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@ HAAR scaling function and HAAR wavelet function
© HaAr families on [0, 1]

© HaAR families on R

@ The Discrete HAAR Transform (DHT)

© The HaAR filter bank

© Two-level HaAR filter bank

@ 2D Haar Wavelet Transform (2D HWT)
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HAAR scaling function and HAAR wavelet function

Definitions (1)

e Dyadic intervals (j, k € Z)
lie=1[k/2, (k+1)/2)
= liy126 W lip10k41
@ HAAR functions
HAAR scaling function B(t) = 1po1)(t)
HAAR wavelet function w(t) = 1[0,1/2)(1') — 1[1/271)(1')
= ¢(2t) — p(2t + 1)
e Dilation and translation of HAAR functions (j, k € Z):
Giu(t) = 2121 () = 272 92t — k) = (Dy Tko)(t)
Vi () = 2292t — k) = (Dy Tih)(t)
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HAAR scaling function and HAAR wavelet function

Examples:

left: HAAR scaling functions ¢1,_3, ¢0.0, ¢—1.1

right: HAAR wavelet functions 1 _3, %00, %-1,1
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HAAR scaling function and HAAR wavelet function

Definitions (2)

@ The following families of functions are of interest:
® = {®jk}; yez - HAAR scaling functions (all levels)
®; = {d) k} ey - HAAR scaling functions on level j

V; = {j k} ey - HAAR wavelet functions on level j

Hy=d,U U V; : HAAR functions on all levels > J
jzJ

V=Mt ={tjk}; ez - HAAR wavelet functions (all levels)
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HAAR scaling function and HAAR wavelet function

Localization (1)

@ The Fourier transform of ¢(t) is

~ sin(ms) i
i) = ")

@ The function |¢(s)]
e has its maximum at s =0
e its first positive root at s = +1
o decreases as 1/s

@ The Fourier transform of (t) is
~ i(1—cos(ms)) _irs 20 ., i
s)=———* ¢ = —sin“(7s/2) - e '™
is) = 1 2 sin?(ns/2)
@ The function |1,Z(s)|
e has its first maximum at sp ~ 0.7420192. ..
e its first positive root at s = 2
o decreases as 1/s
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Localization (2)
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Figure: Real and imaginary parts of qAS(s) and 12(5)
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HAAR scaling function and HAAR wavelet function

Localization (3)

@ One may state:
e ¢ and 1 are well localized in the time/space domain at s =0
o ¢ and © are quite well localized in the frequency domain
(but not too well, because ¢ and 1 have infinite variance)
@ In sharp contrast to Fourier analysis one has reasonably good
localization both in the time/space domain and in the frequency
domain
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HAAR scaling function and HAAR wavelet function

Normalization

@ Normalization of the scaling functions

[ =277 I3l = [ 16347 =1
R R
@ Normalization of the wavelet functions
[ =0 il = [ 103 =1
R R
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HAAR scaling function and HAAR wavelet function

Orthogonality

o Foralli,j, k, ¢ eZ:
(Djk| i) = /Réf?j,k Gj0 = O

(Vik|vje) = /R¢f,k Vje = 0i 0k
<¢;,k|wj,z>=4¢;,kwj,e=o >

@ The following families are orthogonal families of functions in £2(R):
@ The HAAR scaling familiy ®; on a fixed level j (j € Z)

@ The HAAR wavelet family V = H

© The HAAR family H for fixed J € Z.
@ Warning: scaling functions ¢; x and ¢, , belonging to different
resolutions, i.e., j # £, are not orthogonal in general.

® = | J; ®; is not an orthogonal family!
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HAAR scaling function and HAAR wavelet function

Scaling and wavelets (1)

@ Fundamental relation between HAAR scaling functions and HAAR
wavelet functions:

o(t) = ¢(2t) + 92t — 1) = (¢1 o(t) + ¢1,1(t)) scaling eqn

%\

P(t) = o(2t) — (2t — 1) = (¢170(t) — ¢11(t)) wavelet egn

-5l 2
boo(t)] V2|l —1] [d1a(2)
@ The transformation matrix (HADAMARD-matrix)
1
W=k A
This matrix is orthogonal, i.e., H™! = H!(= H)
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HAAR scaling function and HAAR wavelet function

