The Daubechies construction (very short version)

» Goal: construct a filter

h = (ho, h1, ho, ..., hy)

which satisfies the 2M = L + 1 orthogonality and low-pass
conditions

» In terms of the z-transform

h(z) = ho + hz+ ...+ h 2"

one needs

» for the low-pass conditions

hz) = (1+2)" - qu(2)

for some real polynomial gy—1(z) of degree M — 1
» for the orthogonality conditions

|h(2)” + |h(~2)]* = 2 for [z =1



» From these conditions one gets, by setting z = e'® and
y = sin?(¢/2), the condition

(1= y)Mpu-1(y) +y"pu2(1—y) =1

for some real polynomial pp—1(y) of degree M — 1

» There are quite simple polynomials, which satisfy this

condition: "
M + k
Puy) =3 ( : )yk
k=0

(the Daubechies polynomials)



» The first Daubechies polynomials

Py =1
P1 =142y

Py =1+ 3y + 6y°

P; = 1+ 4y + 10y? + 20y°

Py = 14 5y + 15y + 35y 4 70y*

Ps =1+ 6y + 21y? + 56y° + 126y* + 252)°



» To obtain the data for h
1. take Pp—1(y) and then

Pom—1(y) = (1 = Y)MPu-1(y)

2. in Pap—1(y) make the substitution y — % — Z“ " to get

2M—-1

Pov—1(z) = Pam-1(y) = Z axz¥

k=—2M+1
3. finally multiply by z2M~1 to obtain a polynomial
Piv—2(z) = 22M1Pom_1(2)
4. and this polynomial can be factored
Pim—2(2) = (1 + 2)*M Qum—2(2)

5. indeed, the is a real polynomial Ry_1(z) with

Piu—2(z) = |(1 + 2)" Ru- 1(Z)|



» the case M =1



» the case M =2

Pi(y) =142y
P3(y) =1—3y> +2y°
1
P3(2) = o= (—z 3 +9z27 1 + 16+ 9z — 2°)

32
1

:372(

= —3%(2—1— 1)4 (22 — 4Z+ 1)

Pg(2) —1+92%+ 162> + 9z* — 2°)



» the case M =3

Py(y) =143y + 6y>
Ps(y)=1-— 10y3 + 15y* — 6y°

Ps(z) = (327 — 25273 + 150z 4 256 + 150z — 252° + 32°)

512

1
——(z+1)° (32" — 182> +382° — 182 + 3)

Po(2) = 512



» The case M =4

P14(Z) =
(z+1)8 (52° — 40z° + 131z — 2082° + 1312% — 40z + 5)

4096
» The case M =5
P14(Z) =

(z+1)%0

31075 (352% — 3502" + 15202° — 36502 + 5018z* — 36502

+15202% — 350z + 35)



