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Abstract

The projection data measured in computed tomography (CT)ams$equently, the slices

reconstructed from these data are noisy. This thesis igatss methods for structure-
preserving noise reduction in reconstructed CT datasetsgdal is to improve the signal-

to-noise ratio without increasing the radiation dose os loisspatial resolution. Due to the

close relation between noise and radiation dose, this ingpnent at the same time opens
up a possibility for dose reduction. Two different origiaglproaches, which automatically
adapt themselves to the non-stationary and non-isotropmgenn CT, were developed,

implemented and evaluated.

The rst part of the thesis concentrates on wavelet basedenmduction methods.
They are based on the idea of using reconstructions from tgjoint subsets of projec-
tions as input to the noise reduction algorithm. Correlatioalysis between the wavelet
coef cients of the input images and noise estimation in tla¥@et domain is used for dif-
ferentiating between structures and noise. In the secoridgraoriginal approach based
on noise propagation through the reconstruction algorithpnesented. A new method for
estimating the local noise variance and correlation intiege from the noise estimates of
the measured data is proposed. Based on the additional iafiemabout the image noise,
an adaptive bilateral lter is introduced.

The proposed methods are all evaluated with respect to ttaeneld noise reduction
rate, but also in terms of their ability to preserve struesurA contrast dependent resolution
analysis is performed to estimate the dose reduction patefthe different methods. The
achieved noise reduction of about 60% can lead to dose liedueites between 40% to
80%, depending on the clinical task.



Kurzfassung

Die in der Computertomographie (CT) gemessenen Daten sinaugsht und somit auch
die daraus rekonstruierten Schichten. In dieser ArbeidemrMethoden zur struktur-
erhaltenden Filterung von rekonstruierten CT Datensatmersucht. Das Ziel ist eine
Verbesserung des Signal-zu-Rausch-Verhéaltnisses ohridniirg der Strahlendosis oder
Verlust an Ortsau 6sung. Aufgrund des engen Zusammenhawgghen Rauschen und
Strahlendosis eroffnet diese Verbesserung auch die Miglitzur Dosisreduktion. Zwei
verschiedene origindre Ansatze, die sich automatisch amiht-stationéare und nicht-
isotrope Rauschen in der CT anpassen wurden entwickelt, mgpigert und ausgewertet.

Der erste Teil der Arbeit konzentriert sich auf Wavelet betsi Rauschreduktionsver-
fahren. Diese basieren auf der Idee, Rekonstruktionen van disjunkten Teilmengen
an Projektionen als Eingabe fur den Algorithmus zu verwandEorrelationsanalysen
zwischen den Waveletkoef zienten der Eingangsbilder ume é&Rauschabschéatzumg im
Waveletraum werden zur Differenzierung von Struktur und $glen verwendent. Im
zweiten Teil der Arbeit wird ein origindres Verfahren vosgblagen, das auf Rauschfort-
p anzung durch den Rekonstruktionsalgorithmus basiertneEieue Methode zur Ab-
schatzung der lokalen Varianz und Korrelation des RauscimeBiid aus der Rausch-
abschatzung der gemessenen Daten wird vorgeschlagen. réBasiguf der zuséatlichen
Information Uber das Bildrauschen wird ein adaptiver brktr Filter vorgestellt.

Die vorgeschlagenen Methoden werden alle bezuglich deicditen Rauschreduktion-
srate, aber auch in Hinblick auf ihre Fahigkeiten Struktura erhalten untersucht. Eine
kontrastabhéngige Analyse der Ortsau 6sung wird durchigefund zur Abschatzung des
Dosisreduktionspotenials der verschiedenen Methodemeretet. Die erzielte Rauschre-
duktion von etwa 60% kann je nach klinischer Fragestellun@asiseinsparungen zwis-
chen 40% und 80% fuhren.



Acknowledgment

Computed Tomography is a fascinating research eld and | &d tfiat | had the opportu-
nity to work as a PhD student on a cooperation project betweetniversity Erlangen-
Nuremberg and Siemens Healthcare. | would like to expresgratjtude to everyone who
was involved in this project for the support and for valuathigcussions over the years.
Especially, | would like to thank my supervisor

Prof. Dr.-Ing. Joachim Hornegger, head of the Chair of PatRecognition (LME) at
the University Erlangen-Nuremberg, for giving me the oppoity to become a member
of the medical image processing group and work in such anllerteenvironment and
motivating atmosphere under his guidance. He was an inassjiée source of knowledge
and always took time to answer questions regardless if theg welated to work or other
issues. Furthermore, | am grateful for the support of

Prof. Dr. Frederic Noo, during my three stays at the Utah Gdatéddvanced Imaging
Research (UCAIR) in Salt Lake City, USA. It was a great experi¢oeeork together with
him and | thank him for his comments and ideas that helped nmeust in improving my
work. Moreover, | would like to thank my supervisor

Dr. Rainer Raupach, who is with Siemens Healthcare, for hiswagement. His
ideas formed the basis of this research project and manyimgliscussions resulted in
new ideas or gave me deeper inside in the exciting details o§@dcial thank, also goes to

Dr. Steffen Kappler, who invaluably supported my work anaagls responded to my
never ending ow of physics and CT related questions.

| also thank all other members of the CT PLM-E PA devision airféies Healthcare, es-
pecially Karl Stierstorfer for providing the reconstrustisoftware, Heinrich Wallschlager
for valuable discussions about image quality, Herbert Briioleproviding the projection
based adaptive lter, and Holger Kunze for many fruitfulcissions. Furthermore, | would
like to thank Markus Mayer, Eva Eibenberger, Rudiger Bock, ddarPrimmer, Michael
Balda and all my other colleagues at the LME, Harald Kostlén@t.SS and Adam Wun-
derlich at UCAIR for their help and inspiration.

Finally, I thank the Siemens AG and the International Maarek Research School for
Optics and Imaging (IMPRS-OI) for the nancial support of ngsearch.

Anja Borsdorf






Contents

1

Introduction fl
1.1 Motivation . . . . . . . . e [ 1
1.2 RelatedWork . . . . . . . . . . 0 2
1.3 Contributions . . . . . . . .. 0 3
1.4 ThesisOutline . . . .. .. . .. .. . . .. . .. . 0 4
Principles of Computed Tomography Vi
2.1 Development of Computed Tomography . . . . .. .. ... .. .... i
2.2 2-DReconstruction . . . .. ... ... .. 0 o
2.2.1 DataAcquisitonModel . . .. ... .. ... .o 0L [ o
2.2.2 Indirect Fan-Beam Filtered Backprojection . . . . .. . .... [11
2.3 3-DReconstruction . . . . . ... . ... []15
2.3.1 ScanningGeometry. . . . . . ... oo L] 15
2.3.2 Weighted Filtered Backprojection . . . . ... ... ... ... (13
24 NOISEINCT . o oo oot e [116
2.4.1 Noise of Signals and Projections . . . . . .. ... ....... 16
2.4.2 Noise after Reconstruction . . . . ... ... ... ....... ] 18
2.5 Spatial ResolutioninCT . . ... .. .. ... ... ... ....... [ ] 19
2.5.1 Azimuthal and Radial Resolution . . . . ... .. ... .... [ | 20
2.5.2 Measuring Resolutioninimages . . . . . ... ... ... ... L1 20
Wavelets in Image Denoising 3
3.1 Introduction to the Wavelet Representation. . . . . . .. ...... ... 23
3.1.1 Wavelets . . . .. ... [ | 24
3.1.2 Continuous and Dyadic Wavelet Transformation ... [28
3.2 Discrete Wavelet Transformation . . . . . .. .. ... .. ... ... 25
3.3 Multiresolution Analysis . . . . . . . .. ... 26
3.4 Wavelet based Noise Reductioninlmages . . . . ... .. ... ... 27
3.4.1 Wavelet Transformations in Higher Dimensions . . . ...... . 27
3.4.2 ChoiceofWavelet . ... ... ... ... ... ... ..., [ 130
Adaptive Wavelet based Noise Reduction Using Multiple CT Reonstructions 33
4.1 Methodology Overview . . . . . . . . . . . . . e [ ]33
4.2 Multiple CT-Reconstructions . . . . . .. ... .. ... ... ..... [35
4.3 Correlation Analysis in the Wavelet Domain . . . . .. ... ..... [38
4.3.1 Correlation Coefcients . . . ... ... ... ... .. ..... [ 139
4.3.2 Gradient Approximation . . . . .. ... ... ... ... ..., [ ] 41



4.3.3 Weighting of Coefcients . . . .. .. .. ... ... ...... [ 43

4.4 Experimental Evaluation . . . ... ... .. ... ........... lad
441 NoiseandResolution . . . ... .. ... ... ......... [] a4
4.4.2 Low-Contrast-Detectability . . . ... ... .. ... ...... [d5
4.4.3 Comparison with Adaptive Filtering of Projections . . . . . . [55
4.4.4 Clinically AcquiredData . . . . .. ... .. ... ........ [ 157
445 Examplelmages . . ... . ... ... o L] 60

45 Conclusions . . . . . . ... e [1e2

Noise Estimation in the Wavelet Domain for Anisotropic Noig Reduction [65

5.1 Methodology Overview . . . . . . . . . .. . . .. .. [ 166

5.2 Noise Estimation for Adaptive Thresholding . . . . . . . . ... ... [66
5.2.1 Noise Estimation from Differencelmage . . ... .. .. ... [66
5.2.2 Adaptive Thresholding . . . .. .. ... .. ... ....... []69

5.3 Experimental Evaluation . . . ... ... .. ... ........... [zd
5.3.1 Accuracy of NoiseEstimates . . . . . .. ... ......... ] 71
5.3.2 NoiseandResolution . . . . .. ... .............. L] 76
5.3.3 Examplelmages . .. ... .. ... ... .. e [] 81

54 Conclusions . . . . . .. [1s81

Multiple CT-Reconstructions for 3-D Anisotropic Wavelet Denoising [8b

6.1 Methodology Overview . . . . . . . . . . .. . [ ]85

6.2 3-D Wavelet Transformation . . . ... ... ... ... ........ 7

6.3 Anisotropic Denoising Using Correlation Analysis . . . . . ... .. [8¥
6.3.1 Correlation Analysis . . . . . . .. ... . ... [ 187
6.3.2 Noise Estimation . . . . . ... ... ... ... ... .. ..., [ ]88
6.3.3 Weighting of Detail Coefcients . . . . .. ... ......... [ds

6.4 Experimental Evaluation . .. ... ... .. ... ........... l8d
6.4.1 NoiseandResolution . . . . .. ... ... ........... [ ] 89
6.4.2 Examplelmages . . ... .. .. . ... ... L] 95

6.5 Conclusions . . . . . . . [1o5

Noise Propagation Through Indirect Fan-Beam FPB Reconstruen Q9

7.1 Methodology Overview . . . . . . . . . .. .. ... [0

7.2 Noise Propagation Through Indirect Fan-Beam FBP Recatistnu . . . [10B
721 Rebinning. ... ... ... ... [ hos
7.22 Convolution. . . . .. .. ... [__ho7
7.2.3 Backprojection . . . .. ... [_ho9
7.24 HounseldScaling . . ... ........... . ... ... 10
7.2.5 Covariance Between Reconstructed Houns eld Values . . . .[110

7.3 Experimental Evaluation . . . .. ... .. ... ... ... ...... [111
7.3.1 Simulation . ... .. ... ... [ h11
7.3.2 Accuracy of the Noise Propagation . . .. ... ....... [121
733 RealData . . . . ..o [_l115

7.4 Conclusions . . . . ... [ 120



8 Orientation Dependent Noise Propagation for Adaptive Ansotropic Filtering 24

8.1 Methodology Overview . . . . .. ... .. ... .......
8.2 Orientation Dependent Noise Propagation . . . . . .. .. ... ..
8.2.1 Direction of Strongest Correlation . . . . . ... ...
8.2.2 Orthogonal Separation of Noise Variance C
8.3 Noise Adaptive Bilateral Filtering . . . . .. ... ... ...
8.3.1 DomainkFiltering . . .. .. ... ... ........
8.3.2 RangeFiltering . . . ... ... ... .........
8.4 Experimental Evaluation . . ... ... ............
8.4.1 NoiseandResolution . . .. ... ...........
8.4.2 Examplelmages ... .. .. .. .. ... ......
85 Conclusions . . . . .. ... .
Discussion
9.1 Comparison of Proposed Noise Reduction Methods . . . . . .. ..
9.1.1 Qualitative Comparison . . .. ... ... ... ...
9.1.2 NoiseandResolution . . . . ... ...........
9.1.3 Potential for Dose Reduction . . . . ... .. ... ..
9.1.4 Computational Performance . . .. .. ... .. ..
9.2 Suggestions for Future Research . . . . . ... .. .....

9.2.1 Noise Analysis Methods . . . . ... ... ......
9.2.2 Noise ReductioninCT . . . ... ...........

10 Summary and Conclusions

A

Acronyms

Al
A2
A3
A4

CT Reconstruction . . . . . ... . ... .. ... .. ....
Wavelet Transformation. . . . .. . ... ... ........
Denaising . . . . . . . . e

Noise Propagation. . . . . . ... .. ... ... .......

Notation

B.1
B.2
B.3
B.4
B.5

CT Reconstruction . . . . .. .. ... .. ... .......
Wavelet Transformation . . . . ... ... ... ........
Wavelet Denoising . . . . . . . .. ... ..o
Noise Propagation. . . . . .. .. ... ... ... ......
Noise-Adaptive Bilateral Filtering . . . . . .. ... .. ...

List of Figures

List of Tables

Bibliography

[155

[_l155
[ 571
158

...... 1159







Chapter 1

Introduction

1.1 Motivation

Computed tomography (CT), invented by Godfrey N. Houns eldlBv2, was the rst
method that allowed to generate non-overlapping axiagéslaf the interior of a human's
body without opening it. Today, CT is associated with highcefncy in radiologic diag-
nostics and has become an indispensable tool in medicalieaaoms. Unfortunately, it is
also said to be a high dose application: although CT made ypadrdut 7% of all radio-
logic examinations in 2005, its contribution to the oveealposure of humans in Germany
to radiation in medical examinations was approximately eiwe 08]. This explains
the increased interest in the development of new technifpetose reduction in CT that
was strongly noticable during the last few years. The diltgthat arises with the demand
for dose reduction is its direct impact on image quality.

All physical measurements are subject to statistical uas#y, which, in case of CT,
is primarily due to the variable number of X-ray quanta meagdwat the detector. The re-
sulting interference, which is known as quantum noise, ésrnttost relevant noise source
in CT. Noise introduced in the measurement of the intengtiepagates through the re-
construction algorithm to the resulting CT slices. Therds@as recognizable as pixel
noise. The connection between dose and image quality idyclasible: with a decreasing
radiation dose the noise increases, which makes a religg@aksis more dif cult or even
impossible. An additional problem is that X-rays passingtigh the human's body are
attenuated differently, depending on the density and theuatof the material along the
ray. Therefore, the strength of noise varies between therdiit measurements, which
leads to inhomogeneous noise in the reconstructed slicgeedially in body regions like
the shoulder or the hip, directed noise appears, pointinghaudirection of strongest at-
tenuation, for example, where the rays had to travel thralegisest material, e.g. bones,
or largest tissue quantity.

The investigation of new approaches for dose reductionawithoss of image quality
is one of the major topics in CT research, today. If it was gmedb reduce the noise in
lower dose images while preserving all clinically relevsintictures, essentially producing
images that correspond to those generated with a highey tthegeroblem would be solved.
But how can the noise be minimized without the loss of diagoally relevant content
of the image? This is a dif cult task and many methods for maisduction lack this
important property. For example, it is widely known that plenlowpass Iters can be

1



2 Chapter 1. Introduction

used to eliminate high frequency noise. However, it is asmmon knowledge that their

application results in blurred edges and the destructiendll structures, meaning lower
spatial resolution. Thus, always a compromise must be fbehdeen radiation dose, noise
and spatial resolution.

1.2 Related Work

Different techniques for dose reduction in CT have been megan the recent years.
In [McCo 06] X-ray beam ltration, X-ray beam collimation, tamatic exposure control,
peak kilovoltage optimization, improved detection systefaiency and noise reduction
algorithms are listed as examples for technical mechanisndose reduction. Of course,
since the installation of the rst CT scanners until now, adbteffort has been spent in
the development of new scanner hardware to achieve highemaaglity at lowest possible
radiation dose. The availability of faster computer syst@md increased storage capability
are the reason why software based approaches for redueimgdtation dose gained more
and more attention. These software approaches can badieadkbparated into two groups:
the methods that perform dose optimization during the aiiipm of the projection data
and the methods that try to improve the quality of the reteotipely acquired data.

One possibility for optimizing the acquisition is to use @uhtic exposure controls.
They adjust the tube current continuously during scannint thus, achieve a remarkable
dose reduction [Kalr 05, Gres(02, Sues 02]. Currently thesellee automated exposure
control techniques available: longitudinal, angular, anchbined modulatior [McCo 06].
Longitudinal modulation techniques adapt the tube curfi@rdifferent scanning positions,
depending on desired image quality and attenuation of thdg begion being scanned. For
this adaption, single localizer radiographies are comgnoséd. With angular modulation,
the overall dose for one rotation is distributed such thaséhdirections with stronger at-
tenuation are acquired at a higher dose than those with lattesruatiori[Kale 99, Gres00].
This makes the noise variance more homogeneous for theatiffdirections and conse-
quently leads to more homogeneous noise in the images. iaipec the region of the
shoulder or hip, angular modulation is utilized. The magstriction is that X-ray tubes
cannot produce arbitrarily high doses. Consequently, giceroise cannot be completely
avoided. Even in cases where it is possible to adapt the tvert such that noise be-
comes more homogeneous across the different projectiarsef reduction of the overall
radiation dose leads to decreased image quality due toasedenoise.

With the invention of CT the rst publications about noise vetlon based on sim-
ple lowpass ltering came up_[Ruth 76, Chew 78]. The applicatdd linear Iters, how-
ever, requires a compromise between noise and resolutiger. tBe years, many different
approaches for noise suppression in CT have been investig&ter example, iterative
numerical reconstruction techniques that optimize stedilsobjective functions [Lang 95,
[Elba 03]. Iterative reconstruction techniques have theaathge that the noise statistics
in the projections can directly be taken into account dutimg reconstruction process.
The disadvantage, however, is the high computational cboge@tive methods. This
is still the main reason, why they are not yet used in clinicaitine. Other methods
model the noise properties in the projections and seek fon@thed estimation of the
noisy data followed by Itered backprojection (FBPR) [Fess@v04, [La R06]. Further-
more, several linear or nonlinear Itering methods for morgduction in the projection
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data [Hsie 98, Kach 01, DemiD1] have been proposed. In therityapf the projection
based methods, the Iters are adapted in order to reduce moistly in regions of highest
attenuation. Thus, the main goal of these methods is thectieduof directed noise and
streak artifacts. As a result, especially in the case oflpemnstant noise variance over
all of the projections, these lters either do not remove anyse, or the noise reduction is
accompanied by noticeable loss of image resolution.