Scaling and wavelets (2)

o Consequently

@ By dilation and transla

bj+

®j+1,

WTBV-WS17/18

[p10(t)] _
[p1a(t)] A
tion one obtains
[bik()] _
Wik(t)] A
126(t) ] _
au+1(t)] A

[ix(t)

_¢o,o(t)}
[%0,0(1)

for all j, k € Z:

|

[ ¢jr1,26(2)
| j41,2641()
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HAAR scaling function and HAAR wavelet function

Vector spaces (1)

e Approximation spaces (j € Z)
V; = span ®; = {dyadic £%-step functions with step width 277}
@ Detail spaces (j € Z)
W, = span ¥, = {balanced dyadic £L%-step fns. with step width 2~U*1)}
@ For j € Z both
Sjp1 =A{djr1htiez  and B UV = {0k, ¥jktier,

are orthonormal bases of V1

@ H is (essentially) the matrix of a basis change between ®;,; and
q)j @) \Uj
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HAAR scaling function and HAAR wavelet function

Vector spaces (2)

@ For all j € N one has
Vi CVjy1, Wi C Vi
and even
Visr =V, 0 W,
o Consequently
{0}Cc---CcVaLrcVicVoCViCWC---C LYR)
o For all j > k one has
Viri =V OWk OWi1 @ --- W1 & W,

@ The vector space Vi1 has as a basis the family ®;,; and also, for
each k <, the family

CDkU\UkU\Uk_,_lU--'UWj,lUWj
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HAAR scaling function and HAAR wavelet function

Vector spaces (3)

@ The relation V1 = V; @ W; says that the vector space has two
bases:

o the basis @11 = {@j11.x tkez
o and the basis ®; UV; = {¢;  kez U {¥j i }kez.

@ For each f in V; ; there exist g € V; and h € W, such that
f=g+h

g and h are orthogonal and they are uniquely determined
@ The mapping
o f (g, h)is called analysis mapping, as it decomposes f
in an “approximating” (“low-frequency”) part g
and a “detailing” (“high-frequency”) part h
o (g, h) — f is called synthesis mapping, as it reconstructs f from its
low- and high-frequency parts
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HAAR scaling function and HAAR wavelet function
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HAAR scaling function and HAAR wavelet function

Scaling and wavelet coefficients (1)

o Inner product in £?(R)
(Fle) = [ Fe)a@ e

e For f € L2(R) and j, k € Z

o the HAAR scaling coefficients (or approximation coeffs) of f are the

aju = (Fldju) = 2f/2/ F(t) dt

Ik

o the HAAR wavelet coefficients (or detail coeffs) of f are the

di = (Flhji) =22 (// f(t)dt—/ f(t)dt)

J J
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HAAR scaling function and HAAR wavelet function

Scaling and wavelet coefficients (2)

o The coefficients aj x = (f | $j k) and dj x = (f |1« ) only depend on
the behavior of f on the dyadic intervall /; !

@ aj, = (f|¢jk) means “averaging” or “smoothing” and is called
approximation coefficient of f

® dj = (f|1)k) records the variation of f between the left and the
right subintervals of /; x and is called detail coefficient of f, as it
emphasizes changes (fluctuations)
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HAAR scaling function and HAAR wavelet function

Scaling- and wavelet coefficients (3)

@ From the basic relation V;;1 = V; ® W, one has immediately a
recursion for the scaling and for the wavelet coefficients:
@ Analysis: For all j, k € Z one has

EX: — .| Y12k
).k 3j+1,2k+1]
@ Synthesis: For all j, k € Z one has

j+12k | _ H . aj,k
| 2j+1,2k+1 dj k|

o Equivalently:

Aj 112k " Pjr12k T Aj412k+1 " Qjt12k+1 = Ak " Pk + djk - Vjk

Z aj41,kPj+1,k = Z ajePj.e + Z dj,mtj,m
k l m
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HAAR scaling function and HAAR wavelet function

Projection operators

@ The last identity says that for any f € L(R)
Pjaf = Pif + Qf,

@ where P; and Q; are the orthogonal projections of functions
f € L2(R) onto the subspaces V; and W;:

