Fourier transform examples

The box function and its Fourier transform

in151:= £fp = FourierParameters -» {0, -2 Pi}

oufis1)= FourierParameters - {0, -2 st}

in152= SAssumptions = {a >0, b > 0}

oufisz= {a >0, b>0}

inf153]= PiecewiseExpand [UnitStep[t - a]]

1 a-t=<0

oulse= {0 True

Defining the box function with width 2a and height 1
nis4= £[t_, a_] = UnitStep[t + a] - UnitStep[t - a]

oufis4)= —UnitStep[-a+t] + UnitStep[a +t]
nfssi= fpw[t_, a_] = PiecewiseExpand[f[t, a]]

1 a-t>0&&a+t=0
0 True

-1 a-t=<0&&ka+t<0
om[ms]{

nise]= Plot [fpw[t, 3], {t, -5, 5}, Filling - Axis]
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The norm of the box function
nt577= norm2f[a_] = Sqrt[Integrate[fpw[s, a] “2, {s, -Infinity, Infinity}]]
ours7- V2 Va

The normalized box function

nse= £E£[t_, a_] = fpw[t, a] /norm2f[a]
{ -1 a-t=<0&&a+t<0

1 a—t>0&&a+t20/(\/27\/§>

0 True

Out[158]=

Displaying the normalized box function
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infs9= Manipulate[
Plot[ff[t, a], {t, -5, 5}, PlotRange -> {-1, 2}, Filling - Axis], {a, 1, 3}]

= {
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The Fourier transform of the normalized box function
nteoi= fhat[s_, a_] = FourierTransform[ff[t, a], t, s, fp]

Sin[2 ars]
ou[160l= ———————————

V2 ya s
Checking that the Fourier transform is again normalized
nie1= Integrate[fhat[s, a] *2, {s, -Infinity, Infinity}, Assumptions » a > 0]

out[161]= 1

Comparing the normalized box function and its Fourier transform when changing the width parame-
tera
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niez- Manipulate[Plot[{£[x, a] /norm2f[a], fhat[x, a]},
{x, -5, 5}, PlotRange -> {-1, 1}, Fillinganis], {a, 1, 3}]
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out[162]=

-4 -2 2 4

T

L  —

-1.0



4 | ftransex-en-15.nb

The hat function and its Fourier transform

Defining the hat function of width 2a (as a convolution of the box function with itself)

mesi= glt_, a_] =1/ (2+a) » Integrate[f[x, a] *»f[2*t-x, a], {x, -Infinity, Infinity}]

1
Out[163]= —(—2 t UnitStep[t] + (a+t) UnitStep[a+t] + (-a+t) UnitStep[-2a+2 t])
a

ini64= Manipulate[
Plot[g[t, a]/ (2*a), {t, -5, 5}, PlotRange -> {-1, 1}, Filling - Axis], {a, 1, 3}]

= {

1.0

Out[164]=
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The norm of the hat function

inies= norm2g[a] = Sqrt[Integrate[PiecewiseExpand[g[t, a]] "2, {t, -Infinity, Infinity}]]

| 2
Out[165]= — da
3

The normalized hat function
niesl= gg[t_, a_] = g[t, a] / norm2g[a]

1

a3/2

/3
Out[166]= — (-2tuUnitStep[t] + (a+t) UnitStep[a+t] + (-a+t) UnitStep[-2a+2t])
2

... write as a piecwise defined function

nf67.= PiecewiseExpand[g[t, a], a > 0]

[ 2% t:0&&a+t<0&ka-t=0

% t>0&&a+t>0&&a-t>0

-2 t>0s8a+t<0&&a-t>0

ouner= 1 2L ¢ <0ssa+t=0&8&a-t=0
2t <c0ssa+t<0&&a-t=0

&t t<0&&a+t=>0&%a-t>0

L O True



In[168]:=

out[168]=

In[169]:=

out[169]=

In[170]:=

out[170]=

In[171]:=

out[171]=

The Fourier transform of the normalized hat function

FourierTransform[gg[t, a], t, s, fp]

3 3 ,-2ians 3 2iarns
\| 2 N N
2 a3/2 7T2 SZ N 4 a.3/2 7T2 SZ - 4 a.3/2 7T2 SZ
... equivalently

ghat[s_, a_] = ExpToTrig[%]
3 3
/2 lz Cos[2arns]
2a3/2 72 g2 - 2 a3/2 72 g2

The Fourier transform is again normalized

Integrate[ghat[s, a] *2, {s, -Infinity, Infinity}]

