Estimating the size of Haar wavelet coefficients

The behavior of the size of wavelet coefficents over several
levels of resolution indicates the presence or absence of jump
discontinuities
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> Recall dyadic intervals
hk=[27k 279(k+1)) (j,kez)
with midpoints t; x = 277(k +1/2)

» Theorem:

1. If a function f is twice differentiable on /; x, then the Haar
wavelet coefficients satisfy
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2. If a function f is twice differentiable on /; ., except for a jump
discontinuity at ty € /; x, then the Haar wavelet coefficients
satisfy
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(F Ll = 71 F(5) = F(85) 127972

» Consequence: Jump discontinuities of an otherwise
differentiable function can be recognized from the size of the
wavelet coefficients over serveral levels of resolution!



> Proof of 1.
» Use Taylor's expansion around t; , for t € ; x:

F8) = F(t.0) + F (5.0t 640+ 5F (€ — )

for some &« = & k(t) € Ik
» Now compute the wavelet coefficients

(Flaje) = /, F(£) () dt
— F(ti4) / (0 o
+ f/(tj,k)/lj,k(t — tj k) Yy k() dt
1

+ 5/ F(&0)(t = t.x)? W k(t) dit

Ik



» and use the following facts
> f/j,k 1/Jj,k(t) dt=0
1 ~—3j/2
> J,, teis(t)dt =—32 i/
> f, (t—tu)dt=L527Y

» and hence

/,_ F(60) (¢ — .0)% (1) dt

tel k

< max |f"(t) |/ ‘(t— tik)? wj,k(t)‘ dt
< max |f"( 2’/2/ (t—t4)°
telj «

< O
—{2?,);' - 15

» which proves 1.



» Proof of 2.

» Assume that tp € /fk
» Expand to the left and right of ¢,

f(t) =f(tg)+ (=)t —t) tel0,t), & € (t, to)
(tg) + (&)t —to) te(to,1], & € (to, 1)

» For the wavelet coefficients obtain

<f|w,-,k>:/l_ F(£) ty 1) dt =

‘ o t s 27 (k+1)
202 / f(tof)-l-/ f(fo+)—/ Fltor) | +eix
2-ik to L,k

(to —277K) - (f(tg) — f(17))




» where

J

1 .

lej k| < max |f’(t)|/ |t — to] |1 «(t)] dt < max(.. .)12—31/2

tel I
t#to s

> Observing that [ty — 27k| &~ 1277 gives

. to 5k 27 (k+1)
22 / _ f(to—)+/ f(to+)—/ f(tor)
2=k to ti k

. X 1 .
=22 |to = 27k | () = F(t)] = 5277 [(F(eg) = F()]

» This proves 2.
» Case 1 (smooth): the (|4 ) behave oc 273/2
» Case 2 (jump):  the (f |1« ) behave ox 27/2