Pii L2R) = Vit f > (Fldju) bk

keZ
Qi L2R) =W, f — Z(ﬂ?/}j,k)%k
keZ

@ These projections provide the optimal approximations w.r.t. the
L2-norm of f within the spaces V; and W,
@ These linear projection operators satisfy

Pii=P+Q (€N)

WTBV-WS17/18 The HAAR Wavelet Transform November 13, 2017
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HAAR families on [0, 1] (1)

e For J > 0 the family

Hy= {¢J,k}0§k<21' U {wjyk}jZJ,0§k<2J

is the family of HAAR functions of level J on the interval [0, 1]

@ In this case the vector spaces V; and W, have finite dimension:
dimV; =dmW; =2 (j >0)

@ Similarly for arbitrary finite intervals of R
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HAAR families on [0, 1] (2)

e For each J > 0 the family #, is a complete ONS (Hilbert basis) for
£2[0,1]
@ |dea of proof:
o The continuos functions are dense in £2[0, 1]

e Every continuous function on a finite interval can be approxiamted
arbirarily well w.r.t. the £2-norm by dyadic step-functions

o Every dyadic step function with step width 27/ belongs to V; and can
be represented in each of the bases H, (J > 0)
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HAAR families on R

HAAR families on R (1)

o Now: H, with J € Z denotes the HAAR family for R

@ Recall:
V; and W; are L2-closures of the vector spaces spanned by HAAR
functions ®; and W; within £2(R):

Vi =3pan{¢jktrer> Wi=3Pan{Vjk}ey

Infinite sums are legitimate, but they must converge in the £? sense
@ Approximation and detail as projection operators:
2
Pi: L2(R) = Vi f > (Fldu) bk
keZ

Q_,' . 52(R) — WJ' cf = Z<f|¢j,k>¢j,k

keZ
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_ lwbmieonk ]
HAAR families on R (2)

@ Operators P; and Q; are linear transformations

@ Operators P; and Q; are projections, i.e., the satisfy
Pj2 =P, QJ? =Q

@ For k > j one has Pk|vj =id

@ For k # j one has Qk‘wj =0

o [[Pjfll2 < [[fll2 und [|Q;f[l2 < [[f]l2

°© Q=PF1—F

e For f € CO(R) (i.e., continuous with compact support) one has
convergence (w.r.t. £2)  Pif —o f and Pjf —_ 0

e For f € L2(R) operators Pjf and Q;f are defined by approximating
arbitrary functions by continuous functions with compact support
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HAAR families on R

HAAR families on R (3)

@ Scheme of multiresolution analysis (MRA)
o Nesting
e CV L CV_ 1 CYVygCVI TV C -

Completeness
lim V; = [ JV; = £A(R)

Jj—oo jez
e Separation
MV =1{0}
JEL
e Scaling
fevo & DyfeV (fel?(R),jeZ)
e Translation and orthogonality

span{ Txp}rez = span{d(t — k) }kez = Vo
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HAAR families on R (4)

@ Theorem:
For each J € Z the family # is a complete ONS (i.e., a Hilbert
basis) for full signal space £?(R)
o ldea of proof
— continuous functions with compact support are dense in £L2(R). It
suffices therefore to refer to the situation of finite intervals
— properties of the projections P;, Q; etc. carry over from finite to infinite
intervals in a similar fashion
@ Theorem:
The HAAR family of all balanced dyadic step functions

H=V= {@Z}j,k}j,kez

is a complete ONS (i.e., a Hilbert basis) for the full signal space
L2(R)
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The Discrete HAAR Transform (DHT)

Notation (1)

e A® B : Tensor product (“Kronecker product”) of matrices

If A= [a,'J]lgigm and B = [bk7g]1gkgp then the (m . p) X (n- q) matrix
1<j<n 1<¢<q

A ® B is defined by

AR B =

31’13
82718

31,23
32725

am71 B am728

WTBV-WS17/18

@ Example
ar1bi1
a1 a2 bi1 bipo|  |aiib2i
® =
a1 a2 by1 bop az1b11
az1bo1

The HAAR Wavelet Transform

aly,,B

327,,B

amnB
ar1bip aiobi1 aiobio
ariboo arobr1 aiobro
ax1b1p asobi1 azabin
a1bro asobr1 axabro
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Notation(2)