The goal of the methods proposed here, is the structuresmiag reduction of pixel
noise in reconstructed CT-images. Most publications, wheteture-preserving lters are
applied to the reconstructed images [Rust 02, Llu 03], howeleenot account for the non-
stationary and anisotropic noise characteristics in CT. diheult noise properties after
reconstruction are the main reason, why the direct appiicaif standard edge-preserving
ltering methods, like nonlinear diffusion ltering[CattZ] or bilateral Iltering [Toma 98],
do not lead to convincing results. Basically, two problengsiwsually obtained: If the non-
stationarity of noise is not considered, some image regimasstrongly smoothed, while
other regions show nearly no ltering effect. The other gewb is that most algorithms
are detecting structures based on gradient computatiora iliformation about the noise
anisotropy is present, noise streaks are sometimes detedbe structure and no smooth-
ing across them is performed. Comparable observations camade for other standard
approaches, in particular wavelet-domain denoising tegckas, which decompose the in-
put data into its scale-space representation. Most of thiEgwithms are based on the
observation that information and white noise can be sepanasing an orthogonal basis
in the wavelet domain, as described e.g.[in [Hubb 97]. Ttolkeihg methods have been
introduced, which erase insigni cant coef cients, but peeve those with larger values.
The dif culty is to nd a suitable threshold. Choosing a verigh threshold may lead to
visible loss of image structures. On the other hand, a vesyttoeshold may result in
insuf cient noise suppression. Various techniques hawenh#eveloped for improving the
detection and preservation of edges and relevant imagemifor example by comparing
the detail coef cients at adjacent scales [Xu[94, Fagh ORE additive noise in CT-images,
however, cannot be assumed to be white. Making matters evem complicated, noise is
not stationary, violating, for example, the assumptionfizu 03] for estimating the sta-
tistical distributions of coef cients representing sttues or noise. Furthermore, directed
noise grains are usually visible in CT images, what makes igtendtion between noise
and structures even more dif cult. Motivated by the comated noise conditions in CT,
methods which adapt themselves to the noise in the imagesdeseloped here.

1.3 Contributions

This work investigates methods for structure-preserviogea reduction in reconstructed
CT datasets based on correlation analysis. The goal is tairaghe signal-to-noise ratio
without increasing the radiation dose or noticeably aiffecthe spatial resolution. Due to
the close relation between image noise and radiation doseimprovement at the same
time opens up a possibility for dose reduction. The contitims of this work can be
summarized as follows: Two different original approachmsivise reduction in CT were
developed, implemented and evaluated.

Wavelet Based Noise ReductionThe rst approach is based on the idea of using
reconstructions from two disjoint subsets of projectioasnput to a wavelet based noise
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reduction algorithm, as we rstintroduced in [Bors 06]. Thdea was inspired by the work
of Tischenko et al[[Tisc 05], where two radiography imadaken shortly after each other,
are used for wavelet denoising. The algorithm was re nedhdghat it can be combined
with different wavelet transformations and a new correlattoef cient based similarity

measurement was introduced in [Borsi08c]. An alternativeale\based Itering method

was developed, which allows anisotropic Itering [Bors 07ah [Bors 08d] we propose

a local, frequency and orientation dependent noise esamgtchnique for threshold de-
termination in the wavelet domain. The weighting of noisyailecoef cients based on a
combination of correlation analysis and noise estimatiahthe extension of the algorithm
to 3-D was introduced in [Bors O7b].

Noise Propagation for Noise-Adaptive Bilateral Filtering: The second approach is
based on noise propagation through the reconstructiorritdgo A new approach for
computing pixelwise estimates of the noise variance in do®mstructed image was de-
veloped [Bors 08a]. In contrast to other approaches the latioes introduced to the data
during the reconstruction are modeled by linear systemryhand taken into account.
The noise propagation approach was then extended in or@eiditionally give informa-
tion about the local noise correlation. [n [Bors 08b] we pregub a sine-/cosine-square-
weighting of the noise variances in the projections andrsgpaoise propagation in order
to obtain the horizontal and vertical contribution of theseovariance for every pixel. The
approach was then extended such that for each individuel pispeci c separation into
two orthogonal directions can be computed [Bors 09]. Theavexé contribution in di-
rection of strongest correlation and orthogonal to that lmametermined for each pixel.
This additional knowledge can be used for improving Iterimethods, like bilateral |-
tering [Toma 98], by adapting it to the non-stationary and-ismtropic noise in CT.

Evaluation: In addition to the development of new noise reduction meshfod CT,
this work also presents some new ideas for the evaluationmdinear Iters. Clearly, the
reduction of the noise variance in the image is an importaatity criteria, but the in u-
ence on the spatial resolution plays an important role, tdsually, spatial resolution is
only considered at high contrast objects. If non-lineacpssing is performed, image res-
olution might change depending on the local contrast-isenmtio. Therefore, a contrast
dependent evaluation of the spatial resolution becomesssacy, which was introduced
in [Bors 08¢]. Furthermore, we proposed a new gure of merittfte noise-resolution-
tradeoff, we call SNR-gairi [Bors 08b]. The evaluation is basedhe comparison to the
linear Itering, which leads to the same average spatiabliggn. The new evaluation
method can be used for more realistically judging the paaéfar dose reduction, depend-
ing on the clinical task.

1.4 Thesis Outline

The thesis is structured as follows: The work starts with thapters, where some theo-
retical basics are reviewed and summarized.

» Chapter 2: A short introduction to the basic concepts of CTres@nted. The recon-
struction methods used throughout the rest of the thesiseaiewved. Furthermore,
two major quality criteria, noise and spatial resolutioe gtroduced.
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» Chapter 3: The wavelet transformation theory is brie y esved and the different
wavelet transformation methods used for denoising in thieviing chapters are
described.

The main part of the thesis describes two different kindsragimal noise reduction ap-
proaches for the use in CT. In both cases correlation anasysged for obtaining informa-
tion about the local noise characteristics in the reconstidatasets. How this correlation
analysis is performed, however, strongly differs betwdmentivo approaches.

The rst part (Chapters 4-6) of the thesis describes wavelséd noise reduction meth-
ods that use two reconstructed CT datasets as input. The pubdiatasets are generated
such that they show the same structure but differ with rddpemage noise.

» Chapter 4. Different possibilities for the generation oé thvo input datasets are
discussed. Two different methods for the detection of stgnit wavelet coef cients
based on correlation analysis are described and compacednhbination with three
different wavelet transformation methods. Image noiserasdlution are used for
qguantifying the image quality in the processed images.

» Chapter 5: A new approach for local, orientation and fregyeshependent noise
estimation in the wavelet domain is proposed. The standevehtion of noise is
estimated from the difference of the two input datasets. dapéve thresholding in
the wavelet domain is performed based on the local noismatds. The method is
evaluated with respect to noise, resolution and noise hemgity and compared to
the approach presented in Chapter 4.

» Chapter 6: The combination of correlation analysis andllogcese estimation for dif-
ferentiating between structures and noise in the waveleiailois described. Noise
reduction algorithm can be applied either to the reconsttli2-D slices or the 3-D
volumes. The performance of the noise reduction is compaeegeen the applica-
tion in 2-D and 3-D.

The second part of the thesis describes how noise estinrathe projections can be
used for analytic computation of local noise charactessin reconstructed images and
how these local noise estimates can be used for adaptindesthnoise reduction methods
to the special image noise in CT.

» Chapter 7. A new method for analytic noise propagation thhomdirect fan-beam
FBP reconstruction is proposed. Based on estimates of the marg&ance in the
projections the local image noise in the reconstructed CTlgenia computed. The
correlations between neighboring detector channels aoggiions are estimated
and taken into account for the propagation of the varianddse accuracy of the
noise estimation is evaluated by comparing with Monte Canmktions.

» Chapter 8: In addition to the local noise variance the cati@h of noise is analyzed.
Instead of computing local covariances, a new gure of nferithe noise anisotropy
is introduced. The computation of contributions to the aaigriance in two orthog-
onal directions is described. The separation into the twections is performed for
each pixel speci cally into the direction of strongest adation and orthogonal to
that. Exemplary the adaptation of a bilateral Iter to thedbnoise characteristics is
introduced and evaluated.
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The last two chapters present some comparisons betweeiiférert approaches pre-
sented and nalize the work.

» Chapter 9: The wavelet based approaches and the noisevadaifdteral Itering
are compared to each other. Visual appearance, noise avdti@s and computa-
tional requirements are discussed and ideas for futuraresare presented.

» Chapter 10: A summary of the work and conclusions nalizettiesis.



Chapter 2

Principles of Computed Tomography

The noise reduction methods investigated in this work aeeigfly designed for the use
in CT. Therefore, this section gives an introduction to theidaoncepts of computed to-
mography. In contrast to other imaging modalities, lik@ttianal projection radiography,
where the images are a direct result of the measurementntges in CT rst have to be
computed. When we talk about images in the reminder of thsghee always mean the
reconstructed 2-D slices or 3-D volumes. The name projedsion the reminder of this
thesis used for denoting the data used for reconstructiafierent reconstruction tech-
niques are available. However, the ones most frequently imsdinical practice are based
on the ltered backprojection. The 2-D and 3-D reconstroictmethods used throughout
this thesis are brie y described in the following. Furthére most important quality char-
acteristics, noise and resolution, used for quantitatweduation are discussed. A general
survey about the basic concepts of CT can be found’in [Kale @pe®©6]. For a deeper
theoretical understanding, overviews are given in [Buz(Kak 01] and [Noo 08].

2.1 Development of Computed Tomography

With the invention of CT, a new eld in radiologic diagnosiseed up. The new imaging
technigue was the rst to non-invasively acquire axial siof the interior of a human's
body. According to Buzud [Buzu 04], ,the rapid development of @dm the installation
of the rst scanner generation until today ,has been, antlistidriven by three essential
goals: Reduction of acquisition time, reduction of X-ray espre, and, last but not least,
reduction of cost“. In the following some of the most impaittaevelopments in CT are
summarized. More details about the history of CT can be foarfBuizu 04].

The rst medical CT scanners, installed in 1972, were headrses. They had a single
needle-like X-ray beam and a single detector element thatpeaitioned at the opposite
side of the measuring eld. The X-ray tube and detector wareikaneously shifted along
a straight line in order to take projections along equidigyedistributed parallel rays pass-
ing through the object. This acquisition of parallel-beamigctions was then repeated for
different projection angles. The big disadvantage of tachhique was the long acquisi-
tion time, that could be drastically reduced by the develephof row detectors and the
start of fan-beam tomography in 1975. In fan-beam tomogrageveral detector elements
are placed close to each other in one line such that the whessunement eld can be
X-rayed at once for a certain projection angle.

v
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(a) Siemens Somatom De nition (b) Siemens Somatom De nition with open
gantry.

Figure 2.1: The rst dual-source CT scanner - Images provide8iemens Healthcare.

The invention of the so called slip ring in 1987 was anothdestone regarding fast
CT acquisition, because the continuous rotation of the tuldedatector became possible.
This ring in the gantry is used for the power supply of the tahd detector, but also for
data transmission and communication. This developmeritleddhe invention of helical
CT (incorrectly called spiral CT) in 1989. During continugusbtating the tube and the
detector around the patient, the table with the patient igingathrough the gantry, leading
to a helical acquisition path. Furthermore, the row detscieere extended to multi-row
detectors and the so called cone-beam tomography or nligli-ST (MSCT) was born.
Comparable to the motivation for fan-beam CT, the use of a maltidetector speeds up
the data acquisition and allows to scan whole organs witwvindr even just one single rota-
tion. Additionally, the reconstruction with isotropic stion in all three spatial directions
became possible. In 2005 the rst dual-source CT scanner (D8@3 introduced, where
two X-ray tubes and two independent detectors with an offsabout 90 degrees can work
in parallel. The motivation for DSCT was to speed up the adtpisfor cardiac CT, but
it also enabled the establishment of applications like -@umargy in clinical routine. An
image of a modern DSCT scanner is displayed in[Eig. 2.1 withezrland opened gantry.

With the development of new and improved scanning hardwides reconstruction
methods had to be advanced as well. Based on the mathembgoay ton the inversion
problem developed by Johann Radon already in 1917, the dtbackprojection (FBP)
reconstruction was the rst to allow an ef cient and numedig robust implementation.
Most of the methods used in the clinical practice today aliesised on the ltered back-
projection. With the introduction of cone-beam CT, methamtseikact 3-D reconstruction
came up 09]. Neverthelessoajpate methods like
the weighted Itered backprojection (WFBR) [Stiel04], or seggrted multiple plane recon-
struction (SMP)[[Stie 02] are still the ones used in clinicaitine for helical cone-beam
CT due to their higher exibility and lower complexity. Iteirge reconstruction methods,
where certain constraints can be used for handling e.g. mpt&ie or very noisy data,
gained a lot of interest in the last few years [Kunz/07, Surjn They seem to become
more and more practically relevant since parallel compubecame widely available, e.g.,
by using modern graphics processors for general computing.
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Figure 2.2: Geometry and Notation.

2.2 2-D Reconstruction

In order to understand how images of the interior of an obgact be computed using
measured X-ray projections, it is reasonable to rst lookkdd reconstruction methods
from 1-D projections.

2.2.1 Data Acquisition Model

The basic data acquisition parameters are illustrated gn[ER. The geometry of 3rd
generation CT scannels [Buzu 04] is considered here, whidlrismtly most widely used
in commercial systems. This means that the fan-beam piajscare acquired with equi-
angular ray spacing, and that the detector and the X-rayceootate together around the
object under investigation [Kak 01]. The X-ray source tcégey is thus a circle. The axial
slice to be reconstructed lies in the x-y-plane and is in dlewing also called image.

It is assumed that the X-ray tube emits monoenergetic plsotdhe original intensity
I o of the X-ray beam is proportional to the number of emittedtphsN, which is viewed
as a known deterministic constant. Each tay; ) that passes through the object is
attenuated. The intensity measured at the detector is

R
1(; )=1o et B (2.1)

for a certain tube-angle and fan-angle . The linear attenuation coef cient of the object
at positionx = (x;y)' is denoted as (x). The line integral in the exponential function
describes the attenuation alob{; ). Itis given by:

P(; )= In '(;0) = oo (2:2)

A fan-beam projection is in the following denotedR§; ).
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Figure 2.3: lllustration of the Fourier-Slice theorem.

Fig.[2.2 shows thdt (; ) can also be parameterized using parallel-beam coordinates
andt. The following relations hold:

=+ (2.3)
t = Rsin: (2.4)

The process of resorting acquired fan-beam projectiorsrdicry to Equations (213) and (2.4)
to a set of parallel-beam projections is called rebinning pBsallel-beam projections, we
refer to line integrals that are sampled uniformly iandt and are denoted &3( ;t) in
the following.

The linear operatdr that maps the function(x) to its equidistantly distributed parallel-
beam projection® ( ;t) is called Radon transformation:

P(;t)=(R (L) (2.5)

where = =2. Goal of all reconstruction methods is to invert the Radondfar-
mation, and thus to compute the unknown position dependiemiamtion coef cients (x)
from the given projections. The Fourier-Slice theorem ésttieoretical basis for the Itered
backprojection algorithm. It describes the connectiomien the Radon transformation
and the two dimensional Fourier transformation of a functio

(FP)C;t)=(F(R )N(: )=(F )( cos; sin ): (2.6)

It states that the one-dimensional Fourier transformatioa parallel-beam projection at
angle is equivalent to the two-dimensional Fourier transformatf the function along
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the radial line at angle. A formal proof of the Fourier-Slice theorem can be found
in [Buzu 04[Kak 01, Noo 08]. A schematic description is présdin Fig[2.8. The recon-
struction of CT images based on the direct application of theier-Slice theorem is possi-
ble, but requires an interpolation to Cartesian coordinatédse Fourier domain in practical
applications. In order to avoid this resampling in the Feudomain, the Itered backpro-
jection reconstruction (FBP) was developed. FBP can be tirdetived from the Fourier-
Slice theorem by inserting the coordinate transformafBuwli 04 Kak 01, Noo 08]. The
Itered backprojection reconstructs the valugx) according to:

z z,

(x) = P(;t)k(t (xsin ycos))dtd; 2.7)
0 1

where the inner integral describes a convolution ( Itediradong the parallel-beam pro-
jection with the ramp Iterk; (t) and the outer integral the backprojection of the Itered
projections into the image plane.

2.2.2 Indirect Fan-Beam Filtered Backprojection

With the introduction of fan-beam tomography, reconsinrcimethods like the ltered
backprojection had to be adapted to the new acquisition. FBf reconstruction can be
adjusted to directly handle the fan-beam data. Based on #egtion of equationg (2.3)
and [2.4) to the Itered backprojection equatién {2.7),ahde derived that the projections
need to be pre-weighted, the reconstruction kernel musti&etad and during backprojec-
tion a distance weighting is necessary for each pixel to bengructed [Buzu 04]. Alter-
natively, the fan-beam data can rst be resorted to paréglm data using equatiofs (2.3)
and [Z2.4), followed by standard FBP reconstruction. Thersgepproach is also called in-
direct fan-beam FBP or rebinning FBP. Reordering to parakeln projections is favored
by many CT manufacturers for reasons of computational eficjeand ease in handling
special scanning features such as the quarter-detecset off redundant data.

The indirect fan-beam FBP reconstruction algorithm is noviesged. The description
is focused on discrete data. The fan-beam projections atereesi to be acquired over
360 degrees with a uniform sampling angle. The number of projections is even and
denoted asN, ¢, so that = 2 =N; ¢, and the rst projection is at position = 0.
Each projection includel§; rays with the xed ray sampling distance being written as.
Thus, the following sampling conditions are assumed:

k=(k 1) ; k=1;:::;Noy; = 1 (N 1)=2+d) ; |=21:::;N¢;
(2.8)
whered = 0:25if a quarter-detector offset is applied add= 0 otherwise. The discrete
fan-beam measurements obtained at these sample Iocatkjﬁg‘{a: P( «; 1)

Rebinning

The rst step in the reconstruction pipeline is the resamgpbf the fan-beam measurements
to parallel-beam data. This resampling is performed inglo@nsecutive steps: azimuthal,
complementary and radial rebinnirig [Buzu 04]. A schemati&cdption can be seen in
Fig.2.4 and Fid. Z]5, with and without quarter-detectoseif
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Figure 2.4: Rebinning with quarter-detector offset.