1
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Comparing the normalized hat function and its Fourier transform when changing the width parame-

tera

Manipulate[Plot[{gg[t, a], ghat[t, a]},

{t, -5, 5}, PlotRange -> {-1, 2}, Filling -» Axis], {a, 1, 3}]
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A parametrized function with exponential decay

n72= h[t_, a_] = Exp[-a*Abs[t]]

oui72= @ 2Bbs[t]

in73= Manipulate[Plot[h[t, a], {t, -2, 2}, Filling -» Axis], {a, 1, 3}]

*

out[173]=

The norm of this function
nfi74:= norm2h[a_] = Sqrt[Integrate[h[t, a] "2, {t, -Infinity, Infinity}]]

1
out[174]= —
a

The normed version of this function

ni7s;= hh[t_, a_] =h[t, a] / norm2h[a]

-aAbs[t]

ﬁ

Displaying the normed function

e
out[175]=
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ni76)= Manipulate[Plot[hh[t, a], {t, -2, 2}, PlotRange » {0, 2}, Filling - Axis], {a, 1, 3}]

*

20

— T T

1.5

T

T

out[176]=

M M M A
-2 -1 0 1 2

The Fourier transform of this function
nt777= hhat[s_, a_] = FourierTransform[hh[t, a], t, s, fp]
2

(i)a/z (a2+47r2 s2>

out[177]=

Comparing the normalized function and its Fourier transform when changing the decay parameter a

ini7e]= Manipulate[Plot[{hh[t, a], hhat[t, a]},
{t, -2, 2}, PlotRange » {0, 2}, Filling - Axis], {a, 1, 3}]
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A parametrized gaussian function

n79r= k[t_, a_] = Exp[-a*t"2]

- 2
oui79)= e 2%

The norm of this function
o= norm2k[a_] = Sqrt[Integrate[k[t, a] *2, {t, -Infinity, Infinity}]]

s > 1/4
2
Out[180]=

a‘1/4

The normalized version of this function
niei]= kk[t_, a_] = k[t, a] / norm2k[a]

out[181]= a

2\1/4
_at?
1/4eat (7)

Tt

ns2)= Integrate[kk[t, a] *2, {t, -Infinity, Infinity}]
outft82= 1

Displaying the normalized function

iniss= Manipulate[Plot[kk[t, a], {t, -2, 2}, PlotRange » {0, 2}, Filling - Axis], {a, 1, 3}]

* {J

20

T T T

1.5

T

T

out[183]=

The Fourier transform of the normalized function

nfis4:= khat[s_, a_] = FourierTransform[kk[t, a], t, s, fp]

242

e 2 (2) 1/4
out[184r ————————————————

a.1/4

Checking the norm of the Fourier transform
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nriss= Integrate[khat[t, a] *2, {t, -Infinity, Infinity}]

out[18s]= 1
Comparing the normalized function and its Fourier transform when changing the variance parameter
a

inise]= Manipulate[Plot[{kk[t, a], khat[t, a]},
{t, -2, 2}, PlotRange » {0, 2}, Filling - Axis], {a, 0.1, 6}]
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Checking the uncertainty relation

for the box function
ns7= Integrate[ff[t, a] “"2*xt"2, {t, -Infinity, Infinity}]
a?

out[187]= —

nss]= Integrate[fhat[s, a] “2*s”2, {s, -Infinity, Infinity}]

Sin[2ans]?
out[188]= F — ds

2 a r?

for the hat function

ns9]= Integrate[gg[t, a] "2*xt"2, {t, -Infinity, Infinity}]

a2
out[189]= ——
10

nfoo;= Integrate[ghat[s, a] "2*s"2, {s, -Infinity, Infinity}]

3
out[190]=

4 a%
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In[191]:=

out[191]=

In[192]:=

out[192]=

In[193]:=

out[193]=

In[194]:=

Out[194]=

for the function with exponential decay

Integrate[hh[t, a] "2+t"2, {t, -Infinity, Infinity}]
1

2 a?

Integrate[hhat[s, a] "2%*s"2, {s, -Infinity, Infinity}]

4 2

for the gaussian function

Integrate[kk[t, a] "2*t"2, {t, -Infinity, Infinity}]
1

4a

Integrate[khat[s, a] "2*s”"2, {s, -Infinity, Infinity}]

a

4 72