@ I, is the (n x n) unit matrix
0, is the (n x n) zero matrix

o A" : adjoint matrix of A (transpose and complex-conjugate)

o the Hadamard matrix

SN

@ Example
11 1 1
11 1 1 1] 1)1 -1 1 -1
H®H_2[1—1]®[1—1}_2 1 1 -1 -1
1 -1 -1 1
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The Discrete HAAR Transform (DHT)

Haar approximation and detail matrices

@ For n > 1 define

1 1 1 1
Anzln®\/§[1:| Dn:In®|:_1:|

These are matrices of format (2n x n)

1 1
1 -1
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Properties of HAAR matrices

@ Orthogonality

Al AL =1, An AL:i/,,@j ﬂ
D} Dy =, Dn-Dzzim__i ‘H
Al . D, =0, A,,.D,T,zi/,,@_i :ﬂ
D} Ay =0, Dn-Ai,:;/n@__} _H

WTBV-WS17/18 The HAAR Wavelet Transform November 13, 2017 30 /77



The Discrete HAAR Transform (DHT)

i Al

An Dn N An Dn — An Dn

[An O] [An i)' = (A D] |
=A, Al +D,- D!
—1/ 11 1 -1
AR U T R A

1 2 0
:2In®|:0 2:|:I2n
i (Al
[An D' [0 Do) = | ][40 Du]

Al-A, Al.D,
D} - A, D}-D,

= ln On“ = IZn

On /n
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Haar transform (1)

® The matrix [A, D,] is the matrix of a one-level discrete HAAR
transform of signals (vectors) of length 2n
e For ay, a (row) vector of length 2n let

azxp — ap - [An Dn] = [a/ dln]

n
This is a linear transformation of the vector space C?". One has
aln = agp - Ap, d/n =agp - Dy

@ Since this is an orthogonal transformation, one can simply revert this

relation:
) A
ax, = [a), d)]-[A, D, =|[a, d}]- |
Dn
=al, Al +d, - D}
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The Discrete HAAR Transform (DHT)

aq aq a9 as Qy as Qg ar as Qg

U
4

Figure: One-level Haar transform (synthesis) of a vector of length 10
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The Discrete HAAR Transform (DHT)

Inductive definition of multilevel HAAR transform

@ For k =1 one has
DHTy : C*" — C?" : axp > appy [An Dy] = [a], d}]

@ Assume that DHTy : €27 — C2"" has been defined, then
DHTj41 : C2'n — €21 is defined by

Aok+l, 7 [DHTk(a/an) /2’<n]

/ !/
where DHTy(agi1,) = [ah,  dby, ]
@ By induction it follows that the DHT, are orthogonal transformations

@ The inverse transformations are obtained by inverting the one-level
transformations as indicated above
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Multilevel HAAR transform

@ One may write in a suggestive manner
DHT,(ax,) = [al) d{? df™™ a2 .. d)_, d'zm,,] :
@ This can be read in the light of the basis decomposition

Vigk =V &W,8Wi 1 @Wyn® - & Wik

as follows: if the entries of as«,, are the coefficients of a function f
w.r.t. the basis ® 4 = {¢ 1k m}, then the entries of the vector
DHT(@yk,) are the coefficients of f w.r.t. the bases

- &, ={dsm} inV, 85’2;{7,,, = (f|bssk,m)
-V, ={Yym}in W, dﬁi)kym = (f |y k),
= V= {Ys1,m}t in Wi dﬁi_kl_)lm =(f|Psik—1,m)
= Vo= {Yys2m} in Wy a(fjr_kz_)z,m = (f | dsrk—2,m),
= V-1 = {Uusk—1,m} in Wipp—1 i1 m = (Fldsr1,m)
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The Discrete HAAR Transform (DHT)

Viis = span @ j43
Vite = span @42 Wiia =spanV o
Vigr=span®,41 Wy = spantpyp
Vi =span®, Wi =span ¥

Figure: Scheme of a three-level Haar transform (analysis)
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The Discrete HAAR Transform (DHT)