The azimuthal rebinning acts onat xed to estimate hybrid projection data corre-
sponding to samples &™°(; )= P( ;). The estimation is performed at

m=(M 1) ; m=1;:::;Ny p; = 1 (Nf 1)=2+d) ; |=121:::;Ng
(2.9)
where = , and the intermediate values are denote@ﬁh{g PWP( o). The

relation betwee®2" andP. is

2 f
Por = h®(=mi P (2.10)

m;!
k=1
whereh®! is a given, short-length interpolation kernel, and

“ml = m - (2.11)

In this relation, the values (Ff,{?l” corresponding t&k < 1 ork > N, ; are obtained using
a2 -periodical extension of the measurements. The secondhpdise step reorganizes
the hybrid projection data onto 180 degrees using the carafemplementary rays ex-
pressed by the relatioR™( + ; )= P™P(; ). This step requires distinguishing
two casesd = 0:25(see Fig.Z1) and = 0(see Fig. 2b). In the rst case, the rays at posi-
tion ,+ areinterleaved with the rays at positigp to obtain projections with increased
resolution. In the second case, two values are availabledohn ray and these values are
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Figure 2.5: Rebinning without quarter-detector offset.

simply averaged together to get improved estimatds™f( ; ). In both cases, we obtain
estimates oP“™(; ) at

=@ 1) ; i=1;::5N =0 (Ne 1)=2) % j=1:::;Ne; (2.12)
whereN , = N, =2. Ford = 0:25, the sampling distance results in 0= =2andthe
number of channelsl, = 2Ny; otherwise, the sampling distance ° = and number

of channeld\N; = N remains unchanged. The data at the end of this second stetenw
asPS°™. Ford = 0:25, the complementary rebinning relation is

om= P and PS™ = P g (2.13)
whereas, fod = 0,

1
PE™ = 3 PP+ P 1 | (2.14)
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The nal resampling step acts onat xed to estimate values corresponding to sam-
ples of PPA( ;1) = P™( ; arcsint=R)). The estimation is performed at
i=@0 1) ; 1=1;:15Np; th=(n 1 (Np 1)=2) t; n=1:::;Np;
(2.15)

whereN, = Ncand t = R % and the resulting values are denotedR{§"

Pcom( ;; arcsin(t,=R)). The relation betweeR/;" andP5™ is

We
PR = h®(% P (2.16)
j=1

where
~n = arcsin (t,=R) (2.17)

In this relation, functiorh™? is a given, short-length radial interpolation kernel.

Convolution

The next step in the reconstruction pipeline is the coni@iubf the parallel-beam projec-

tion data,Pif’r?r, with an apodized version of the ramp Iter, denotgd). This convolution
is applied at xed view index and gives
Xip
Ph= t  k(t, t)PP": (2.18)
s=1

The precise de nition of the Iteringgernel is

1

k(t) = q( )j ie?' d; (2.19)

1
whereq( ) is the apodization window. In clinical practice a varietyagfodization win-
dows are available, with each selection yielding a specompromise between noise and
resolution. On the one hand, smooth kernels, commonly egdir soft-tissue imaging,
suppress high frequency noise, but entail a low image résealuOn the other hand, sharp
kernels yield higher resolution but to the cost of giving theonstructed images a more

noisy appearancé [Buzul04].

Backprojection

The nal step in the reconstruction pipeline is the backpatijpn. The Itered parallel-
beam projection data are backprojected to obtain an estiofdhe attenuation coef cient
at positionx:
Nop
(x)" P, (x); (2.20)
i=1
whereP;' (x) is obtained frorTPi;'n by interpolation. Speci cally, the interpolation is com-
puted as
Yo
P! (x)= h°(xsin ; ycos; tn)P; (2.21)
n=1

whereh®?! is a given, short-length interpolation kernel.
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Houns eld-Scaling

The reconstructed attenuation coef cients are usuallynmadized to Houns eld Units (HU)
according to:
(x)

f(x)= Y1000 HUY (2.22)

w

with , de ning the attenuation coef cient of water.

Interpolation kernels

One-dimensional interpolation was involved three timegh@& reconstruction pipeline,
twice for the rebinning step and once for the backprojectiés noted, different inter-
polation kernels can be used each time, if desired. The sshphd most frequently made
choice is the linear interpolation kernel:

Moifjxj < x

1
h(x) =
() 0 else

; (2.23)

where x is the sampling distance. If linear interpolation is uséé, sums in Eq[(2.10),
Eq. (Z.16), and EqL(Z.20) simplify to two weighted summands

2.3 3-D Reconstruction

With the introduction of helical CT and multi-row detectohng treconstruction of isotropic
3-D volumes became possible.

2.3.1 Scanning Geometry

Two different scan modes are distinguished: sequentialhatidal scans. In sequential
mode, the source and a multi-row detector rotate on a cirpalédn around the object being
scanned. This procedure can be repeated for certain tabigops, meaning for different
z-positions, as illustrated in Fig. 2.6(a). In helical mpttee tube and detector are again
rotating around the patient, which is at the same time caotisly moved through the scan
plane. Therefore, the source moves on a helical path ardundtject being scanned, as
illustrated in Fig[ 2.6(B).

The projections now consist of several detector rows, eatth avcertain number of
detector channels, and consequently two-dimensionatgtions are acquired for different
source-detector positions.

2.3.2 Weighted Filtered Backprojection

As an example of a state-of-the-art 3-D reconstructionrieple, the basic principles of the
weighted ltered backprojection reconstruction (WFBP) E13¢] are shortly summarized.
The WFBP is an approximate reconstruction method for helicakebeam CT, which is
closely related to the indirect fan-beam FBP method destribehe previous section.
Basically four main steps are necessary:
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Figure 2.6: 3D-Acquisition: Sequential (a) and helicalgbans.

» The cone-beam projections are row-wise rebinned to @nadbjections. This can
be performed in the same manner, as explained in Sdctich 2.2.

» The parallel projections are then convolved with the ratartion kernek(t), as
described in Sectidn 2.2.2. This is again performed for eashseparately.

 In a third step the Itered projections are weighted acaogdo the distance of the
row to the center row. Weighting down outer detector rowsiced artifacts after
reconstruction. Stierstorfer et al. [Stig 04] proposedradeiv function with a cosine-
square-apodization.

* The last step is the normalized backprojection of the dtiand weighted projec-
tions. It can also be expressed as the summation over paatéprojections. This
partitioning is performed, because a voxel might receivérdoutions from projec-
tions at one or more focus positions, depending on the posit the voxel and the
table speed that is used for moving the patient through the CT.

2.4 Noisein CT

Before considering methods for noise reduction in CT datas iimiportant to get an
overview of the origins and properties of noise in the priiggs and the reconstructed
data.

2.4.1 Noise of Signals and Projections

The signalU measured at the detector is subject to statistical unogytalt can be de-
composed into its noise-free expectation vati{®) and an error terrN, which is zero-
mean [Vest 98]:

q
U= EU)+ Ny; with E(Ny)=0; and = E(NJ): (2.24)

The error term consists of two components, quantum réisand electronics noise:
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Both sources are independeB(lyN¢) = 0) and zero-mearH(N,) = E(N¢) = 0), and,
thus, the variances can be added

6= ot & (2.26)
with &= E(NZ) and 2= E(NZ). The signal is generated by the absorptiom afuanta
at the detector [Vest 98]:

E(U) = cE(n); and consequently Nq= c(n E (n)): (2.27)

The expected number of quanta is in the following denoted as E(n). The physical
process of generating and absorbing quanta consists of mdagendent small random
processes and underlies Poisson statistics, which candoelokd by the probability dis-

tribution [Buzu 04]:

P(N =n)= (nr%e( n). (2.28)

The variance of a Poisson random variable is equivalenstméan. Thus, quantum noise
of the signal can be expressed as:

2 _ — .
5= ¢n = CE(n): (2.29)
The intensity is proportional to the measured signal [BuZwedd can thus be written as:
| = €U =<€E(n)+€Ny: (2.30)
The noise-free expected intensityels(n) andN, = €Ny is the error, with
=€ =€ i+ ) (2.31)
Given the noise of the intensity, the noise in the projectian be estimated:
2 = Varfin(ly) In(l)g Varfin(l)g; (2.32)

becausd can be considered to be known with negligible error [Kak Ollhe logarithm
can be written as

In(l1) =In( E(1) D=In E(I) 1 ?II) =In(E(l))+In 1 ?ll) (2.33)
Based on the linear term of the series expansion [Buizu 04]
R iy
(1 x) = CUX. for 1<x< 1 (2.34)

) |
i=1

the variance of noise in the projection can be estimatecafgeE(n) according to:

2 . _CEMm+ 2_ 1 :

OB T T @EM)? | E(n) T PE(n)?
This relation clearly shows that with decreasing number @)X quanta measured at the
detector, noise in the projection increases. The systerti sggarametersc and 2 can
be determined by measuring signal strength and noise aiugaruxes. Especially, if
the system is equipped with a bowtie- Iter, each detect@rutel has an individual set of
parameters.

(2.35)
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2.4.2 Noise after Reconstruction

The reconstruction of the location dependent attenuatiures is performed on noisy pro-
jection data. Accordingly, noise in the projections alsogargates through the reconstruc-
tion algorithm to the nal slices. The problem is that all tiermediate steps, like inter-
polations or Itering with the convolution kernel, introda correlations to the noisy data.
This makes the analytical description of noise in the retanged data more dif cult. A
detailed discussion of the propagation of noise throughritieect fan-beam FBP recon-
struction, as described above, is given in Chapter 7. Her#hisnsection, only a very
simpli ed description of noise in the reconstructed datgrssented. All correlations are
neglected and a FBP reconstruction from parallel-beam giojes is considered.

The relationship between the discrete parallel-beam gtiojevaluesP!™" and the at-
tenuation coef cients (x) is given by:

t Xop X
(x) = N k(xcos m ysin n ty)P5": (2.36)
P i=1 n=1

This results in a variance of the reconstructed attenuaten cients of

t 2% Wp
2(x) = N k?(xcos; ysin; t,) 3(itn); (2.37)
P i=1 n=1

provided that there are no correlations between differesjeptions. The noise variance
in the reconstruction can be interpreted as a Itered bamjgtion of the noise variances
of the parallel projections, but with the squared weightspédeially for the center of a
homogeneous circular disk and under the assumption thatwmanoise is the dominant
source of noise 2) it can be derived that [Buzu 04]

2 Z%

2/M- ) — v 2 1
(O,O)—anc ﬁJK()J d; (2.38)

whereK () is the frequency representation of the Iter functi(t). Eq.[2.38) shows
that the noise in the reconstructed image depends on thefutetion used for the ltered
backprojection algorithm. The variance of the central pigeproportional to the area
under the squared magnitude of the lIter function in frequespace. The average number
of X-ray quanta of the central rays reaching the detectoermoted as..

The most important properties of noise in the reconstrudigdsets can already be
explained based on this simpli ed consideration. Noise in I@tonstructions is object
dependent, non-stationary and correlated. In[Fig. 2.7 symeiconstructed CT slice, the
corresponding projections and the standard deviation iserin the projections are shown
as an example. As E{.(2137) clearly shows, the noise vaianthe image directly de-
pends on noise in the projections. Noise in the projectiems uenced by the absorption
of X-rays traveling through the object. Consequently, dédfe projections might differ
with respect to their noise variance. This explains why edispends on the object being
scanned. Further, it explains, why noise differs for défgrposition in the reconstructed
image. Depending on the position the weighting of projewithat contribute to the sum is
varied. Thus, noise in the reconstructed image becomestabionary. The third property
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standard deviation of noise
reconstructed image fan-beam projections in fan-beam projections

Figure 2.7: lllustration of noise in projections and redomsted image. X-rays traveling
through the object along the red line were strongly attesdiatThe corresponding line
integral measured at the detector for this ray is highlighg a red arrow in the fan-beam
projections and the corresponding standard deviation iseria the fan-beam projections.

can also be explained based on Eq.(R.37). The backprajgmtozess means that the noise
variance of one projection3 ( ;t) in uences pixels that are placed along the ling;t).
Altogether the variance at a certain position is gained ftioesum of contributions of pro-
jections from different directions. If one of these contitihg directions has a very high
variance, compared to other directions, then two pixelaghtbe lineL ( ;t) are stronger
correlated than pixels along another direction. This isrd@son for the anisotropic noise
grains visible in most CT reconstructions. Especially, fodypregions, where rays have to
travel through much denser or much more material for cedmettions, directed noise is
visible.

2.5 Spatial Resolution in CT

The discussion in the last section clearly showed that nai€&T can be in uenced for
example by the convolution kernel used for the Itered baokgction. When dealing
with medical images, not only noise is important for judgintage quality, but also the
spatial resolution plays and important role. Spatial nesoh tells how many line pairs per
centimeter (Ip/cm) can be distinguished in the reconstdignage. It thus indicates how
close two neighboring lines can get to each other beforedheyo longer be distinguished
due to the vanishing modulation of the image values, i. e.yvriation of the gray values
between the lines [Buzu04]. One of the most frequently usets tior describing the
resolution capability of imaging systems is the modulatransfer function (MTF). In this
section, different possibilities for measuring resolatio reconstructed and processed CT
datasets based on the MTF are discussed. Furthermore, thé@riancing parameters to
azimuthal and radial resolution and the coherence with 8agpf the projection data are
brie y summarized.
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Figure 2.8: Azimuthal and radial resolution in the recomstied image (left). Illustration
of sampling points of parallel-beam projections in Foudemain (right).

2.5.1 Azimuthal and Radial Resolution

Generally, when talking about spatial resolution in CT, a#imal and radial resolution are
distinguished [Kak 01]. Azimuthal resolution describes thsolution along a circular path
with xed distance to the iso-center. It is mainly in uencég the number of projections
and the distance to the iso-center. Radial resolution de=sthe resolution along a straight
line through the iso-center. It is mainly in uenced by thenmoer of detector channels
and the convolution kernel. The difference between azialugimd radial resolution is
visualized in Figl Z.8.

The maximum possible resolution, is limited by the samplighe projection data.
Based on Shannon's sampling theorém [BuzZu 04, Kak 01], theekigpatial frequency
that can be measured for each projection is limited by

W=1=2 ¢ (2.39)

if tisthe sampling distance within a parallel-beam projectidhe number of detector
channels and the number of projections are usually chosgnteat azimuthal and radial
resolution are about the same. In [Fig] 2.8 it can be seen hosatimpling points of parallel-
beam projections are located in the frequency domain. Teienagtion that azimuthal and
radial resolution are about the same is ful lled if

2w 1

=W -w = 2.4
VSN, T T, 2 2 IN, (2.40)

are the same. This is ful lled if> 5 [Kak01].

2.5.2 Measuring Resolution in Images

Resolution in the reconstructed CT image is not the same f@uoaitions and might also
vary for different directions. This makes the investigataf resolution in CT very com-
plicated. Thus, resolution is usually only considered F& iiso-center, or a position very
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Figure 2.9: lllustration of MTF computation at the edge ofraular object.

close to the iso-center. The expression MTF in the contespatial resolution in recon-
structed CT images is rather misleading. It does not desariibear shift-invariant system
in the system theoretical sense, but is more to be seen aglM®€E, e. g. in the iso-center.

Different techniques for measuring resolution in CT imagedste The most famous
is the so called wire method [Cunn|92]. A thin metal wire, pthcise to the iso-center,
is acquired. Due to the high density a high contrast betwleemire and the background
in the image is obtained. The point-spread-function (PSf€) eonsequently the MTF
can thus directly be computed from the neighborhood arohed¢nter of the wire. The
different radial directions are commonly averaged. If teeonstructed images with the
wire are very noisy, several noise realizations are averagerder to increase the SNR
and get reliable MTF measurements. The problem in this wetkat resolution should
be determined in images where adaptive lters were applardbise suppression. The
detection and consequently the preservation of edges dsperthe contrast-to-noise ratio
(CNR) in the image, as the different experiments in the renrinéi¢his thesis will show.
The wire method, which is just considering high-contrasbhetion, is no longer practical,
if the MTF should be determined for different CNR levels.

Another possibility for measuring the resolution in redomsted data is, the so called
edge techniqué [Judy [76, Cunn 92]. The line-spread-fun¢ti&ir) is determined along a
straight edge in the image, which has a slight slope of almutdegrees with respect to
thex or y-axis. The slight slope makes it possible to compute an angpted edge pro le
along the edge. This slight slope of the edge is in fact necgd$sr the MTF computation.
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Otherwise, if the edge is perfectly aligned with the pixeldgan arbitrary MTF might
result, depending on the sampling of the edge with discret The derivative of the
edge pro le gives the PSF. Its Fourier transformation wyalkkads to the average MTF
along this line. The advantage of the edge technique islileatdntrast at the edge can be
varied easily, enabling a contrast dependent MTF evalualibe critical point of this edge
technique is, that the edge has a certain orientation. Caesdy, resolution is evaluated
for that orientation only and does not represent the avereg@ution of all directions.
This might be a desired feature for some investigations, @.the resolution should be
evaluated for different directions separately. In manyesakowever, the average MTF of
all directions is more of interest.

Instead of computing an averaged edge pro le along a stt@&dge, it is also possible
to use e.g. a circular object [Li07]. Basically, the MTF cortgiion is the same as for
the edge technique, except for the computation of the edgéeprThe different steps
needed for the computation of the average local MTF alongtige of a circular object
are summarized in Fig.2.9. The edge pro le in this case iseaeldl by averaging the
radial lines going through the center of a circle. More pratly speaking, pixels within a
certain distance range to the center of the circle are agdraghich is also called binning.
Averaging all pixel values within the same bin leads to arrayed edge pro le along the
border of the circle. The critical part of this method can eersin choosing the size of the
circular object. The smaller the object the more local thegeresolution is determined. If
the object is too small, however, the pixel grid might be ting the precision of the MTF
computation. An additional aspect that needs to be coregiderthe contrast of the object
compared to the noise level. If a larger object, coveringgeianumber of image pixels,
Is used, the averaging over the different directions inmiy@educes the noise level in the
edge pro le. This might result in a smaller number of imadgestineed to be averaged in
order to get reliable MTF measurements in cases of lowerastto-noise ratio.



