(20+4\/W+]1J(5 (5+4\/W)))7
36735
; (20+4m+j\/(5 (5+4m)>)3/2+
1475

- (20+4\/W+11\/(5 (5+4\/W)))5/2—

8

% (20+4m+i\/(5 (5+4m)))7/2)}'

{h6[0} S 2751400 [- 1358225 \/(20+4m+i\/(5 (5+4\/W)))+
57:55 (20+4m+i\/(5 (5+4\/ﬁ)))3/2-
3085

R (20+4W+j¢(5 (5+4W)))5/2+

8
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47 (20+4v10 +i./(5 (5+4m)>>7/2)'

5895

h6[1] - ! (T\/(20+4m+j\/(5 (5+4m)

)+
- (20+4x/ﬁ+]1\/(5 (5+4W)))3/2—

33 (20+4W+1\/(5 (5+4m)))5/2+

8
5

2 (20 VT8 114/ (5 (5+avT0))) ")

8

h6[2] ei\/(20+4m+j\/(5 (5+4\/W))),

8
h6[3] >
1 ( 26 415
6885 8
5235

-/ (20+4\/W+11\/(5 (5+4\/W)))3/2—

16
67 5/2

— (20+4\/W+j\/(5 (5+4\/W))) +

\/(20+4m+j\/(5 (5+4\/W)

| +

8
1 ; 7/2
" (20+4m+1\/(5 (5+4m))) ),
1 127305
he (4] 5 (— - \/(20+4\/W+1J(5(5+4m)))+
15735 ; 3/2
- (20+4m+1\/(5(5+4m))) -

2 (204410 +1 (5 (5+2vT0)) )72

8

g(zo+4m+j\/(5 (5+4W)))m],

1 267075
h6 (5] > (7 ; \/(20+4m+j\/(5(5+4m)))+
36735 . s
- (20+4\/10+1J(5(5+4\/10))) _

2P (2004410 41 (s (54 vT0 )] )72

8
19

— (20+4 VIO +iyf (s (s+avI0))) )}

8

NSolve[{061, 062, 063, TP61, TP62, TP63}, d6hcoeffs]
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{{h6[0] > -0.0352263, h6[1] > 0.0854413, h6[2] - 0.135011,
h6[3] > -0.459878, h6[4] - -0.806892, h6[5] > -0.332671},
{h6[0] > 0.0352263, h6[1] > -0.0854413, h6[2] - -0.135011,
h6[3] > 0.459878, h6[4] - 0.806892, h6[5] » 0.332671},
{h6[0] > -0.0955601 +0.0508628 i, h6[1] > 0.0812166 +0.152588 1,
h6[2] > 0.72145 + 0.101726 i, h6[3] - 0.72145 - 0.101726 i,
h6[4] > 0.0812166 - 0.152588 i, h6[5] - -0.0955601 - 0.0508628 i},
{h6[0] > -0.0955601 - 0.0508628 i, h6[1] > 0.0812166 - 0.152588 1,
h6[2] > 0.72145 - 0.101726 i, h6[3] - 0.72145 +0.101726 i,
h6[4] > 0.0812166 + 0.152588 i, h6[5] - -0.0955601 + 0.0508628 i},
{h6[0] > 0.0955601 + 0.0508628 i, h6[1] - -0.0812166 +0.152588 1,
h6[2] > -0.72145+0.101726 i, h6[3] - -0.72145-0.101726 i,
h6[4] > -0.0812166 - 0.152588 i, h6[5] - 0.0955601 - 0.0508628 i},
{h6[0] > 0.0955601 - 0.0508628 i, h6[1] - -0.0812166 - 0.152588 1,
h6[2] > -0.72145-0.101726 i, h6[3] > -0.72145+0.101726 1,
h6[4] > -0.0812166 +0.152588 i, h6[5] - 0.0955601 + 0.0508628 i},
{h6[0] - -0.332671, h6[1] > -0.806892, h6[2] > -0.459878,
h6[3] > 0.135011, h6[4] > 0.0854413, h6[5] > -0.0352263},
{h6[0] > 0.332671, h6[1] > 0.806892, h6[2] - 0.459878,
h6[3] > -0.135011, h6[4] > -0.0854413, h6[5] » 0.0352263}}

| 13

daub6 = %[[8]]

{h6[0] - 0.332671, h6[1] > 0.806892, h6[2] - 0.459878,
h6[3] - -0.135011, h6[4] - -0.0854413, h6[5] —» 0.0352263}

Polynomials and frequency representation

H6[z_] :=d6h[z] /. daub6; H6[z]

0.332671 +0.806892 z+0.459878 z2 - 0.135011 z> - 0.0854413 z* + 0.0352263 z°

fourierH6[w_] := H6[Exp[I w]]; fourierH6 [w]

0.332671 +0.806892 e'“ +0.459878 e21¢ -
0.135011 e3*“ - 0.0854413 e*'“ +0.0352263 ¥

G6[z_] :=d6g[z] /. daub6; G6[z]

0.0352263 + 0.0854413 z-0.135011 z2 - 0.459878 z° + 0.806892 z* - 0.332671 2°

fourierG6[w_] := G6[Exp[I w]]; fourierGé6 [w]

0.0352263 +0.0854413 e'“-0.135011 ?1¥ -
0.459878 €>'“ +0.806892 ¢* ¥ -0.332671 &> 1"
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Plot[{Abs[fourierH6[w]], Abs[fourierG6[w]]}, {w, O, Pi}, Filling - Axis]

H2[z_] = (1+2z) /Sqrt[2]

1l+2z

V2

fourierH2[w_] := H2[Exp[I w]]; fourierH2 [w]

1+el?

V2

G2[z_] = (1-2z) /Sqrt[2]

1-2

V2

fourierG2[w_] := G2[Exp[I w]]; fourierG2[w]

1-et®

V2
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Plot[{Abs[fourierH2[w]], Abs[fourierG2[w]]}, {w, O, Pi}, Filling - Axis]

Comparing D2, D4, and D6

Plot[{Abs[fourierH2[w]], Abs[fourierH4[w]], Abs[fourierH6[w]]},
{w, 0, Pi}, Filling - Axis]

Plot[{Abs[fourierG2[w]], Abs[fourierG4[w]], Abs[fourierG6[w]]},
{w, 0, Pi}, Filling - Axis]