3247(07 ,~~~,CL23) |
/ \ [A12 D12]

iy = (ah,al, - aly) dip = (dyody,...dyy) |
/ \ [AG Dﬁ]

af = (af,af. .. a) df = (df,dY,....d) |
/ [43 D]

agl — (CLE)H7 a’1”7 a/gll) dg/ — ( /// l// dl//) +

agy = (ao,al,...,agg)
(ag,7 g/’ g7 /12) = (ag/7“‘7a/2”’ 6”7"" ,2”’ g?"" /5,7 f d/)

Figure: Three-level Haar transform (analysis) of a vector of length 24
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The Discrete HAAR Transform (DHT)

gy = (ao,al,n-,an) A

/ \ [A12 |1712]Jr

aly = (ag,ay,...,ay;) dip = (dg,dy, ..., dyy)

g \ [A¢ De)f

o = (ol at) = (@d, ) |
/\ [A3 D:«;]Jr
1 "

" dg/ _ ( 6//’ /1//7d/2//) |

"no__

as _(a07a17a2)
a4 = (1107@17 .., 023)

" n " ! " n u u u u ! !

(a37 3 26 12):(a07"'7a27 0 M2 50y s U5 07"'7d7)

Figure: Three-level Haar transform (synthesis) of a vector of length 24
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The Discrete HAAR Transform (DHT)

Complexity of the HAAR transform

@ In practice: the multiplication of a vector of length 2n with the matrix
[An Dp] should NEVER be implemented as a vector x matrix
operation, because these matrices a very sparse.

One needs only const x 2n elementary operations

e Computation of DHT) on a vector of length 2¥n needs then only
const - <2k 42kt g 21) n= 0O(2%n)

elementary operations, which is linear (!) in the input size

@ The same argument holds for the complexity of the inverse transform
—1
DHT
k
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The HAAR filter bank

HAAR transform as filtering operation

o HAAR wavelet analysis and HAAR wavelet synthesis can be
understood as filtering operations

o The A-matrices act as low-pass filters
o the D-matrices act as high-pass filters

@ To make this precise, it is convenient to consider bi-infinite sequences
of (complex) values (“signals”) as inputs

a = (a[n]),ez = (... a[—2], a[-1], a[0], a[1], a[2],..".)
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The HAAR filter bank

Low-pass filter

@ approximation (low-pass) matrix
A = [ajjl; ;7 is a matrix of infinite size with

i . c s
o) = 7 ifi=jori=j+1
0 otherwise

visualized by )

= =

—= =
—
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High-pass filter

@ Detail (high pass) matrix
D = [dij]; jez is an infinite matrix with

7 dfi=]
dij=q-3 ifi=j+1
0 otherwise
visualized by
1

Si-
N
|
[y
[y
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Adjoint low-pass filter

o Adjoint approximation matrix Af = [a;r } with
Jjjez

1 . . . . .

—= ifi=jori=j—-1

alTJ =2 .
0 otherwise

visualized by

NI
N
==
= =
= =
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Adjoint high-pass filter

o Adjoint detail matrix DI = [df, |
Jlijez
% ifi=j
df, = ~L ifi=j-1
0 otherwise
visualized by
1 -1

Si=
N

—_

|

—
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The HAAR filter bank

Filtering operations as convolution (1)

@ Acting with these matrices from the right (!) on a signal vector
a=(...a[-1],4[0], a[1], a[2] . ..) = (a[n]) ,cz, gives:

a[n] — a[n + 1]

(=)
(a[n] + a[n — 1])
o= (.

a-D=

%

&

a[n] — a[n — 1]

&
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The HAAR filter bank

Filtering operations as convolution (2)

Defining HAAR filters as

1 e
haln] = 7 ifn=0,1
0 otherwise

% if n=20
hy[n] = —% ifn=1
0 otherwise

the matrix multiplications turn out to be convolution operations:
arra-A=ax(hy[—n])nez convolution with (hy[—n])nez
ar—a-D=ax(hy[—n])pez convolution with (hy[—n])nez

arsa- Al =ax(hg[n])nez  convolution with (hy[n])nez

(

arsa- Dl =ax(hy[n))nez convolution with (hy[n])nez

WTBV-WS17/18 The HAAR Wavelet Transform November 13, 2017
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The HAAR filter bank

Downsampling and upsampling

downsampling |2 and upsampling 1>

alz = (a2n]) e — (....a[~2], 3[0], a[2], af4] ..)