Chapter 3

Wavelets in Image Denoising

The theoretical basis for the rst part of noise reductiortimeels, described in this thesis,
is the discrete wavelet transformation (DWT). The wavebatsformation (WT) provides a
tool for local frequency analysis, which is the strength paned to other frequency repre-
sentations such as the Fourier transformation. In thisteh#pe main concepts of wavelets
and wavelet transformations are reviewed, which are nefdtedthorough understanding
of the wavelet-based denoising algorithms. More detaitgitvavelet theory can be found

in numerous books like [Daub 92, Malll99, Meye 93] lor [Stra.96]

3.1 Introduction to the Wavelet Representation

The Fourier transformation (FT) can be used to determin&d#ggiency content of a signal
and is one of the most important tools in signal analysis. @fes disadvantages is the
fact that it only provides a frequency resolution, but naigpar time resolution. Although
all frequencies present in a signal can be identi ed with the Fourier transfation, no
information about the position or tinteof their presence can be given. Consequently, the
Fourier transformation is only suitable for global, but fantlocal signal analysis.

One possibility to overcome this problem is to divide thensignto several parts, so-
called windows or frames, which can then be analyzed seggrathis approach leads to
theWindowed Fourier TransforfiWWFT), also referred to a&hort-Time Fourier Transform
(STFT), which is de ned as

Z

STFT(; )= f(@)! (t )e?' dt (3.1)

where! (t) de nes the complex conjugate of the window functibit). The window
function! (t) is shifted through the sign&lt) and suppresses the signal outside the de ned
region of interest. This allows the computation of a locacpum. The problem is that,
due to Heisenberg's uncertainty principle, it is not pokestio reach a high resolution in
time and frequency simultaneously. Regarding the choicleeohindow function (t) this
results in the following tradeoff [Niem 83]: the window widshould be small enough to
get a good time resolution and large enough to get a gooddrexyuresolution. Another
drawback of the STFT is that, once the window size has beesethat remains xed for

all frequencies. A more exible signal analysis is possiwi¢h variably sized windows as
used for the wavelet transformation (WT). Long time intesvate used in regions where

23
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precise low-frequency information is wanted, and shorttarials in regions where higher
frequencies are of interest. This difference between the-frequency resolution in the
STFT and the wavelet transformation is illustrated in Fed8i.

(a) STFT (b) WT

Figure 3.1: Comparison of the time-frequency resolutiomieen short-time Fourier trans-
formation (STFT) and wavelet transformation (WT).

3.1.1 Wavelets

Wavelets are generated from a single basis functi@in called mother wavelet by means
of scaling and translation:

1 t
s (=P 5 (3.2)
with
s;: 2R;s>0:

The scaling factos is used for expansion and compression of the wavelet. Thamar
ter is responsible for the translation. For energy normalrathe factor{al—g is needed.

The Fourier transformatiorf ) of the wavelet (t) must satisfy the admissibility condi-

tion [Niem 83]

<1: (3.3

This can only be ful lled if
(0)=0 ; (3.4)
which means that wavelets must have a band-pass like speffale 04]. From equa-

tion[3.4 it follows that the mean of the wavelet in the spatialime domain must be zero,
which requires 7
1

(t)dt = 0: (3.5)

1

Therefore, it must be oscillatory, which explains the nanagelet.
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3.1.2 Continuous and Dyadic Wavelet Transformation

With this de nition of wavelets a local signal analysis bewes possible. The continuous
wavelet transformation is de ned as:
Z 1

WT(s; )= f() o (Ot (3.6)
1

where (t) is the complex conjugate of(t). The coefcientsWT(s; ) specify the
similarity of the wavelet ¢. to the function around the position

The frequency information is included in the scaleA low scales describes a com-
pressed wavelet that can only detect rapidly changingldetad, therefore, corresponds to
high frequencies; analogously, a high scale correspondsitrequencies. This is the rea-
son why the wavelet transformation is referred to as a tioaesand not a time-frequency
representation.

The original continuous function can be reconstructed fitsrwvavelet coef cients by

14140 dsd

f(t)= c L WT(s; ) s (1) 2

(3.7)

The constant results from the admissibility equatibn B.3. The CWT is smiftariant and
highly redundant[Mall 99].

3.2 Discrete Wavelet Transformation

Usually, the discrete wavelet transformation (DWT) is agged with the signal expansion
into a (bi-)orthogonal wavelet basis. In contrast to thehljigedundant CWT there is no
redundancy included in the DWT representation of a signale 3taless; are usually
chosen as powers of two and the time sampling is proportiortale scaling

ss=21and =k 5=k 21; jk2Z (3.8)

leading to a dyadic sampliﬁgwhich has also been used for illustrating the time-fregyen
resolution of the wavelet transformation in gure Hig.I3\WWavelet transformations, which
use this kind of sampling are also called dyadic waveletsfiamations. The DWT uses
the dyadic sampling. However, it cannot be interpreted asvged version of the CWT.
The choice of the wavelets that can be used for DWT is far masticgve. In order to
be able to represent a nite-energy sighdt) 2 L?(R) by a non-redundant set of wavelet
coef cients, according to

X X
f (t) = dj;k ik (t); (39)
j=1 k=1
the wavelets ( )
1 t
K (t) = p— —dt ; (3.10)
15) % (ik 22)

1Sometimes, the de nitios; = 2/ is used in literature.
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Figure 3.2: Two-stage DWT analysis and synthesis Iter bamke wavelet coef cients
after two decomposition levels of a one-dimensional DWT agélighted in blue color.

must build a basis o 2(R). Then, the wavelet coef cientdj, are given by the inner
products of the signdl(t) with the dual basis7 (t):
Z 1
dix = f (1) T (D) dt: (3.11)

1

3.3 Multiresolution Analysis

The theoretical framework for constructing (bi-)orthogbwavelet bases and for the fast
computation of the wavelet transformation is the multiteon analysis[[Mall89]. Due
to the band-pass-like spectrum of the wavelets, it can beatkthat a series of dilated
dyadic wavelets shifted through the signal results in a hzags Iter bank. With the
constraint off (t) being band limited, its whole spectrum might be covered byitialy
many scaled versions of the wavelet. Mallat introduced theadled scaling function
sk (t), which covers the lowpass parts covered by in nitely manhatéid wavelets up
to a givenJ. The signalf (t) can then be split into a low frequency approximation fart
and its high frequency detaitbaccording to:
X X X
f(t)= Cik gk (t) = Gy 1k 3 k() + dy 1k 3 wk(t): (3.12)
k k k

On the basis of the two-scale relation

p_X
ty= 2 ok (2t k) (3.13)
k

and analogous for the wavelets

p_X
ty= 2 he (2t k) (3.14)
k

which states that a scaling or wavelet function at a giveteszan be expressed in terms of
translated scaling functions at the next smaller scalearithe derived that the coef cients
Gk andd;x can be computed by Itering with the analysis high-pasand low-pass Iter
g followed by downsampling, according to:
z X
Gk = f (t) jik (t)dt = On 2kG+1:n (315)

n
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and 7 «
dx = f(t) (t)dt= hn 2kGi+1:n: (3.16)
n
The reconstruction can be expressed as
X X
Gk = & 2nGin T M 2ndj;n; (3.17)
n n

which can be interpreted as up-sampling of the detailand approximation coef cients
Cik , Itering with the synthesis high-padsand low-pass Iter and summation of the two

parts. An example of a two-stage analysis and synthesisbli@k is shown in Fig. 3]12. As
can be seen from Eq.(3]15), Hg.(3.16) and Eq.(3.17) thelataed scaling functions are
not needed for the computation of the discrete wavelet dposition or reconstruction.
Instead the analysis and synthesis Iters need to be dedigarsfully. For perfect recon-
struction of the signal the following two conditions mustdor the z-transformations of
the lters:

H(z)H(z) + G(z2)G(z) =0 (no aliassing) (3.18)
H(ZH( z)+ G(z)G( z)=2z 9 (no distortion) (3.19)

whereq 2 Z de nes the system delay [Stral96].

The above described fast algorithm is in literature usuellgrred to as discrete wavelet
transformation (DWT). Throughout the rest of this thesis de this notation. For a data
array withN samples the DWT has a computational and storage complexi@(Nf),
which is even faster than the fast Fourier TransformatidgfT(-which has a complexity of
O(N logN). In practical applications the approximation coef ciemtsthe highest scale
s = 2 7 are approximated by the input data samples. If the samptitegvals are suf -
ciently small the approximation error of directly using thput samples as approximation

coef cients is negligibly small[[Wick 94].

3.4 Wavelet based Noise Reduction in Images

The introduction to the wavelet representation preserdéarsoncentrated on one-dimen-
sional signals. The main focus of this thesis is the noispgsion in images. Therefore,
this section summarizes the main principles of the threfergifit wavelet-transformation
schemes and wavelets that are used within this thesis feemeduction purposes.

3.4.1 Wavelet Transformations in Higher Dimensions

In addition to the separable extension of the DWT, two redohdavelet transforma-
tions are discussed: the stationary wavelet transform&8WVT) and the algorithm a trous
(ATR). In this section, the main differences between theedéfht approaches are explained
and schematic descriptions of the algorithms are presehrtadhe theoretical derivations
the books[[Mall 99| Stra 96] give detailed information.
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Figure 3.3: Schematic description of two decompositiorelewf a 2-D-DWT. In each
step the one-dimensional DWT is successively applied todtws end the columns of the
image.

Figure 3.4: Two levels of a 2-D-DWT applied to a CT image.

DWT in Higher Dimensions

When dealing with images, the two-dimensional wavelet fansation is required. The
one-dimensional transformation can be applied to the ravdsalumns of an imagé
successively, which is referred to as separable transtaymiMall 89]. The original input
image is also denoted &), the approximation at the highest scale or at decomposition
levell = 0. Each step of the wavelet transformation decomposes thexpation image
at levell into four two-dimensional blocks of coef cients: the lowgs ltered approxima-
tion imageA,.1, and three detail image#&/y, ., , Wi, ,, andWg,,, which include high
frequency structures in the horizontal (H), vertical (V)dagiagonal (D) directions. In
Fig.[3.3 a schematic description of the separable two-dsme@al DWT is presented. Like
the 1-D case, the 2-D multiresolution wavelet decompasitian be computed iteratively
from the approximation coef cients of the previous decomsifion level. An example of a
2-D-DWT performed on a CT-image is shown in Higl3.4. The sdgaBWT can easily
be extended to also work for more than two dimensions.

SWT - Stationary Wavelet Transformation

The computational ef ciency and the constant storage cerifyl are key advantages of
DWT. Nevertheless, the non-decimating wavelet transfdonatlso known as stationary
wavelet transformation (SWT), has certain advantages oWEF Boncerning noise reduc-
tion [Coif 95,[Naso 95]. Mainly, SWT works in the same way as DWihwhe difference
that no downsampling step is performed. In contrast to DWE ftequency resolution is
now gained by upsampling the wavelet Itegsandh after each iteration. The analysis
Iter bank of the 2-D-SWT is presented in FIg. B.5. The numbkwavelet coef cients in
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Figure 3.5: 2-D-SWT analysis Iter bank. No downsampling bétcoef cients is per-
formed. Instead the frequency resolution is obtained byuonming the lters.
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Figure 3.6: 2-D-ATR analysis and synthesis lIter bank. Ohighpass Itering to one
direction without lowpass Itering orthogonal to that is@@d in order to achieve the
horizontal and vertical detail coef cients. No diagonatalés are obtained. The frequency
resolution is again obtained by upsampling of the lters.

all blocks @, Wy, , Wi, andWg), ) are the same as number of pixels in the original im-
age, independent from the decomposition lév@lhis leads to an overall increased storage
complexity of SWT compared to DWT. At decomposition leVel redundancy factor of

2 is included for each dimension. The reconstruction frora tedundant representation
is not unique. If coef cients are modi ed, as it is done in easof noise reduction, an
additional smoothing can be achieved by combining all gidsseconstructions from non-
redundant subsets. More precisely, at ldvielr each dimension the averagedfinverse
2-D-DWTs is computed.

ATR - Algorithm a Trous

A third alternative two-dimensional wavelet transformatconsidered in this thesis is the
a-trous (ATR) algorithm as described in [Mall92]. The anayand synthesis Iter banks
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are shown in Fid.316. The main difference in comparison to D@ SWT is that only
two instead of three detail images are computed at each qexstion level. The ap-
proximation coef cientsA, at decomposition levdl are again computed by ltering the
approximation coef cients of the previous decompositiendll 1 with the lowpass Iter

in both directions. The detail coef cients are Itered withe one-dimensional highpass
only in one direction respectively, resulting in two detaibgesW |, andW,, . In contrast
to DWT and SWT, no lowpass lItering orthogonal to the highpa#iering direction is
performed. Diagonal detail coef cients are not needed fenfgct reconstruction because
no downsampling step is performed. For the reconstruchomnjever, an additional low-
pass Itering withgorthogonal to the highpass Itering direction is necesdarythe detall
coef cients, in order to compensate for the missing diadolesail coef cients [Mall 92].

3.4.2 Choice of Wavelet

Many different wavelets and wavelet families can be fountkt@nature. In the following,
a short overview of some of the most important wavelets ismgiwhich are used within
this thesis. The wavelet functions of the Haar, Db2 and CDB&%&hown in Fid. 3]7.

1
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Figure 3.7: Wavelet functions of Haar, Db2 and CDF9/7, whighused for noise suppres-
sion within this thesis.

Haar Wavelet

The Haar wavelet was already introduced in 1909 by AlfredrHaho was interested in
the construction of basis functions for thé(R). As illustrated in Fig.3.7(&), the Haar
wavelet is discontinuous and resembles a step functions dtthogonal and symmetric
wavelet is the simplest member of wavelet families such asbBehies or Biorthogonal
Spline wavelets. The analysis high-pass and low-passs lee de ned as:

P

H(z)= 2 %z ! (3.20)

NI =
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and 0 11
2 Z+2z17
2 2
P 2is needed as a normalization factor for compensating tissobisalf of the components

while downsampling [Stra 96]. Because of orthogonality,ahtis given if
Z

G(2) = (3.21)

1 ifj = j%andk = K

i (1) joxo(t)dt = ; (3.22)
0 else
the dual Iters for synthesis can be computed according to:
G(z)= H( 2) (3.23)
and
H(z)= G( 2): (3.24)

Daubechies Wavelets

Daubechies wavelets were the rst wavelets after the Ha&eieathat were found to build

an orthonormal basis ib?(R). Daubechies wavelets are compactly supported and regular.
The maximum number of vanishing moments of the wavelet fandl is indicated by

its name DbN. The length of the Iter i8N . In Fig[3.7(b) the wavelet functiobb2 is
visualized. This example displays another property of [2ahies wavelets. They are not
necessarily symmetric. The Iter coef cients of Daubechi2 (Db2) wavelet are given by

[Getr 05]:

H(Z): h12+ h0+h 1Z 1+h 2Z 2 (325)
and
G(Z)=h z hi+hgz?! hyz? (3.26)
with _ _ _ _
~1+°3  _3+"3 3 "3 hool "3
2T P Mt P o= P M= e

The corresponding synthesis Iter can again be computedrdaty to equatiofi 3.23 and
[3.22.

Bi-orthogonal Spline Wavelets

Spline Wavelets provide a smooth, regular and symmetriis laasl have a close form rep-
resentation. It is well known that symmetry and exact rettacton are incompatible,
except for the Haar wavelet, if orthogonal wavelets are u3éxdrefore more exible bi-
orthogonal wavelets have been introduced. Instead of omeletaand one scaling function,
as in the orthogonal case, additionally a dual wavéjgt(t) and scalingT (t) function
are de ned. One {jk (t)) is used in the analysis step and the othgx (t)) for the syn-
thesis. How to construct bi-or}hogonal splingwaveletsie  summarized in [Getr 05].

SplineN: N wavelets, withm = %(N + N) 1 can be generated as following:

p- _ DA n
Hz)= (2202 “TZ m:” (4" z 242", (327

n=0
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1+z 1 N
5 ,
G(z)= zH( 2); and G(z)= z H( 2): (3.29)
The lter coef cients for the Spline4.4 also known as Coheatibechies-Fauraue(CDF9/7)
wavelet are given by:

)= ()2 (3.28)

H(Zz)= ha(z*+z )+ hy(z®+ z 3+ hy(z?+z 2+ hy(z+z )+ hy  (3.30)

and
G(2)= gw(Z’+ 2 )+ w(Z®+ 2z )+ qu(z+ 2z )+ g (3.31)

with

h, = 0:037828455507 g3 = 0:064538882646
hs; = 0:023849465019 g, = 0:040689417620
h, = 0:110624404418 ¢, = 0:418092273333
h, = 0:377402855613 g, = 0:788485616614
ho = 0:852698679009

The wavelet functions for analysis and synthesis are displan Fig[3.7(d) and Fi§. 3.7(d).

Different wavelets and wavelet transformations used inféHewing for noise reduc-
tion in CT datasets were brie y reviewed in this chapter. Nowave ready to have a closer
look on wavelet based noise reduction algorithms for theu&sT.



Chapter 4

Adaptive Wavelet based Noise Reduction
Using Multiple CT Reconstructions

Recently, Tischenko et al. [Tisc05] proposed a structuvnganoise reduction method us-
ing the correlations between two images for threshold detetion in the wavelet domain.
Their approach was motivated by the observation that, itrastito the actual signal, noise
is almost uncorrelated over time. Two projection radiogsapnages, which are acquired
directly one after the other, show the same information lmigenbetween the images is
uncorrelated assuming, of course, that the patient doesiaeg¢. This concept of image
denoising serves as a basis for the suppression of pixet moomputed tomography im-
ages, described in this chapter, which has partially bebhgned in [Bors 06, Bors 08c].

The main contributions in this chapter are: The generatiagpatially identical input
images, where noise between the two images is uncorrelataddressed for the case of
CT. Two different similarity measurements for differeniiat between structure and noise
in the wavelet representation of the input images are iyegsd. Moreover, the use of
different wavelet transformations with different propestfor the noise reduction based on
two input images are compared. The nonreducing "a-trouxitign (ATR), the dyadic
wavelet transformation (DWT) and the stationary wavelatigfarmation (SWT) are com-
pared in combination with both similarity measurements.e @hfferent approaches are
evaluated with respect to reduction of pixel noise and puwasen of structures. Experi-
ments based on phantoms and on clinically-acquired da@apesformed. Within a human
observer study the low-contrast-detectability in noisgt denoised images was compared.
Finally, the proposed method is compared to a projecti@etanoise reduction method
that is used in clinical practice.

