Filtering discrete signals

signals

finite data structure specifies leftmost index and length

= signal[data_, left_] := Module[{length},

length = Length[data];
{data, left, length}
]

procedure for plotting a (finite section of a) signal

e showsignal[sig_] := Module[{data, left, length},

{data, left, length} = sig;
ListPlot[ data, Filling -» Axis, PlotRange - All,
DataRange -> {left, left - length -1}, PlotStyle » PointSize[.015]]

example signal

"9 | BIn_] := (3/16) % (4/5) “Abs[n] + (1/20) % (-4 /5) ~Abs[n]

e mysignal[n_] := signal[Table[B[k], {k, -n, n}], -n]

plotting the example signal

e showsignal [mysignal[20]]
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a finite signal to be used as low-pass filter

1filter = signal[{1/4,1/2,1/4}, -1]
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a finite signal to be used as high-pass filter

hfilter = signal[{-1/4,1/2, -1/4}, -1]
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ListConvolve[{a, b}, {x, vy, z}]

{bx+ay,by+az}

Mathematica’s list convolution for finite lists

ListConvolve[{a, b, ¢}, {p, q, ¥, s}, {1, -1}, 0]

{ap, bp+taq,cp+bg+ar,cg+br+as,cr+bs, cs}

convolution of finite signals is the same as multiplication of polynomials (z-powers with possibly
negative exponents)

(a+bz +czz) (pz'2+qz'1 + rz°+sz1)

r+ —+—+sz

z?2 z

(a+bz+czz>

Collect[Expand[%], z]

ap bp+aqg . .
cp+bg+tar+ —+ —+ (cqgq+br+as)z+ (cr+bs) z°+csz
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filtering
a convolution procedure which takes care of the start- and stop-indices of finite signals
In[12]:= . .
convolve[sigl , sig2 ] :=
Module[{datal, data2, leftl, left2, lengthl, length2, sig, left, length},
{datal, leftl, lengthl} = sigl;
{data2, left2, length2} = sig2;
sig = ListConvolve[datal, data2, {1, -1}, 0];
left = leftl + left2;
length = lengthl + length2 - 1;
{sig, left, length}
]
convolution of the examples signal with the low-pass filter
e convolve [mysignal[20], 1filter];
In[14]:= .
showsignal [%]
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convolution of the examples signal with the high-pass filter
e convolve [mysignal[20], hfilter];
In[16]:= .
showsignal [%]
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the convolution theorem visualized

converting a finite signal into its z-transform
In[17]:=

sig2ser[signal_, z_] := Module[{data, left, length},
{data, left, length} = signal;

Sum[data[[k]] z" (k+1left-1), {k, 1, 1length}]

1
z-transform of the low-pass filter
In[18]:= . R
sig2ser[lfilter, z]
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z-transform of the high-pass filter
In[19]:= . R
sig2ser[hfilter, z]
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frequency representation of a signal
In[20]:= R R
fourier[signal_, w_] := Module[{z},
sig2ser[signal, z] /. z » Exp[I 0]
1
frequency representation of the low-pass-filter
In[21]:= . .
fourier[lfilter, w]
out[21]= 1 et? e'v

In[22]:=

Plot[fourier[lfilter, w], {w, O, Pi}, Filling - Axis]
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frequency representation of the high-pass filter
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fourier[hfilter, w]
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plotting the frequency representation of the example signal

Plot|[
fourier [mysignal[20], w],
{w, -Pi, Pi}, Filling -» Axis, PlotRange -» {-0.5, 2}]
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the product of the frequency representations of the high-pass filter and the example signal

| =
el fourier[hfilter, w] fourier[mysignal[20], w]
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the frequency representation of the convolution of the high-pass filter and the example signal

fourier[convolve[hfilter, mysignal[20]], w]
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checking the convolution theorem

Simplify[%% - %]
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the effect of the low-pass filter

Plot[{
fourier[mysignal[40], w] * fourier[lfilter, w],
fourier[mysignal[40], w],
fourier[lfilter, w]},
{w, -Pi, Pi}, PlotRange - All, Filling - Axis]
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the effect of the high-pass filter

Plot[{
fourier[mysignal[40], w] * fourier[hfilter, w], fourier[mysignal[40], w],
fourier[hfilter, w]},
{w, -Pi, Pi}, PlotRange -» All, Filling - Axis]
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