a TZ = (3[[7/2] leven(n))nEZ = ( . a[_l]’ 0’ 3[0], 07 3[1], 05 3[2]7 0 . )
Written in matrix form:

{_
N
I
o = O
o = O
o = O
—
N
|
o o
o o
—
o

The matrix for upsampling 17 is the adjoint (transpose) of the downsampling
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The HAAR filter bank

HAAR wavelet transform as a filtering operation

In perfect analogy to the HAAR wavelet transform one has the transforms

for analysis

o low-pass filtering followed by downsampling:

Aol 1 a—(aA)l.= (3[2”]+3[2n+1]> /
neZ

7 =a

@ high-pass filtering followed by downsampling:

a[2n] — a[2n + 1] oy
\@ >n€Z ~d

'Doiz : ar—>(aD)¢2: (
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The HAAR filter bank

* lHI?U'J(_'V"I)

2l

——a W,(j,n)

W, (j+1,n) @&—

* hm(_”)

21

—o Wy(j, n)

Figure: HAAR analysis (1 level)
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The HAAR filter bank

Wavelet reconstruction as a filtering operation (1)

@ The synthesis transformation for reconstruction of a uses upsampling
and the adjoint matrices:

ath A +d 1D =a

@ Check how the operations a — a1, A" and a +— a 7> D' act on an
arbitrary sequence a = (a[n]),,c:

a1 = (CLelo20)) Z
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The HAAR filter bank

Wavelet reconstruction as a filtering operation (2)

@ We have

dnﬂ+dnﬁ—<

g

@ so that for n even:

(@'[[n/2]] + (=1)"d"[[n/2]]) =

N

@ and for n odd:

(a'[ln/2]]+ (=1)"d'[[n/2]])

Sl

WTBV-WS17/18
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o[1n/2]] (—1)"d'[[n/2]]
V2 >nez " ( V2
J[Ln/2)] + (~1)"d'[n/2]] )
neZ

V2
aln] — a[n+ 1]
V2

) nez

1 [a[n]+ a[n+1]

V2

( )

aln]

S

a[n—1]+a[n] a[n—1]—
V2 V2

al
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The HAAR filter bank

Wavelet reconstruction as a filtering operation (3)

@ Putting things together:
Alatz AT+ D o1, D = 1d

@ Using the fact that downsampling and upsampling are adjoint
operations, one can write this in a more concise way as:
for A=A |,,D =D |, one has

AAT + DDt = Id.

@ The following relations between the transformations are easily
checked:

ATA=1Id, D'D=1Id, ATD=0=D'A.
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The HAAR filter bank

W,(j,n) e— 21 * h,(n)

G)_' W (j+ 1.n)

W (jn) e—yq 21 * g (n)

Figure: HAAR synthesis (one level)
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Two-level HAAR filter bank

* h,(—n) W,(J—1,n)

fn) =

W, n) Wy (J —2,n)

W,(J — 2,n)

|H(w)|

~— Vi

V,_

M
=
S
I
-
=
I

The HAAR Wavelet Transform November 13, 2017 54 /77



Two-level HAAR filter bank

Wul — 1.n) @— 21 — * hy(n)

W, (J—2,n)e— 21 —— *hyn)

W/, n)

W,(J — 1,n)

21— *hy(n)

Wo(J—2,n)@— 21 — Khyn)

Figure: HAAR-synthesis (2 levels)
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Two-level HAAR filter bank

Wy(2,n) =f(n)

e ARAY W,(0,0) = {4}

{-25,4,-1.5}

* {142, 1/72} T

25,1, -1.5}

{1/+2,5/42,1/+2, =3/~2,0} W,(0,0) = {1}

Figure: HAAR analysis (2 levels) — example
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Two-level HAAR filter bank

{=3/N2,0,-3/\2,0}

_ _ {~1.5,15,-1.5,1.5,0}
Wy(1,n) = {=3/2, —3/\2)

{4,0}
'

W,(0,0) = {4} TSR,

{2.5,2.5, -1.5,-15,0}

W,(0,0) = {1}

{1.0}

Figure: HAAR synthesis (2 levels) — example
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Reminder (1)