4.1 Methodology Overview

Figure[4.1 illustrates the different steps of the noise cédo method. Instead of recon-
structing just one image from the complete set of projestientwo imagesA andB,
which only differ with respect to image noise, are generaldus can be achieved by sep-
arate reconstructions from disjoint subsets of projestidmageA is reconstructed from
the set of projectionB1 (e.g. from the set of projections acquired at the rst dedecf a
DSCT) andB is reconstructed fror?2 (e.g. the set of projections acquired at the second

33
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Figure 4.1: Block diagram of the noise reduction method
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detector of a DSCT). The two images include the same struatfmemation, but noise
between the two images is assumed to be uncorrelated.

Both images are then decomposed into multiple frequencybgd 2-D discrete
dyadic wavelet transformation. This allows a local frequeanalysis. The detail coef-
cients of the wavelet representations include higher trexocy structure of the images
together with noise in the respective frequency bands. Herdduction of high frequency
noise as it is present in CT images, only decomposition lesa®ring the most domi-
nant frequency bands of the noise spectrum are of interéess, thus, not necessary to
compute the wavelet decomposition down to the coarsest.s@dle number of decom-
position levels that cover the noise spectrum depends orettumstruction eld of view
(FOV). The smaller the FOV the smaller the pixel size and eqosently the higher the
frequencies at the rst decomposition level. Due to the t@hanic scale of the wavelet
transformation, halving the FOV, e.g., means that one mecemhposition level is needed.
The experiments showed, that in most cases few decompos$itvels, e.g. 3 or 4, are
suf cient because they cover approximately 90 percent efftequencies of an image, if
dyadic wavelet decompositions are used.

For each decomposition level a similarity image is compubiskd on correlation anal-
ysis between the wavelet coef cients AfandB. The goal is to distinguish between high
frequency detail coef cients, which represent structur@imation and those which rep-
resent noise. High frequency structure that is present ih images should remain un-
changed, while coef cients representing noise should lppsessed. A frequency depen-
dent local similarity measurement can be obtained by comg#ne wavelet coef cients of
the input images. Two different approaches will be desdrilide similarity measurement
can be based either on pixel regions taken from the lowpaseed approximation images,
or on the high frequency detail coef cients of the wavelginesentation of the images.

Level dependent weighting images are then computed by imgpdyprede ned weight-
ing function to the computed similarity values. Ideallye tresulting masks include the
valuel in regions where structure has been detected and valuekesthanl elsewhere.
Next, the wavelet coef cients that correspond to the retrmiesion from the complete set
of projections are weighted according to the computed wgighimage. If a linear re-
construction method is used, the averaged wavelet coeitsief the input images (detail-
and approximation-coef cients) are equivalent to the weteoef cients of the image re-
constructed from the complete set of projections. Othexwise wavelet coef cients of
the image reconstructed from all projections is used forghing. In both cases only
one inverse wavelet transformation is necessary in ordget@ noise suppressed output
imageR. This output image corresponds to the reconstruction fiteencomplete set of
projections but with improved signal-to-noise ratio (SNR).

4.2 Multiple CT-Reconstructions

The input images are generated by separate reconstruftamslisjoint subsets of pro-
jectionsP1 P andP2 P, withP1\ P2 =;,jPl = jP2j andP = P1 [ P2, where

jPj de nes the number of samples lhand is assumed to be even. The two input datasets
A andB are computed according to

A=R’fPlg and B = R?fP2g; (4.1)
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whereR? de nes the reconstruction operator, like in our case a dtkbackprojection
based reconstruction method. Generally, other recon&irutechniques can be used,
however, the investigation of the in uence of the reconstian technique to the denois-
ing method is beyond the scope of this work. Different retmasion methods may also
lead to special requirements for the valid sets of projest®1l andP 2. However, the
restrictions based on Shannon's sampling theorem arefeailall kinds of reconstructions
(seel[Natt86]). In the following we assume that the samptivegorem is ful lled for both
single sets of projections.

Both separately reconstructed images can be written as apagiten of an ideal
noise-free signab and zero-mean additive nois&:

A=S+ N, and B =S+ Ng: (42)

with No 6 Ng, and the subscripts describing the different images. Thaligignal, re-
spectively the statistical expectati@) is the same for both input imag&= E(A) =
E(B) and hence also for the average= %(A + B), which corresponds to the reconstruc-
tion from the complete set of projections if a linear recamsion method is used. The
noise in both images is non-stationary, and consequenglgtidndard deviation of noise
depends on the local position= (x;y)", but the standard deviationg, (x) and , (x)

at a given pixel position are approximately the same beciauaeerage the same number
of contributing quanta can be assumed. Noise between tlectiomsP1 andP2 is uncor-
related and accordingly noise between the separately seécated images is uncorrelated,
too, leading to the following covariance:

X
Cov(Na;Ng) = Na(X)Ng(x)=0; (4.3)

X2

with x de ning a pixel position and denoting the whole image domain.

Generally, the above scheme can also be extended to workmatk than two sets
of projections. The reason for restricting all the follogyidiscussions on just two input
iImages can be found in the close relation between the sthmgaation of noise and

radiation dose [Kale 00]: .
dose

which holds as long as quantum statistics are the most dowseairce of noise and other
effects, like electronic noise, are negligible. If the sigbimjections should be split up into
g equally sized parts the effective dose for each separagebnistructed image is divided
by a factor ofq. Thus, the standard deviation of noise increases by a faxftgrq in
every single image. The detectability of edges based oreledion analysis depends on
the contrast-to-noise level, as the experiments show.eftwe, it is reasonable to keep the
number of separate reconstructions as small as possilé®ifaav contrasts are of interest,
leading toq= 2.

Dual-Source CT The simplest possibility for acquirinB1 andP2 is to use a dual-
source CT-scanner where two X-ray tubes and two detectoisiwgarallel [Brud 06], as
illustrated in Figl 4.2(a). If for both tube-detector-sysis, also called A- and B-system,
the same scan and reconstruction parameters are used, dtialgpdentical images can
be reconstructed directly. The imageis reconstructed from the projectioR4 acquired
atthe rst detector and the imadgefrom the projection$2 of the second detector. Instead
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fan-angle’
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(a) Schematic description @) Extension of projections of Bc) Percentage of rays acquired at
DSCT. system with data from A-systenthe A-system used for reconstruc-
tion of B-image.

tube-anglée

Figure 4.2: Left: Schematic description of a DSCT-scannernddk: lllustration of
padding of projections acquired at smaller second detéctdored in blue) in DSCT sys-
tem with data from the larger detector (colored in red). Ridle percentage of correlated
rays used for the reconstruction within a FOV of 35 cm of thexge, where the mea-
surement FOV is only 26 cm and the data at the outer borderaddgul form the other
tube-detector-system.

of simply averaging both images, they can be used as inphétodise reduction algorithm
in order to further suppress noise.

In real DSCT systems the detector of the B-system might be sntakn the detector
of the A-system. Therefore, the projections acquired aBisystem are extended at the
outer border with data from the A-system, as explained iaitiet [Brud 06]. The exten-
sions of the projections is illustrated in Hig. 4.2(b). Withs technique two images can
be reconstructed at the full measurement FOV of the largect®. Inside the FOV that
is covered by both detectors independent acquisitions tfr@amwo detectors exist. Con-
sequently, noise within these regions can be assumed todmeratated between the two
images. Outside this region only parts of the projectiomdvddrom independent mea-
surements due to the padding of the projections. Therefaigg in this outer region is
no longer perfectly uncorrelated. How many independentsunesnents are used for the
reconstruction of a certain point depends on the distandei®point to the fully covered
FOV. The percentage of padded data is shown inFig. 4.2(a) agample.

Single-Source CTIf no DSCT scanner is available, different approaches foregen
ating two disjoint subsets are possible. For examplkeandP2 can be acquired within
two successive scans of the same body region using the sameirsg parameters. This
requires that the patient does not move between the two.scans

In order to avoid scanning the same object twice, anothesilpitisy is proposed for
generatingA andB from one single scan. Let us rst consider parallel geomeiny
assume that noise between neighboring parallel project®nncorrelated, which means
that cross-talk at the detector is negligibly small. Thewg tomplete images can be re-
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constructed, each using only every other projection. Sgedty, the A image is computed
from the even and thB image from the odd numbered projections:

P1 =1fPjji mod2=0g; (4.5)
P2 =1fPjji mod2=1g; (4.6)

where the total number of projections is assumed to be eveardllel projection acquired
at the rotation angle; is denoted a®;. Under the constraint of uncorrelated parallel pro-
jections, noise betweeh andB is again uncorrelated as stated in equafiod (4.3). If atinea
reconstruction method, like the Itered backprojectiomiged, the average of the two input
images again corresponds to the reconstruction from th@letenset of projections. Thus,
averaging the two separately reconstructed images camdspo the reconstruction using
the complete set of projections. It has the same image r®moland the same amount
of pixel noise. However, halving the number of projectiongimin uence aliasing arti-
facts and resolution iA andB . With decreasing number of projections the artifact radius
within which a reconstruction free of artifacts is possjlilecreases [Oppe/06]. Further-
more, azimuthal resolution is reduced away from the isderejiKak 01]. Usually, for
CT-scanners commonly available, the number of projectisrs®i to a xed number that
ensures a reconstruction free of artifacts within a cef@V at a certain maximum res-
olution. Thus, for the application of this splitting techoe, care must be taken that the
number of projections for separate reconstructions idsgh enough for the desired FOV
in order to avoid lower correlations due to reduced resotutir artifacts inA andB. Al-
ternatively, the scan protocol can be adapted to acquirddbbled number of projections
per rotation.

A comparable splitting technique can also be applied wherkiwg with fan-beam
data. Basically, two different methods for splitting of m@cijions are possible: the fan-
beam projections can be split up before or after rebinningai@llel-beam projections.
If the fan-beam projections are rst rebinned to parallebin projections and then split
up into two disjoint subsets, the problem arises that nogte/éen the two reconstructed
imagesA andB is no longer uncorrelated, because all projections werd tmethe re-
binning step. Therefore, it is more reasonable to split @pfém-beam projections before
rebinning. The radial rebinning, however, is a non-lineperation. As a consequence
the mean imag# = %(A + B) is no longer the reconstruction from the complete set of
projections. This effect is nearly not noticeable closenmiso-center, but with increasing
distance to the iso-center resolution is slightly redudedrder to make sure, that the nal
resultR corresponds to the image reconstructed from the completd peojections with
increased SNR, the wavelet coef cients of the image recanttd from the complete set
of projections should be weighted.

4.3 Correlation Analysis in the Wavelet Domain

The separately reconstructed imagesand B are decomposed into multiple frequency
bands by a discrete wavelet transformation. Here, thréerdift wavelet transformations:
“a-trous wavelet transformation (ATR), discrete time wav#iansformation (DWT), and
shift invariant wavelet transformation (SWT) are compareith nespect to their noise re-
duction properties in CT based on correlation analysis.
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Detail coef cients gained from the multiresolution wavietkecomposition of the input
images include structure information together with noidee goal of the correlation anal-
ysis is to estimate the probability of a detail coef cient@sponding to structure. This
estimate is based on the measurement of the local frequismmsndent similarity of the
input images.

Two different methods for similarity computation will besdussed. First, a correlation
coef cient based measurement, comparing pixel regionsiftioe approximation images,
will be introduced. Secondly, a similarity measurementeciy based on the detail coef-
cients, is presented. The core idea behind both methodsnsas: For all detail images
of the wavelet decomposition, including horizontal, veati(and diagonal) details, a cor-
responding similarity imag€, between the corresponding wavelet decompositions of the
two input imageA andB is computed for each levelup to the maximum decomposition
levellnax. The higher the local similarity, the higher the probabpithat the coef cients at
the corresponding positions include structural inforomatihat should be preserved. Ac-
cording to the de ned weighting function, the detail coakats are weighted with respect
to their corresponding values in the similarity image. Detaef cients representing high
frequency structure information should be preserved, evhdisy coef cients should be
suppressed.

4.3.1 Correlation Coef cients

One popular method for measuring the similarity of noisyadatthe computation of the
empirical correlation coef cient, also known &garson's correlation It is independent
from both origin and scale and its value lies in the intefval; 1], where 1 means per-
fect correlation, 0 no correlation andl perfect anticorrelatiori [Bron 00]. This correlation
coef cient can be used in computing the local similarity ween two images, by taking
blocks of pixels in a de ned neighborhood around each pirehie two images and com-
puting their empirical correlation coef cient.

This concept can be extended by comparing images of waveétents. In order to
estimate the probability for each detail coef cient of thawelet decomposition to include
structural information, the computation of a similarityage at each decomposition level
is proposed. The similarity image is of the same size as thaldeages at that decom-
position level, meaning that for each detail coef cient aregponding similarity value is
calculated.

An important point is the selection of the pixel regions ugadthe local correlation
analysis. A very close connection between the detail coefits and the similarity values
can be obtained if the approximation coef cients of the jjveg decomposition levél 1
are used for correlation analysis at levelvhere the original image is the approximation
image at level = 0. For the similarity valueC,(x) the weighted correlation coef cient
is computed between the approximation coef ciefts; andB, ; within the local neigh-
borhood  around the current positionaccording to:

C(x) = p Cow (A 1;Bi 1)

) , (4.7)
Var, (A, 1)Var (B, 1)
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with weighted covariance

Cow(A;B) =

1 X
— A(x) Ax B(x) B (x;x); (4.8)

%2 x

and weighted variance

1 X 2
Var, (A) = — Ax)  Ax T (%X); (4.9)

X %2 X
where (x;Xx) is a weighting function. Different possible weighting fdilons are presented
later. The mean value & within the neighborhood y is de ned as:

1 X

JXxZX

wherej j denotes the number of pixels in,. For normalization the mean value ofn

« IS needed:
1 X
x = (%;x): (4.12)

X, )

The function (%;x) is, on the one hand, used for de ning the local neighborhogd
within the image domain around the pixek that contributes to the local correlation
analysis:

« = fxjx2 N (¥x)> g; (4.12)

where 0 is a small number. On the other hand, different locally deleet weights
can be used, such that some pixels are considered more thens,at. g. the intensities at
positionsx very close tax can be weighted stronger than those farther away.

With this de nition it is possible to directly use those apgimmation coef cients for the
correlation analysis, which mainly in uenced the detaie€oient at positionx at levell
through the computation of the wavelet transformation. irhdtiresolution wavelet de-
composition is computed iteratively. Thus, the detail aoehts at levell are the result
of the convolution of the approximation image at lelel 1 with the respective analysis
lowpassy and highpass, Iters. During the computation of the inverse wavelet trims
mation, the approximation image at level 1is reconstructed by summing up the approx-
imation and detail coef cients at levél Itered with the synthesis ltersg andh,. The
wavelets used here, all lead to spatially limited lters. Gequently, a detail coef cient
at a certain position is in uenced by a certain number of [gXeom the approximation
image and has in uence to a de ned region of pixels in the agpnation image due to
the reconstruction. These relations are considered faddh@tion of . For this purpose
the function is de ned rst:

(x) = ja)my) a()h(y)i+imaly) h(x)a)i+ija)aly) ax)a)i
(4.13)
which is then shifted such that is symmetric to the origin.e Tanction can then be
de ned such that exactly those coef cients of the approxioraimage of the levdl 1that
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(b) Haar| = 2 (c) CDF9/7, =1 (d) CDF9/7,| = 2

Figure 4.3: Similarity measurement based on correlatiaef cents using the Haar and
CDF9/7 wavelet for the rst two decomposition levels of DWT.

have in uenced a certain detail coef cient and that are ianced by that detail coef cient
through the inverse transformation are considered for dheetation analysis:

1 if (x %>0

I'eC(X; X) — )
0 otherwise

(4.14)

With this de nition of the region around the positiontakes into account all the pixels
from the approximation image that are directly connectetthéocertain pixel ak through
the wavelet analysis and syntheses steps. All coef ciertisimnvthe so de ned region are
equally weighted for the correlation analysis. The maximmumber of coef cients within
this region amounts t2n)?, wheren is the length of the wavelet lters, if = 0. Without
loss of generality the Iters here are assumed to be of equdikeaen length.
Another possibility is to use the weights ofor computing a weighted correlation coef -
cient with

Poex)= (x %) (4.15)

This weighting directly takes into account the weights & #imalysis and synthesis lters.
Usually, the wavelet lters are close to 0 at the outer bosdeFhese coef cients have a
lower impact on the correlation value if is used.

The weighting function on the other hand can also be a Gaufisigtion that decays with
increasing Euclidean distancexofindx:

2
kx  xk§

1 >
92U (%; x) = —poe 76 (4.16)
9

If 9isused, > 0should be used in order to restrict the region for corretatinalysis
to a certain well de ned neighborhood, because the Gaus$gration only asymptotically
goes to 0 with increasing distancexofindx.

4.3.2 Gradient Approximation

The core idea of a gradient-based similarity measuremetat éxploit the fact that the
horizontal and vertical detail coef cientd/Y andW," can be interpreted as approxima-
tions of the partial derivatives of the approximation imagdevell 1. In the case of
the Haar wavelet, for example, the application of the higsp#er is equivalent to the
computation of nite differences. Coef cients iw,” show high values at positions where
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(s

DF9/

(a) Haarl =1 (c) CDR9/7 =1

Figure 4.4: Similarity measurement based on approximatadignts using the Haar and
CDF9/7 wavelet for the rst two decomposition levels of DWT.

high frequencies in the-direction are present, while coef cients W have high values
where high frequencies in thedirection can be found. The detail coef cients in horizon-
tal and vertical direction of both decompositions are cdeied as approximations of the
gradient vectors. The similarity can then be measured bypating the angle between the
corresponding approximated gradient vectors. The goal @gbtain a similarity value in
the rangd 1; 1] similar to the correlation computations of €q.14.7. Therefthe cosine
of the angle is computed:

Wi, ()W, (x) + WL (X)WE} (X)

Ci(x)= 4 ; (4.17)

2 2 2 2
WXZI(X) + WE;I(X) Wé/n(x) + WBH;l(X)

where the index A refers to the rst and B to the second inpuge

This kind of similarity measurement has also been used lsh€isko [Tisc 05] in com-
bination with the “a-trous wavelet decomposition. As alseaxplained in Section 3.4.1,
only horizontal and vertical detail coef cients are comguaitin the case of the "a-trous
algorithm. However, the additional lowpass ltering ortfanal to the highpass Itering
direction in the case of DWT and SWT is advantageous with rédpeedge detection.
The only problem is that the gradient approximation, asouhiced so far, in the case of
DWT and SWT, can sometimes lead to visible artifacts. [Figag.&0d the difference im-
ages in Fid.4.5(b) show four example regions where thislpmlran be seen using the
Haar wavelet.