@ The 1D HAAR functions are
scaling function B(t) = 1po,1)(t)
wavelet function Y(t) = Lpo,1/2)(t) — Lj1/2,1)(t)

@ The other functions are derived by using dilation and translation
w.r.t. the dyadic intervals /; x (j, k € Z):

Ojx(t) = 221, (1) = 2Pt - k)
¢j’k(t) = 22 (llj+1,2k(t) - 1’j+1,2k+1(t)) = 2/2 w(zj t— k)

WTBV-WS17/18 The HAAR Wavelet Transform November 13, 2017 58 / 77



Reminder (2)

T
oUsmgH—\ﬁ[1 _1)onehas

ol _ o [910 d10| _ 4 |@
MR i RN
@ and thus for all j,k € Z

[¢j,k] _y. [ Dj+1,2k ] { Dj+1,2k } . [Qsj,k}
Vi Gjv12k+1| | Pj+1.2k+1 Vi k
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2D HAAR functions (1)

@ The 2D HAAR functions are the four functions

o(x,y) = d(x) - ¢(y)
(%, y) = ¥(x) - d(y)
Y (x,y) = p(x) - b(y)
WP (x,y) = (x) - ¥(y)

e ¢ is the 2D HAAR scaling function

o the ! Y P are the 2D HAAR wavelet functions

o Suggestively: “H" stands for horizontal, * ‘V" for vertical, and “D"
fiir diagonal, corresponding to the directions in which these functions
register changes
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2D HAAR functions (2)

@ Obviously
¢ 1 1 1 1 #1,0,0
1/1H _1 1 -1 1 -1 ?1,1,0
YV T 211 1 -1 -1 $10.1
PP 1 -1 -1 1 $1,1,1
$1,0,0
_ $1,1,0
=(H®H)
$1,0,1
1,11

o H ® H is again an orthogonal matrix
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2D HAAR functions (3)

@ For any a, b, ¢, d one has

a a
b b’ a b a v

(H® H) =1l = H-[C d]-H_[C, d’]
d d
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2D HAAR functions (4)

o By dilation and translation one generates the 2D HAAR functions for

j, k,LEZ:
Djke(x,y) = ¢Jk(X) bely) = 2o(Px -k, 2y — 1)
P y) = Gjk(x) - djely) = 29M(2x -k, 2y — 1)
Oedx:y) = dik(x) - bjely) = 29V (2Ix -k, 2y - 1)
P () = Yk(x) - Piely) = 29P(2Ix -k, 2y — 1)
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2D HAAR functions (5)

@ 2D scaling equations and wavelet equations written in matrix form:

H
[¢j‘,/k,z wjbk,é] . [ Gj+12k20  Pir12k+120 | gy
Vike Vike Dj+1,2k,2041  Pjit1,2k+1,2041

o Equivalently

®j k.t 1,2k,

wJHk ¢ Gj+1,2k+1,2¢
‘7/ y — (H ® H) . ) 5
gkt Gj+1,2k, 2041

Uikt Dj+1,2k+1,2041
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2D HAAR Wavelet Transform (2D HWT)

..

oo 1(5y) Ol imy) wwlo (xy) Wty i(ny)

owloo(xy) dwlioley) wwleo(xy) wulioCey)

-_ ..

owlo0y) Wlooxy) woloity) owly (y)

+ + -
_ _

00%,06y) Woloo(y) Whlooty) woliolxy)
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Vector spaces (1)

@ The vector spaces relevant for 2D wavelet analysis and synthesis are:
Vj = span{¢; .}
W' = span {1/1}1/(,4}
W) = span {w),/k,é}
WP = span {%?u}

o For £2(R?) HAAR wavelets take all indices j, k, £ € Z
e For £2([0,1]?) HAAR wavelets take indices j > 0,0 < k, £ < 2/

@ Spaces V; are the approximation spaces,
spaces WJ-H, VVjV, VVjD are the detail spaces or wavelet spaces
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Vector spaces (2)

@ The results about complete bases for the £2 spaces carry over to the
2D situation without problems. Similarly one has the corresponding
identities for the wavelet coefficients

o For any j € Z one has
Visi=V,eWwf ew) e wP

@ which says: any function f € V;;1 has a unique orthogonal
decomposition

fii=f+g' +g" +gP with eV, g e WS (xe{H,D,V})
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2D HAAR Wavelet Transform (2D HWT)