Noticeably, artifacts predominantly emerge where diagsimactures appear in the im-
age, and their shape, in general further justi es the assiamphat diagonal coef cients
are falsely weighted down. The different sizes of the astdare due to errors at different
decomposition levels. Suppression of correlated diagstnattures at a coarser level in-
uences a larger region in the reconstructed image. Theore&w these types of artifacts
is that diagonal patterns exist, which lead to vanishingitiebef cients in horizontal and
vertical direction. If the L2-norm of one of the approximéigradient vectors is too small
or even zero, no reliable information about the existenceoofelated diagonal structures
can be obtained from Equatidn (4117).

The simplest solution for eliminating such artifacts is teight only the detail co-
ef cients WY and W' based on the similarity measureme@tand leave the diagonal
coef cients W,° unchanged. As expected, this avoids artifacts in the iaguinages,
but, unfortunately, noise included in the diagonal coedrtis is not removed, leading to a



4.3. Correlation Analysis in the Wavelet Domain 43

(a) artifacts (b) difference, artifacts (c) no artifacts (d) difference, no arti-
facts

Figure 4.5: Artifacts due to weighting down correlated diagl coef cients with the gra-

dient approximation method - (a) four detailed regions shgwvartifacts, (b) difference

between noise suppressed and original image regions spaiifiacts, (c) same image
regions without visible artifacts, (d) differences withausible artifact after appropriate
weighting of diagonal detail coef cients.

lower signal-to-noise ratio in the denoised images. Equa#.17) shows that the similar-
ity value is computed only frorv,Y andW,". The diagonal coef cients do not in uence
C,. In order to avoid artifacts while still reducing noise iretdiagonal coef cients, the
detail coef cientsW,Y andW/" are weighted depending on the similarity measurement
computed from Equation (4.117). The diagonal detail coefrds are then treated sepa-
rately. The new weighting function for the diagonal coeénis is based on the following
correlation analysis betweahl ), andWg), :

2WR, (X)W, (x)
W2 (x) “+ WP (x)

cM(x) = (4.18)

Using this extension for a separate weighting of diagonaf cents, denoising results
without visible artifacts are obtained(see Figure 4]5(d))

Note that, equations(4[7, 4117, 4.18) are only de ned far-mero denominators. How-
ever, in all three cases it can be assumed that no relevantrieiguency details are present
if the denominator is 0 and, therefore, the similarity vakiset to 0.

4.3.3 Weighting of Coef cients

The result of the correlation analysis is a set of similantygesC, with values in the
range[ 1;1] The closer the values are to 1, the higher the probabilay structure is
present. Consequently, the detail coef cient at the cowadpg position should remain.
The lower the similarity value, the higher the probabilihat the corresponding detalil
coef cientincludes only noise and, therefore, should bgmsassed. We now have to de ne
a weighting functionw(C;(x)), that maps the values in the similarity images to weights
in the rang€[0; 1] If a linear reconstruction method is used, the weights aiatwise
multiplied to the averaged detail coef cients of the two inpgmages:

Wei(X) = 5 (Wag () + Wey () W(GO0); 812 ilnad;  (4.29)
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obtaining the detail coef cient®8Vg, of the output imag®. The approximation images of
the two input images are only averaged:

Rips ()= 5 (A (X) + By, () (4.20)

Otherwise, instead of averaging the wavelet coef cient®\adnd B, the wavelet coef -
cients of the image reconstructed from the complete setapegtions are used.

The simplest possible method for a weighting function is $e a thresholding ap-
proach. If the similarity valu€, at a certain position is above a de ned value the weight is
1 and the detail coef cient is kept unchanged, otherwisge #gt to zero. Generally, the use
of continuous weighting functions, where no hard decisibaut keeping or discarding
coef cients is required, leads to better results. In piohkeione can use any continuous,
monotonically decreasing function with ranf§e 1] such that 1 maps to similarity values
close to 1. We use the weighting function

p
WEK) = SCE+Y 201 @21)

which has a simple geometric interpretation. In the casdefgradient approximation
method, the similarity values correspond to the cosine efahgle between the gradient
vectors. In the case of the correlation coef cients, theilsirity value can be interpreted
as the cosine of the angle between thdimensional vectors of pixel values taken from
pixel regions ofA, andB, (both zero-mean normalized within the pixel region). Here,

is the number of pixels in . Eq.[4.21), therefore, leads to a simple cosine weighting,
shifted and scaled to the intervi@l; 1] where the powep 2 R controls the amount of
noise suppression. With increasipgalues the function goes to 0 more rapidly, but still
leads to weights close to 1 for similarity values close to 1.

All different steps of the noise reduction method, as shawfig.[4.1, are now de-
scribed: the generation of the input imagesandB, different possibilities for wavelet de-
composition were pointed out, a new similarity measure betwthe wavelet coef cients
of the input images based on correlation analysis, an etdifae extension to gradient-
based approximations of correlation analysis, and a tegcienior weighting the averaged
details. The nal step is to reconstruct the noise suppiesssult imageR by an inverse
wavelet transformation from the averaged and weighted lstweef cients.

4.4 Experimental Evaluation

For the evaluation of the described methods, experimerntsdyophantom and clinically-
acquired data were performed.

4.4.1 Noise and Resolution

In order to evaluate the performance of the noise reductiethads, mainly two aspects
are of interest: the amount of noise reduction and, even mguertantly, the preservation
of anatomical structures.
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(a) no noiselOHU (b) noisy,10 HU (c) no noise 100 HU (d) noisy,100 HU

Figure 4.6: Reconstructed simulated phantom images usi@dg&8el.
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Figure 4.7: MTFs of different reconstruction kernels.

Phantom

For the experiments reconstructions from a simulated dyitial water phantomr( =

15 cm), with an embedded, quartered cylinder{ 6 cm) were used. The contrast of the
embedded object in comparison to water varied between 10@MEIU. The dose of radia-
tion (100 mAs=1160 projection¥ was kept constant for all simulations, leading to a nearly
constant pixel noise in the homogeneous area of the watedeyl All simulations were
performed with theDRASIMsoftware package provided by Siemens Health¢are [Stie 02].
The advantage of simulations is that in addition to noisygutions (with Poisson distribu-
ted noise according to quantum statistics), ideal, naise-flata can also be produced and
we have ground truth data. All slices were of St4&? 512and were reconstructed within

a eld of view of 20 cmusing: a) a sharp Shepp-Logan (S80) ltering kernel, legdma
pixel noise of approximately:6 HU in the homogeneous image region in the reconstruc-
tion from the complete set of projections; and b) a smootbhdylkernel (B40), leading to a
pixel noise of approximatel$:2 HU. For noise-resolution measurements some additional
typical body kernels were utilized. The MTFs of all used ldsnare shown jn Fi@. 4.7.
The standard deviation of noise in the separately recaststiimages is about 2 times
higher (see EqL(4.4)). Two examples (10 and 100 HU) are showig.[4.6. For both
contrast levels, one of the noisy input images and the qooreting noise-free images are
shown.
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MTF Computation

First, the capability of the noise reduction algorithm tded¢ edges of a given contrast
in the presence of noise was investigated. The local maduol&tansfer function (MTF),
measured at an edge, for detecting changes due to the wgjgiftwavelet coef cients
during noise suppression. As described in Sediion 2.5i8, pbssible to determine the
MTF directly from the edge in an image. For this purpose, a xegion of20 125pixels
around an edge (with a slope of approx. 4 degrees) was sgldRtdiable measurements
of the MTF from this edge technique can only be achieved ifdbetrast of the edge is
much higher than the pixel noise in the images [Cunn 92]. Igeahe should measure
MTF on noise-free images. However, measuring the qualigdge preservation based on
the contrast of the edge in the presence of noise is of inteess.

The impact of the weighting in the wavelet domain during a@sppression to the ideal
signal should be measured. For that purpose, in additiometmoisy input images, which
are a superposition of ideal signal and noise, an ideal imfage of noise, is simulated
and reconstructed. The noise-free image is also decomppaigeits wavelet coef cients.
The weighting image is generated from the similarity comapans from the wavelet coef-
cients of the noisy input images, as explained in the prasgisection. In order to measure
the impact of the weighting to the ideal signal, the detadfagents of the noise-free im-
age were point-wise multiplied with the computed weightfie Tmage gained from the
inverse wavelet transformation of the weighted coef cgeot the noise-free image shows
the in uence of the noise suppression method on structuirestty. Edges, which were
detected as correlated structures, are preserved. If anvealgnot detected correctly, the
edge gets blurred, which in uences the MTF.

Evaluation of Edge-Preservation

In the rst test, the in uence of the noise suppression methmthe MTF was evaluated
with regard to the contrast of the edge. Phantom images vsa@, @s described above,
reconstructed with the S80 kernel, with varying contrasts@edge (10, 20, 40, 60, 80 and
100 HU). The noise suppression method was performed for the r&tetldecomposition
levels using a CDF9/7 wavelet. In all cases a continuous wiegfunction was utilized,
as presented in Eq.(4]21). The MTF was computed for the nedidioise-free images and
compared to the MTF of the ideal image, without modi catipnsconstructed from the
complete set of projections. The results of this test austitated in Fid. 418, allowing a
comparison of the different wavelet transformation methadd theCorr and Grad ap-
proaches for similarity computation. Ideally, the noisguetion methods do not in uence
the MTF in any respect. Speci cally, the edge is not blurréficthe corresponding MTF
falls below the original ideal curve, this indicates that #dge is smoothed. Alternatively,
the MTF raises if some frequencies are ampli ed. As seen q[Ei8 theCorr method
leads to better edge detection in comparison td3red approach for all cases.

This can be explained by the better statistical propertfehe similarity evaluation
based on correlation coef cients between pixel regions.réAalues are included in the
correlation computations and, therefore, the results aeeneliable. As expected, the
approximated gradients are more sensitive to noise. Fanethods it can be seen that
decreasing edge contrast results in decreasing MTF. Ta&lglshows that decreasing
CNR lowers the probability that the edge can be perfectlyaete However, one can see
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Figure 4.8: MTF for varying contrast at the edge using the QDR&velet. Comparison of
correlation coef cient approach (Corr) and gradient appration (Grad) in combination
with different wavelet transformations.
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that with increasing contrast, the MTF gets closer to thaliTF. In the case of th€orr
method the difference to the ideal MTF, even for a contra&0HU, is very small. The
Grad approach, in contrast, does not reach the ideal MTF evemfedge contrast of 100
HU. One can also observe that the performances for the tiffesett wavelet computation
methods are quite similar. The two nonreducing transfaonatgive slightly better results
in case of theCorr method, at least for higher contrasts. In combination wighGrad
method, ATR and SWT slightly outperform DWT. The redundanbinfation included
in nonreducing wavelet transformations, such as ATR and S®&ls to an additional
smoothing. The similarity is evaluated for all coef cient$he reconstruction from the
weighted redundant data, therefore, leads to smoothedtseson the other hand, the
additional lowpass Itering orthogonal to the highpassefiing direction, in the case of
DWT and SWT, improves the edge detection results. Altogetherexplains why SWT,
which combines both positive aspects, gives best results.

An even better comparison of the results can be obtaineddieggthe 5, values. This
is the resolution for which the MTF reaches a valu@:6f In Fig.[4.9, sq is plotted against
the contrast of the edge for the different methods. This timee different wavelets (Haar,
Db2 and CDF9/7) are compared. Two different convolution &=1(S80 and B40) were
used for image reconstruction (see MTFs in Eigl 4.7). Usisgaothing kernel changes
the image resolution, as well as the noise characterigticen Fig[4.9 it can be seen that
the resolution in the original image using the B40 kernelvgdothan for the S80 kernel. In
addition to that, the noise level is also lower (see nextgrazh on noise evaluation) using
the B40 kernel. Due to the better signal-to-noise-level @itiput images the edges can be
better preserved when using B40. All other effects are sirfolaboth cases. First of all, it
can be seen that the clear differences betweetre and Grad methods decrease when
using the Db2 and the Haar wavelet. The results of@Gnad approach get better with
decreasing length of the wavelet lters. More speci caltipe better the highpass Iter
of the wavelet is in spatially localizing edges, the better tesults of th&srad method.
For the Haar wavelet, we can see thg} even exceeds the; value of the ideal image.
This can be attributed to the discontinuity of the waveldijol can lead to rising higher
frequencies during noise suppression.

Evaluation of Noise Reduction

The same phantom images were used for evaluating the naigetien rate. The use of
simulations has the advantage that an ideal, noise-fregamsaavailable. Therefore, noise
in the images can be clearly separated from the informatyoronputing the differences
from the ideal image. The effect of the noise reduction algor can be evaluated by
comparing the standard deviation of noise in the noiset®gsed images to that in the
average of the input images. Two different regions, el 100pixels, were used and
the standard deviation of the pixel values in the differentages were evaluated. The rst
region was taken from a homogeneous area. Here, the acl@eabe reduction rate of the
different approaches can be measured. The second regiochwssn at an edge because
the performance near the edges differs for the various appes. Sometimes a lower
noise reduction rate is achieved near higher contrast eddesefore, it is interesting to
compare the noise reduction rates close to edges for diffemntrasts. Furthermore, the
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Figure 4.9: The 5o values in dependence on contrast at the edge for differetiitade and
wavelets.
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Table 4.1: Percentage noise reduction in a homogeneouiregmn.

Grad Corr
S80 ATR DWT SWT | ATR DWT SWT
Haar 26.9 22.9 26.0| 421 39.2 40.7
Db2 27.4 22.9 26.3| 46.2 44.9 45.7

CDF9/7 || 27.6  23.2 26.5| 48.2 479 48.1

B40 ATR DWT SWT | ATR DWT SWT
Haar 26.6 22.0 25.4| 38.9 36.3 38.3
Db2 26.1 22.5 25.9| 435 42.2 43.2

CDF9/7 || 27.0 22.7 26.2| 455 44.9 45.4

noise reduction rates were evaluated for the two differeadmstruction kernels (S80 and
B40).

In the homogeneous image region, no noticeable changedseeved when the con-
trast of the objects is changed. Therefore, the measurenrentses of 100, 60 and 20
HU are averaged. Tdb. 4.1 presents the noise reduction(peientage values) measured
in the homogeneous image region. The rst clear observasidimat the noise suppression
for the Corr method is much higher than that for tkead method. The computation of
correlation coef cients between pixel regions taken frdma approximation images leads
to smoother similarity measurements. This is also notieeadgarding the weighting ma-
trices in Figl4.# in comparison to F[g. 4.3.

An interesting observation is that, for ti&rad method, the noise reduction rates do
not vary for the different wavelets. In contrast to that, whesing theCorr approach,
slightly increased noise suppression can be achievedrigeloreaching wavelets. By in-
creasing the length of the wavelet lters, larger pixel g are used for the similarity
computations. This avoids the case where noisy homogernexeisregions are acciden-
tally detected as correlated. In contrast, the fact thatap@oximated gradient vectors
in noisy homogeneous pixel regions can sometimes pointetedime direction cannot be
reduced by using longer reaching wavelets. The comparisthredhree wavelet transfor-
mation methods shows that DWT again has the lowest noise ssgipn capability, while
SWT and ATR perform comparably. This shows that nonreduciagglet transformations
are better for noise suppression due to their inherent cithoy. All these observations
can be made for both convolution kernels. The differenctng,in the images with lower
noise level, due to the reconstruction with a smoothing éelike the B40, the noise re-
duction rate is approximately 3 percent points in the caseed€orr method and less than
1 percent point in the case of tié¥ad method below the noise reduction rate in the more
noisy images reconstructed with the S80.

Tablel4.2 lists the noise reduction rates achieved in the eslgjon, again using the two
different convolution kernels. Here, the results are camgbdor three different contrasts
at the edge. Most of the observations for the homogeneougeimegion are also valid
for the edge region. Th€orr approach clearly outperforms tk&rad method. The DWT
shows the lowest noise suppression, whereas ATR and SWT angatable. In the case
of the Grad method, it can be observed that there is nearly no diffeehesdween the
different wavelets. Generally, with decreasing contragh@edge, more noise in the local
neighborhood of the edge can be removed. The reason fostthatithe lower the contrast,
the lower the in uence of the edge to the correlation analystiowever, one difference
between the two similarity computation methods becomearcleor theGrad approach
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Table 4.2: Percentage noise reduction rates in an edgenregio

Grad Corr
S80 ATR DWT SWT | ATR DWT SWT
Haar 25.4 21.2 24.1| 38.4 35.3 37.0
100HU Db2 25.2 21.6 24.1| 40.0 39.0 39.6
CDF9/7 || 25.9 215 245| 36.0 35.6 36.0
Haar 265 221 25.2| 401 37.9 38.9
60HU  Db2 26.6 21.6 24.8| 42.1 41.1 41.8
CDF9/7 || 27.0 21.7 25.4| 39.0 38.0 38.9
Haar 26.6 21.7 25.1| 40.7 38.1 39.4
20HU Db2 26.6 22.1 25.4| 43.8 42.3 43.3

CDF9/7 || 27.1 224 25.4| 432 425 43.1

B40 ATR DWT SWT | ATR DWT SWT
Haar 22.9 19.8 224 330 311 32.6

100HU  Db2 21.8 19.3 22.0| 348 341 34.7
CDF9/7 || 22.3 19.2 222 29.4 288 29.7

Haar 253 21.2 24.0| 358 33.6 35.0

60HU  Db2 24.4 19.6 23.1| 37.7 36.5 37.4
CDF9/7 || 25.3 19.9 23.7| 327 317 32.6

Haar 251 203 240| 36.0 341 35.4

20HU  Db2 248 203 242 39.0 37.1 38.8

CDF9/7 || 25.7 21.0 244 36.9 35.7 36.9

the increment in noise suppression with decreasing cdrgtalse edge is quite similar for
all wavelets. This does not hold for ti@orr approach. With increasing spatial extension
of the wavelet lters, the difference between the noise it rate at 100 HU increases
in comparison to 20 HU increases. This means that for higbetrast, more noise close
to edges remains in the image if longer reaching lters aiézatl. The reason for this is
that the size of the pixel regions used for the correlatiommatations are adapted to the
Iter lengths of the wavelets. This is needed in order to eadhat all coef cients, which
include information of an edge, are included in the simijadomputations, as already
mentioned during the discussion of Hig.l4.3. The effect & #dges with contrast highly
above the noise level dominate the correlation computatieriong as they occur within
the pixel region. As a result, nearly no noise is removed iwithband around the edge.
The width of the stripe obviously depends on the spatialresite of the wavelet lters.