Vector spaces (3)

o For HAAR wavelet analysis in [0, 1]? one ranges the coefficients of

these functions w.r.t. the bases in the respective subspaces with side

length 2/+1:

fj+1

fi | g
g’ | &’

@ One phase of HAAR wavelet analysis consists in computing the data

on the right from the data on the left

@ One level of HAAR-wavelet synthesis consists in computing the data
on the left from the data on the right
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Analysis

o A (discrete) image is a (2m x 2n) matrix azm 2, (of gray values, say)

@ One phase of wavelet analysis replaces this image by four (m x n)

images ay, ,, d#,n, d,‘g’n, dg,n following the scheme

/ H
am,n dm,n
a2m,2n —
’ v D
dm,n dm7n

@ Again: a stands for “approximation” and d stands for “detail”.

o for level-k Haar analysis it is required that the side lengths are
multiples if 2k
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2D HAAR Wavelet Transform (2D HWT)

Transformation matrices

@ The transformation can be conveniently described using the matrices
used in the 1D case. Let

1
1

1

1

These are matrices of format (2n x n)
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2D HAAR Wavelet Transform (2D HWT)

Analysis as a matrix operation (1)

@ Then
H
a/m,n dm,n AJrr'n
a2m,2n — v D = t *A2m2n [An Dn]
dm,n dm7n Dp,
@ Written in full detail:
a/m,n = A]an “a2m2n - An
H
dm,n = A-rrn “a2m2n - Dn
14
dm,n = th-; caA2m2n An
drg,n D,J-rn *adA2m.2n * Dn
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2D HAAR Wavelet Transform (2D HWT)

Analysis as a matrix operation (2)

@ One can and one should read this as follows:

The 2D Haar transform executed on an image axm 2, consists in

o first executing the 1D Haar transform on the rows of ax 2, (in
parallel), which gives

52m72n = azxm,2n " [An Dn} ;

o then executing the 1D Haar transform on the columns of azm 2, (in
parallel), which gives

Al
caA2m.2n = DT

n

AT

n

Dt

n

: a2m,2n : [An Dn] .

@ One can do it also the other way round: first acting on the columns
and then on the rows. The result is the same
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2D HAAR Wavelet Transform (2D HWT)

Synthesis as a matrix operation

@ For synthesis the above relation has to be inverted, which is no

problem at all because of the orthogonality of the matrices [A,, D,,]:

azm2n = [Am Dm] :

o Written explicitly:

! H
am,n dm,n
12 D
dm,n dm,n

Al
D}

am2n = Am - ap o Al + Dy - dY, - Al + An,

-d¥ D} + Dp-d5 - D

n
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HAAR Wavelet Transform (2D HW

Wi, m, n)

Rows
(along m)

Columns )
(along n) L{ % hy(—m) Wi, m. n)

Rows

* hy(—n)

W,(j + 1,m, n)

W, (j. m, n)

Rows
Columns
* ho(—m) 2l W(j, m,n)
Rows

W, (j, m. n) | Wy i m, )

W,(j + 1,m,n)

Figure: One-level 2D HAAR WT as a filter bank (analysis)
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2D HAAR Wavelet Transform (2D HWT)

W,fzj. m,

v
Wu(j.m,

W,f[(j. m,

W.(j,m,

Figure:

Rows
(along m)

Columns
(along n)

We(j+1.m,n)

Rows

One level 2D HAAR WT as a filter bank (synthesis)
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2D HAAR Wavelet Transform (2D HWT)

2D multilevel Haar transform

@ The 2D Haar transform can be extended to a transformation running
over several levels by iteratively applying the very same procedure to
the arrays of approximation coefficients generated. This scheme
applies to other wavelet transforms as well

Vit Wiks Wi, W7

Figure: Decomposition scheme for a 2D-3-level-WT
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2D HAAR Wavelet Transform (2D HWT)

2D multilevel Haar transform

H
Vi W5 "
| Wi+
Wi|Wy .
Wike
v D
WJ+1 WJ+1
v D
Wiie Wiis

Figure: Coefficient scheme for a 2D-3-level-WT
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