Noise-Resolution-Tradeoff

Within the last two sections a very detailed, contrast ddpahevaluation of noise and
resolution was presented. For easier comparison of therdiff denoising approaches,
noise-resolution-tradeoff curves are plotted in Fig. £a}0The phantom described in Sec-
tion[4.4.1 with an edge-contrast of 100 HU, reconstructetth wie S80 kernel, was used
for the experiment. Thesy values are plotted against the standard deviation of nwise;
sured within a homogeneous image region. Twer and Grad method in combination
with DWT, SWT and ATR are compared, all using the Db2 wavelet Zudgcomposition
levels. The powep within the weighting function (Eql{4.21)) was used for viagythe
amount of noise suppression. The 10 points within each ccowespond to the powers
p 2 f 5:0;4:5; 4:0; 3:5; 3:0; 2:5; 2:0; 1:5; 1:0; 0:5g from left to right. In summary the follow-
ing observations can be made:

» SWT and DWT show better edge-preservation than ATR at the samse reduction
rate in combination with th&rad method.
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Figure 4.10: Left: Noise-Resolution-Tradeoff: Comparisbhigh-contrast resolution and
standard deviation of noise in homogeneous image regiodifferent denoising methods
using Db2 wavelet. The powgrwithin the weighting function[{4.21) is used for varying
the amount of noise suppression. Right: Noise-Resolutiaadoff: 5o polotted against
CNR for different reconstruction kernels. Denoising corrgtion: 3 level SWT with
CDF9/7 wavelet an€orr method.

» TheCorr method clearly outperforms tig@rad method in all cases.

» There is nearly no difference between the different wavensformations if the
Corr approach is used.

In a second test, the in uence of the reconstruction keronethe noise-resolution-
tradeoff was evaluated. Different reconstruction kerre@s be selected in CT, always
leading to a noise-resolution-tradeoff. Smoothing retmicsion kernels imply lower noise
power, but also lower image resolution. As already seemduthe discussion of noise
and resolution in the last two sections the reconstructemnéd also in uences the results
of the denoising method. Therefore, the noise-resolutiadeoff is compared for differ-
ent reconstruction kernels (see [Figl4.7) with and withbatdpplication of the proposed
denoising method. We used again the phantom images des$dniligection4.4]1 with
varying contrastg, reconstructed with B10, B20, B30 and B40 kernel. The contrast-t
noise ratio CNR = c=) and resolution (5o) of the original and denoised images were
then compared. A 3 level SWT with CDF9/7 wavelet and @wr method was used for
the comparison shown in F[g. 4.10(b). The dashed lines spored to the original and the
solid lines to the denoised images. Each line consists opaimts corresponding to the
contrasts (10, 20, 40, 60, 80 ah@0 HU) divided by the respective standard deviation of
noise measured in a homogeneous image region. ldeally the daggsocedure would
only increase the CNR without lowering resolution. This wbolean that the solid lines
are just shifted to the right in comparison tho the corregpandashed lines. The observed
behavior, however, is more complex and corroborates thétsgsresented in the previous
sections:

» The sharper the kernel (high resolution, low CNR), the higherimprovement in
CNR that can be achieved by applying the proposed method.
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(a) no noise (b) noisy (c) denoised

Figure 4.11: Low-contrast-phantom (LCP) used for human esetudy: (a) ideal noise-
free, (b) one noisy example and (c) corresponding denomeede using 3 levels of SWT,
CDF9/7 wavelet and th€orr method. Display option =5,w =12,

» The smoother the kernel (low resolution, high CNR), the Ibdétte edge-detection
and thus the preservation of resolution in the denoisedémnag

The new insight gained from this analysis is that betterltesan be achieved with respect
to image resolution and CNR using a sharper reconstructiomekén combination with
the proposed method than using a smoother reconstructimelkeFor example, higher
resolution and higher CNR is obtained for the same input dalteeisharper B30 kernel is
used in combination with the proposed lIter than using theosther B10 kernel without
denoising.

4.4.2 Low-Contrast-Detectability

In addition to the quantitative evaluation of noise and k&sun a human observer study
was performed. This allows to test, how the low-contrasectability is in uenced by the
application of the proposed method.

Data and Experiment

For the experiments reconstructions from a simulated dyitial water phantomr( =
14:5 cm), with four blocks of embedded cylindrical objects withfdient contrasts (10,
5, 3,1 HU) and different sizesl; 12, 9;7;5; 4; 3;2 mm diameter) were used. A recon-
structed slice from this phantom is shown in Fig. 4.11(a). nb®y realizations of this
phantom were simulated and reconstructed, all at the saseleeel 80 mAS), leading to
an average pixel noise in the homogeneous water regiorFo# :3 HU. One noisy exam-
ple slice is shown in Fig.4.11(b). In addition to this, 20syophantoms were simulated,
where some (95 in sum) of the embedded objects were missirggsdme scanning and re-
construction parameters were used for all 30 datasets.lIRfy enages the corresponding
denoised images (with appro®4% noise reduction, leading to = 2:4 HU in average)
were computed. 3 decomposition levels of SWT in combinatiagh @DF9/7 wavelet to-
gether with theCorr method were used. As an example, in Fig. 4.11(c) the denoisage
of Fig. 4.11(b) can be seen.
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(a) 10HU (b) 5 HU

(c) 3HU (d) 1HU

Figure 4.12: Comparison of true-positive rates for diffeém@jects of noisy (original) and
denoised LCP.

For easier accomplishment and evaluation of the experimgmbprietary evaluation
tool for low-contrast-detectability was developed. Thisltshows the images from a list
in randomized order to the human observer. The observertaeto select which objects
he can detect by mouse click. All 47 observers (most of theb $thdents in the eld of
medical image processing) evaluated 40 images, 10 origoigy images where all objects
were present, the 10 corresponding denoised, 10 noisy snagere some objects were
missing, and again the 10 corresponding denoised.

Results and Discussion

In a rst step the average true-positive rate (TPR) achiewedte different objects was
evaluated. The performance of detecting objects of diffeseze and contrast was com-
pared between the noisy and denoised images. The average/d$omputed for all 32
objects from all noisy images and all observers and comparéte average from all de-
noised images and all observers. In Fig. 4.12 the TPR isguldtr all objects of different
contrasts and sizes. The closer the TPR is to 1 the bettebjaetavas correctly judged to
be visible in average. The clear result is that all objectsevigdged to be as well or even
better visible in the denoised images in comparison to ti®yrariginals. The correspond-
ing false-positive rates (FPR) are all below 0.03 and in ayetzelow 0.005 for both noisy
and denoised images. In Fig. 4.12(a) the TPR forlibélU objects can be seen, where no
clear difference between the noisy and denoised objectsitdeas In case of th& HU and

3 HU objects (see Fig. 4.12(b) and 4.12(c)) a clear differenoebesseen. If objects with a
TPR above 0.5 are said to be detectable, two more objgétd){3 mmand3 HU; 5 mm)
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Figure 4.13: ROC curves resulting from human observer stddynparison between noisy
(original) and denoised results.

are detectable in the denoised images than in the noisy ®hesTPR of the8 HU; 4 mm
object is also very close to 0.5. THeHU objects are nearly never detected in the noisy
images, but in the denoised at least the 15 Ahdnm objects are detected correctly in
more than 20% of the cases.

In a second step, receiver operating characteristic (RO@)esufor the noisy and
denoised cases based on a thresholding approach were emnpatdescribed in detail
in [Fawc 06]. Firstly, the average detection rate (numbepasitive votes that object is
visible / number of overall votes for this object) was congaltor each single image and
object from all observers. Then, a sliding threshold wadiegfor the noisy and denoised
cases separately. All objects with a detection rate abowstain threshold were set to be
detected and then the corresponding FPR and TPR was caltulaading to the curves
shown in Fig. 4.13. In addition to the curves the area undectinve (AUC) was computed
for the noisy and denoised case. The AUC improved from 0.882@se of the noisy to
0.8637 in case of the denoised samples.

4.4.3 Comparison with Adaptive Filtering of Projections
Data and Description

Fig. 4.14 shows a comparison of the proposed method to agbiajebased adaptive |-
tering, which is used in clinical practice [Brud 01]. The 2pejections are Itered with
a linear lter of xed spatial extension. Then, a weightedswf the ltered and original
noisy projections is computed based on the attenuationesgective position. The higher
the attenuation, the higher the noise power and, theretfoeestronger the smoothing be-
ing performed. This method, like most other noise reducti@thods based on lItering
the projections, has the goal to reach nearly constant nais&nce over all projections in
order to reduce directed noise.

For the comparison reconstructions from two simulategtial phantoms were used,
one homogeneous water phantom=< 10cm) and one eccentric water phantoin £
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(a) original: =11:1HU (b) proposed method: (c) adaptive lItering of projec-
=6:0HU tions: =6:0HU

(d) original: =19:0HU (e) proposed method: (f) adaptive Itering of projec-
=10:2HU tions: =10:2HU
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Figure 4.14: Comparison of proposed method to adaptiveidgeof projections. The re-
construction without noise suppression are displayed)iargd (d). The proposed wavelet
based noise reduction method was applied in (b) and (e) anddaptive Itering of the
projections is shown in (c) and (f). Image resolution of thered images is compared at
the same noise reduction rates. In (g) and (h) the correspgndrtical lineplots through
the center of the two phantoms are compared between theineeseadaptive- ltered and
wavelet denoised images. Display options: 200 andw = 1000.
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15 cmandb = 7:5 cm). In the center of both phantoms a line-pattern vétip=cm is
embedded at a contrast 8000 HU In the eccentric phantom two additional cylindrical
objects { = 2 cm) are embedded. All reconstructions to a pixel gricb@®2 512with
FOV of 25 cmwere performed using the B40 kernel. In Fig. 4.14(a) and Figl4l) the
original noisy phantoms reconstructed from the completefggrojections are shown. The
standard deviation of noise was measured in homogeneoignseig north, south, west
and east direction around the center resulting in an average of = 11:1HU in the
homogeneous, and= 19:0 HU in the eccentric water phantom. Both denoising methods
were applied to achieve the same average noise reducteneatling to = 6:0HU in

the homogeneous and= 10:2 HU in the eccentric case, and resolution is compared. For
the proposed method, 3 levels of SWT together with the CDF9Afelsaand theCorr
method was used.

Results and Discussion

Fig. 4.14(f) shows that directed noise pointing out the aican of highest attenuation is
reduced. A remarkable noise suppression can be achieveddpyiely Itering the pro-
jections. However, it can also be seen by visual inspechiahdtructures orthogonal to the
direction of highest attenuation lose spatial resolutiitmcomparison to this the wavelet
based Itering method preserves structures much betterbiNoing effects are visible.
This can be seen well in the detailed vertical lineplots tigtothe line-pattern, shown in
Fig.4.14(g). Although the same average noise reducti@isaibtained, the noise streaks
are not completely removed using the wavelet approach.igthe strength of the adaptive
ltering method. In contrast to this, the adaptive lterimgethod does not perform well if
rotationally symmetric objects are present. The goal otiltegptive Itering of the projec-
tions is to achieve nearly constant noise variance overajeptions. If the noise variance
is already very similar in all projections, the adaptiveeling does nothing at all, or loses
resolution in all directions. This can be seen well in Fig#4c). Here, the wavelet based
method, as shown in Fig. 4.14(b), can again achieve a higtemeduction rate without loss
of resolution. The detailed vertical lineplots are agaiovehin Fig. 4.14(h). Nevertheless,
it should be emphasized that the noise suppression basejestn is a pre-processing
step, i. e. prior to reconstruction, while the proposed oefk a post-processing step, thus
making the combination of the two methods possible.

4.4.4 Clinically Acquired Data
Data and Experiment

In order to test the noise reduction method with respectstgiiaictical usability, the ap-
plication of the algorithm on clinically acquired data iglispensable. Noise reduction
methods are particularly critical in their application tavl contrast images. Thus, images
predominantly including soft tissue are well suited forfpanance assessment. Theoreti-
cally, as already discussed, the higher the contrast ofsedge higher the probability that
the edge can be detected and preserved. If the applicatibr ohethod with speci ¢ pa-
rameter settings leads to good results in slices with ssdgtig, the use for higher contrast
regions will not be critical. Therefore, a thoraco-abdoreean (see examples in Fig. 4.16),
acquired with a Siemens Sensation CT-scanner, was usedefatitical evaluation. The
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reconstruction of slices at a FOV 88 cmwith a thickness o8 mm was performed with
a B40 kernel, which is one of the standard kernels for this edion.

For the clinical experiment, 12 noise-suppressed images egmputed from the same
input images with different con gurations. Three diffetemavelet transformation meth-
ods (ATR, DWT and SWT) in combination with two different wavelétiaar and CDF9/7)
were utilized. Furthermore, these con gurations togethih the Corr and Grad meth-
ods for similarity computation were compared. The resglmoise-reduced images and
the average of the input images, which corresponds to trenstéiction from all pro-
jections, were compared by a radiologist. All images cqoesl to the same dose level.
For simple comparison, a proprietary evaluation tool wasehigped. A randomized list
of comparisons between image pairs can be performed wihtadbi. Within each com-
parison, an image pair is shown to the radiologist. Theahpbsition of the two images
is also randomized. However, the positions of the two imagasbe easily switched by
the radiologist, in order to facilitate the detection of ewery small differences between
the images. The radiologist decides if there is one predémage (clear winner) or both
images are judged of equal quality with respect to the fahowevaluation criteria.

Three different quality criteria were evaluated sepayatethree consecutive tests:

* detectability of anatomical structures,
* noise in homogeneous image regions,
* noise in edge regions.

In each test, all possible image pairs were compared to eébeh éd\ltogether3 78com-
parisons were performed. The outcome of these tests is simokig. 4.15. The dark bars
show the number of clear winners, normalized to the numbpedbrmed comparisons for
one image. The corresponding light bars are the resultsadr@ system. Three points are
gained by a winning image and one point if two images are jddgée of equal quality.
This value is again normalized, this time to the number of imaXky reachable points, if
the image won all comparisons.

Results and Discussion

Inthe rsttest (Fig. 4.15(a)), the detectability of anatical structures was examined. Only
in one case the anatomical structures were judged to be Hetexted in the original image
than in the noise suppressed image. In all other direct casgues of noise reduced images
to the average of inputimages (here denoted as originalpribcessed images were chosen
to be favorable. This shows that the anatomical structwesvall preserved by the noise
suppression method. The separation of information ancensiurther improved because
of the better signal-to-noise ratio. The comparison betwtbe different con gurations
shows that theCorr method gives better edge detection results tharGtfasl approach.
There is no clearly preferred wavelet basis or wavelet foansation.

In the second test (Fig. 4.15(b)), the treatment of nois@mdgeneous image regions
was analyzed. Here again, t®rr method gives much better visual results in all cases.
There is nearly no difference between the Haar and the CDF&vVélet.

In the nal test (Fig. 4.15(c)), the noise in regions aroumdes was compared. This
test re ects the results of the quantitative evaluatiorhitantom data. It shows that nearly
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(a) Detectability of anatomical structures

(b) Noise in homogeneous image region

(c) Noise in edge region

Figure 4.15: Results of the clinical evaluation - (a) Detbtitgy of anatomical structures;
(b) noise in homogeneous regions and (c) noise in edge regiere compared for different
con gurations.
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(a) original (b) denoised (c) difference

(d) original (e) denoised (f) difference

Figure 4.16: Noise suppression in clinical images from tidoanen (a)-(c) and thorax (d)-
(f). Con guration: SWT, Haar wavelet,,.x = 3, p = 1, Corr method. Display options:
c =50, w =400 for CT-images and = 0,w = 50 for difference images.

no noise is removed in regions of edges if long reaching veasere used in combination
with the Corr method. The results of the Haar wavelet are still judgedebédr theCorr
method in comparison to therad approach.

The Corr method is clearly preferred considering the results ofra#ée tests together.
However, longer reaching wavelets lead to lower noise realu@round higher contrast
edges. Therefore, a tradeoff between smoothness andldpedilty of the wavelet must
be resolved.

4.45 Example Images

Two examples of noise suppression on clinically acquireth @ae shown in Fig.4.16.
Zoomed-in images from the abdomen (4.16(a)-4.16(c)) anda#(4.16(d)-4.16(f)) are
displayed. For denoising, 3 levels of a Haar wavelet decaitipa (SWT) in combination
with the Corr method were used. The original images, which corresporftetogtconstruc-
tion from the complete set of projections, are compared ¢onibise suppressed images.
Additionally, the differences between the original andalsad images are shown. Notice-
ably, noise in homogeneous image regions is removed, winiletares are well preserved.

In Fig. 4.17 two examples of a thorax-abdomen phantom aedwit a Siemens Def-
inition dual-source CT (DSCT) scanner are shown. We used tite stan protocol
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(@) 100mAs =18:3HU (b) 100mAs denoised, = (c) 500mAs =8:9HU
10:4 HU

(d) 100mAs =17:0HU (e) 100mAs denoised, = () 500mAs =8:3HU
9:8HU

Figure 4.17: Application of proposed method to dual-so@tealata: abdomen (a)-(c) and
thorax (d)-(f). Con guration: SWT, Db2 wavelelt,.x = 3, p =1, Corr method. Display
options:c = 50, w = 300.
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(100 mAs 120 kV, slice-thickness 1:2 mm) and reconstruction parameters (FO85 cm;
kernel = B30) for both source-detector systems. The imagesticted from projections
acquired at the rst detector is denoted Asand the image from the second detector is
denoted a88. The FOV @6 cm) of the second detector is smaller than that of the rst
detector. Therefore, the projections of the B-system arenebed at the outer borders with
data from the A-system, as explained in detail in [Brud 06]thAhis technique two images
can be reconstructed at the full FOV. Inside BtecmFOV independent acquisitions from
the two detectors are available. Consequently, noise wiki@ae regions can be assumed
to be uncorrelated between the two images. Outside the FQ% @imonly parts of the
projections derive from independent measurements dueetpdbding. Therefore, noise
in this outer region is no longer perfectly uncorrelatedaldating the correlation during
the Corr method or comparing the angle between the approximatedegwtadectors in
the Grad method still works in this outer region. However, only a loweise reduction
can be achieved because of the increasing correlation betveindB with increasing
distance from the26 cmradius. In Fig.4.17(a) and Fig.4.17(d) the average imagdes o
A andB are shown for two examples. The andB images are then used as input to
the proposed noise reduction method (3 levels SWT with DbZleaandCorr method).
The corresponding denoised results are shown in Fig. 4.Bn@ Fig. 4.17(e). For better
comparison high-dose scars)0 mAg are shown in Fig. 4.17(c) and Fig. 4.17(f). Within
the overlapping FOV, where data from both detectors has aeguired, a noise reduction
rate of approximately 43% was achieved. Due to the sinogedension of the B-system
with data from A, noise outside the FOV @6 cmis no longer perfectly uncorrelated.
Therefore, only a lower noise reduction of approximatelys2&an be achieved in regions
outside the overlapping FOV.

4.5 Conclusions

In this chapter a robust and ef cacious wavelet domain dgingitechnique for the suppres-
sion of pixel noise in CT-images was introduced. The sepaeatnstruction from disjoint
subsets of projections allows the generation of imagestwbidy differ with respect to
image noise but include the same information. A correlatinalysis based on the detail
coef cients of thea-trous wavelet decomposition of the input images, as tcproposed
by Tischenko, allows the separation of structures and naitleout assuming or estimating
the underlying noise distribution. An extension of Tisck&a approach for the applicabil-
ity with DWT and SWT was described. The quantitative and gatahi¢ evaluation showed
that comparable edge preservation, with only slightly loweise reduction, can also be
achieved with DWT at lower computational costs. Best resuits vespect to noise and
resolution evaluation can be obtained using the non-reahtn8WT. More importantly, a
second similarity measurement was introduced which masesicorrelation coef cients.
Weighting of wavelet coef cients according to the corr@atcoef cient based similarity
measurement shows improved results with respect to edgemetion and noise sup-
pression for all wavelet transformations. In addition te tontrast dependent noise and
resolution evaluation, human observer tests were periforeevaluating the low contrast
detectability. The performed human-observer study shawatthe detectability of small
low-contrast objects could be improved by applying the psgal method. In comparison
to a commonly applied projection based algorithm, the psepdamethod achieved higher
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resolution at the same noise suppression. The evaluatiatirocally-acquired CT data
proves the practical usability of the methods.
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Chapter 5

Noise Estimation in the Wavelet Domain
for Anisotropic Noise Reduction

The approaches proposed in the last chapter automatiaidiyt dhemselves to the local
noise in the image because of the local correlation analsi@ween two separately re-
constructed images. Especially in homogeneous imageneigh noise reduction rates
of about 45% can be achieved. It is a problem that noise vegedo edges sometimes
visibly remains. Further, if images with strongly directedise due to high absorption
along certain directions are processed, a compromise batweise reduction and edge-
preservation must be found. No anisotropic noise reductmbe performed, where noise
along edges is removed without smoothing across the eddes.réason for this can be
found in weighting all three blocks of detail coef cientsdml on the same weighting im-
age. In this section another wavelet based noise redugtjomoach is presented, which has
partially been published in [Bors 08d]. The method is basediavelet thresholding, as it
has rst been proposed by Donoho and Johnstone [Dono 94].ideeeof wavelet thresh-
olding is to erase insigni cant detail coef cients below & ded threshold and preserve
those with larger values. The noise suppressed image iseltay an inverse wavelet
transformation from the modi ed coef cients. The dif cuftis to nd a proper thresh-
old, especially for noise of spatially varying power andedied noise, which is commonly
present in CT-images. Choosing a very high threshold may leatsible loss of image
structures, but the effect of noise suppression may be aienf, if the chosen threshold
was too low. Therefore, a reliable estimation of noise foeshold determination is one of
the main issues.

The main contributions presented in this chapter can be suimed as follows: The
method is again based on two separately reconstructed C$etigtaThis time the two
datasets are used for local noise estimation. The coheseftikee noise variance between
different linear combinations of separately reconstmigteages is described. Based on
the difference between the two input datasets the variaihgeise in the input images and
in the mean image can be estimated. Due to the linearity oivtheslet transformation,
the same theory can be applied: The noise variance of theletaeef cients can be esti-
mated from the difference of the wavelet coef cients of thput images. Noise adaptive
thresholds are computed for detecting insuf cient detagfccients and suppressing them
by hard thresholding.

65
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5.1 Methodology Overview

An overview of the proposed noise reduction method is showkig. 5.1. First, two im-
agesA andB are generated, which only differ with respect to image noi$e generation
of two input images, which only differ with respect to noisas already been described
in Section 4.2. Each of the images is then decomposed by a itwendional wavelet
transformation. The redundancy included in the statiomayelet transformation (SWT)
is advantageous for reducing noise [Coif 95]. Also the ingasion in Chapter 4 showed
best noise reduction in CT in combination with SWT. Therefdhe, discussion in this
section is restricted to SWT. The computation of the diffeemnbetween the detail coef-
cients of the two input image#& andB shows just the noise in the respective frequency
band and orientation. These noise images can be used fostihggon of the position
and orientation dependent noise variance& ndB. From these estimates, a threshold-
ing mask is computed and applied to the wavelet coef cieiitthhe image reconstructed
from the complete set of projections. In case of a linear @bmstruction method the
thresholds are directly applied to the averaged detail ceets of the input images. The
computation of the inverse wavelet transformation usiregtiodi ed coef cients results in

a noise-suppressed image. This again corresponds to threstaection from the complete
set of projections but with improved signal-to-noise ratio

5.2 Noise Estimation for Adaptive Thresholding

In this section the theoretical background for the noisaregion is described. First, the
variance of noise in a linear combination of the input imaigasvestigated. The coher-
ence between noise in the difference image and the mean inuglgs the basis for noise
estimation in the wavelet domain. The second part introslbogy the noise estimation can
be used for computing local, frequency and orientation ddeet thresholds and how to
apply those to the detail coef cients of the wavelet repnéaton of the input images.

5.2.1 Noise Estimation from Difference Image

Two imagesA andB are reconstructed from disjoint subsets of projectionsthénfol-
lowing, we assume that the sampling theorem is ful lled fotlb subsets of projections.
Noise between the projections can be assumed to be undedalfecrosstalk at the detec-
tor is negligibly small. Consequently andB only differ with respect to image noise, but
include the same ideal noise-free signal:

A=S+Np; B=S+Ng; (5.1)

whereS = E(A) = E(B) represents the ideal noise-free image (the statisticaaagion
E) andN, 6 Ng zero-mean noise5(Na) = E(Ng) = 0) included in imageA andB,
respectively. Noise in both images is non-stationary, amsequently the noise variance
depends on the local position = (x;y)". The variances at a given pixel position are
approximately the same in both images:

A) B (5.2)
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Figure 5.1: Block diagram of the noise reduction method.
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(a) AverageM (b) DifferenceD

(c) Threshold | (d) Threshold )/ (e) Threshold P ®

Figure 5.2: Example of orientation and position dependengishold at the rst decompo-
sition level for thoracic image with strongly directed rmi§ he average of input images is
shown in (a) and their difference in (b). The threshold insigenorizontal (c), vertical (d)
and diagonal (e) directions were computed vkith 1:0 ands = 4. The color-mapping is
shown in (f).

because on average the same number of contributing quamtaecassumed. Noise be-
tween the projectionB1 andP2 is uncorrelated and accordingly noise between the sepa-
rately reconstructed images is uncorrelated, too, leatditige following covariance:

Cov(Na;Ng) =0: (5.3)
The linear combinatioh of A andB is de ned as:
L = 1A+ :B; (5.4)

with weightsg;; g, 2 R. For the variance of a linear combination of random varigiihe
following holds [Bron 00]:

(=0 A+ 0 & +20:%COMA;B): (5.5)
It can be shown that
Cov(A;B) = E((A E (A)(B E (B)) (5.6)
= E(A S)B 9))
= E(Na Ng)
= COV(NA,NB) E (NA)E(NB)
= 0:
Using Eq. (5.2) and Eq. (5.6), Eqg. (5.5) results in:
q

L= B+ g a (5.7)
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First of all, Eq. (5.7) shows why the noise levelAnandB is increased by a factor of
2in comparison to the reconstruction from the complete sptajections or the average
of the two input imaged = %(A + B). Furthermore, it can be used for estimating
noise inA andB and consequently iM from the difference of the input images. By the

computation of the difference image

D=A B = Na Ng ; (58)

a noise-image free of structures is obtained. Based on H(, {be standard deviationg
and g of noise can be approximated from the standard deviatioherdifference image

o by:
A= B= P%_i (5.9)

Thus, the standard deviation of noise in the average irvagesults in:

v = Pa = (5.10)

N-Icl:>

_Db.
5
5.2.2 Adaptive Thresholding

In order to compute a level and orientation dependent tiotdsar denoising in the wavelet
domain, noise in the different frequency bands and oriemtatshould be estimated sepa-
rately. Due to the known linearity of the wavelet transfotima, the differences between
the detail coef cients can also be directly used for noigewstion. At each decomposition
levell the difference images

DI(X) = WH(X) W X); (5.11)
DY(X) = WY (x) W (x); (5.12)
DP(X) = WR(X) WP (x) (5.13)

between the detail coef cients are computed, where thesiyisA andB correspond to
the respective image artd, V andD again denote the horizontal, vertical and diagonal
directions. These difference images are then used for tihmeatgn of noise in the respec-
tive frequency band and orientation. In CT-images, the npaseer is spatially varying.
Therefore, noise estimation should be position dependér.standard deviation of noise
is evaluated in quadratic local neighborhoods of given sizée difference images. Av-
eraging over local neighborhoods always implies an erggydassumption, which is not
ful lled in case of CT, but is necessary for getting more rbl@noise estimates from the
difference images. We estimate the standard deviatfoat decomposition levelin the
directiond 2 f H; V; Dg according to:
S X
O Gk (5.14)

X

XZ)(

The local square pixel region, centered around the current positiore (x;y)" is de-
ned as:

x= X jx X stjy ¥ s (5.15)
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where the constarst de nes the size of the quadratic pixel region. The numberig¢ls
used for the local noise estimation is denoted ag. Analogously, the noise estimates
for the vertical and diagonal directions are computed. Ftioenthree standard deviation
images |, \ and P, for all decomposition levels, orientation and positiopeiedent
thresholds are determined according to:

Hix) = k 12X H(X) (5.16)
V(X) - k V(X)
D(X) — k D( )

The constank controls the amount of noise suppression. With incredsitige thresholds
are increased. Consequently, more coef cients are set tbaredt more noise is removed.
In Fig. 5.2(c)-5.2(e) the thresholds computed vath 4 for the rst decomposition level
in the horizontal, vertical and diagonal directions arevahor a thorax-slice (see average
of input images in Fig. 5.2(a) with strongly directed noised difference of input images
in Fig. 5.2(b)).

The computed thresholds from Eq. (5.16) are then appliede@veraged wavelet co-
ef cients of the input images:

Wik () = SN 00+ W 0); (5.17)
WI\\/I/;I (X) = E(WA;I (X) + VVB;I (X));
W (6) = S(WR )+ W (x):

We perform ahard thresholding, meaning that all averaged coef cients withadsolute
value below the threshold are set to zero and values abovepteinchanged. The high
frequency detail coef cients of the result image are corepls:

Wﬂ;l (x); if Wﬂ;l (x) A(x);

5.18
0; else ( )

WIg;l (X) =
for all directionsd 2 f H; V; Dg and decomposition levels= 1 :::lax. The approxima-
tion coef cientsA,,,, andB,, . of A andB at the maximum decomposition leugly are
simply averaged:

Rips ()= 5ty (X) + By, () (5.19)

The nal noise suppressed image is computed by an inverselefatransformation from
the averaged and weighted wavelet coef cients of the inmatges.

5.3 Experimental Evaluation

The evaluation section consists of two parts. In the rstpiduae noise estimation method
based on the difference between two separately recorstkr@X images is evaluated. The
second part concentrates on the performance evaluatiomegbroposed wavelet based
noise reduction method.
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(a) Thorax (b) DifferenceA B

(c) Estimateds = 21 (d) Monte Carlo

Figure 5.3: Thorax phantom used for evaluation of noiseredton accuracy, recon-
structed with Sim50 (30 cm FQV, display: w=50,c=400), tbgetwith analytical noise
estimates and estimates from 10000 noisy realizationssgNDisplay: w=25,c=50).

5.3.1 Accuracy of Noise Estimates

The estimation of the local standard deviation of noise aonstructed CT images might
also be of interest for other post-processing applicati@ssdes the here proposed adaptive
Itering method. Therefore, in this section the noise estilon based on the difference be-
tween two separately reconstructed CT images is evaluatedhiS purpose, two standard

phantoms were simulated and reconstructed:

* The FORBILD thorax phantom, in the following denoted as tkopaantom, is
shown in Fig.5.3(a), reconstructed at a FOV of 41 cm, of stiositioned atz =
Ocm

* The FORBILD head phantom with ears is shown in Fig. 5.4(apmstructed at a
FOV of 25 cm, of slice positioned at= 0 cm.

For both phantoms, noise-free fan-beam projections wenellated using 1160 projec-
tion, 672 detector channels and quarter detector offsee folowing physical parame-
ters were selected for the simulation: focus wi@th mm, anode angle 82, delta beta
3604640 mm sub delta beta 25, 80 kV. For the experiments three recart&in kernels,
a smooth (Sim10), a medium sharp (Sim30) and sharp (Sim5f)were used. For the
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(a) Head (b) DifferenceA B

(c) Estimateds = 10 (d) Monte Carlo

Figure 5.4: Head phantom used for evaluation of noise estimaccuracy, reconstructed
with Sim50 (25 cm FOV, display: w=50,c=900), together withalytical noise estimates
and estimates from 10000 noisy realizations (Noise displeyb0,c=150).
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noise estimation based on the proposed method, two noifieateans were generated.
Poisson-distributed noise was added to the projectiormtimcases using half of the over-
all dose. The reconstructions from the two noise realinstwere then used for the com-
putation of the difference image that served as a basis éondise estimation within local
neighborhoods of different sizes € 4; 6; 8; 10). The standard deviation image computed
according to the proposed method is denoted,és). In order to generate a gold standard
of the standard deviation image, Monte-Carlo simulatiohwWf,c = 10000 CT images
was performed. For each image Poisson-distributed noiseadded to the projections,
this time using the overall dose. Pixel-wise noise compangtom theNyc reconstructed
images gives ,(x) the gold standard to compare with.

Examples for the computed standard deviation images andaoimée-Carlo results are
presented in Fig. 5.3 and Fig. 5.4. For a better comparistreaioise estimates, horizontal
and vertical lineplots through the standard deviation iesagf the gold standard and the
computed estimates with different sizes of pixel regisse presented in Fig.5.5. From
the lineplots it can already be seen that for large FOVs, ehee sampling theorem is no
longer ful lled, the sampling-artifacts in uence the na@®stimation results. Aliasing arti-
facts or sampling-artifacts appear in both separatelynstcocted images and are usually
not uncorrelated, leading to high values in the differemcages. If artifacts are dominant
compared to the noise level in the image, the standard d&viat noise might be strongly
over-estimated. This is clearly noticeable in the lineplatesented in Fig. 5.5 at the outer
borders of the large FOV used in case of the thorax phantorthelfollowing, the quan-
titative evaluation is restricted to the inner FOV (here:c&(), where sampling-artifacts
are not noticeable. This part of the image domain is in thieiohg denoted as ; and
N; = J iJ denotes the number of image pixels inside @f The pixelwise relative error is
de ned as: x) )

_ a b .
r(x) 0 : (5.20)
The noise propagation method is precise if the relativelpise errors are small inside;.
Therefore, the average relative error
1 X
ro = — r(x); (5.21)
N;
X2
and its variance 1 X
2 = N1 r x) r)? (5.22)
X2
over the different image pixels is computed. The averagar,aiormalized on a per-pixel
basis is de ned as:
S r

1 X _ N, 1.
N i(r (xnz=(r )+ N 7 (5.23)

S =

Tab. 5.1 summarizes the results achieved for the two phantdrhe average pixel noise
values  in HU are listed for the two phantoms and three reconstraodtiernels. The
quantitative evaluation shows that pixelwise relativeridtm errors between 11.6% and
20.7% are achieved with the proposed method for the two phatinder investigation.
A noise estimation based on just two measurements, thusatiolys a rough estimation
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Figure 5.5: Horizontal and vertical cuts through standa&sdation images for thorax phan-
tom and head phantom - comparison of Monte-Carlo results igenestimation results
within different sizes of neighborhoods for two differeetonstruction kernels.
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Table 5.1: Evaluation of the error of the noise estimatiorthomé@ within a 20cm FOV.
Errors are quoted in percerify.

Thorax - Sim10 s=4 s=6 s=8 s=10

b 19.4 19.4 19.4 19.4
r -5.1 17.4 -45 139 -4.2 12.0 -4.0 10.9
s 18.1 14.6 12.7 11.6
Thorax - Sim30 s=4 s=6 s=8 s=10

b 31.6 31.6 31.6 31.6
r -7.9 16.0 -7.3 13.0 -7.0 11.5 -6.8 10.7
S 17.8 14.9 13.5 12.7
Thorax - Sim50 s=4 s=6 s=8 s=10

b 64.8 64.8 64.8 64.8
r -9.9 12.6 -9.6 11.2 -9.4 11.2 -9.4 10.5
s 18.6 16.0 14.8 14.1
Head - Sim10 s=4 s=6 s=8 s=10

b 18.8 18.8 18.8 18.8
r -9.3 184 -8.5 13.9 -8.2 11.5 -8.0 9.9
S 20.7 16.3 14.1 12.8
Head - Sim30 s=4 s=6 s=8 s=10

b 31.0 31.0 31.0 31.0
r -11.2 152 -10.7 121 -10.5 105 -10.4 9.7
S 18.9 16.1 14.9 14.2
Head - Sim50 s=4 s=6 s=8 s=10

b 74.7 74.7 74.7 74.7
r -11.1 14.0 -10.8 119 -10.7 10.8 -10.6 10.0
s 17.9 16.6 15.2 14.6

of the pixelwise standard deviation of noise. In order to entlle noise estimates more
reliable, the standard deviation is computed in local neighoods of certain sizes With
increasing size of the pixel regions used for evaluatingdbel standard deviation in the
difference image, the results get smoother, but also lesd, las expected. For the relative
error, it can be seen that only a slight improvement is nabézwith increasing size of the
pixel regionss. It is of course important to notice that with this averagowgr a certain
neighborhood, ergodicity is assumed. Ergodicity implies taveraging over a certain spa-
tial region has the same effect as averaging over a certaniauof realizations. Even if
noise in the reconstructed CT image varies slowly over tHergifit pixel regions, noise in
the reconstructed CT images is not uncorrelated, which mileesoise estimation based
on the evaluation within local neighborhoods less reliablee effect of averaging over the
neigborhood is also in uenced by the size of the noise grairmparison to the size of
the pixel region. The more uncorrelated values can be agdrdlge more reliable gets the
noise estimate. Generally, one would expect that with sheyateconstruction kernels the
number of correlated values within a xed sized pixel reginorease and thus the noise
estimate gets worse. The comparison between the diffeeepnhstruction kernels shows
that this effect is only noticable for smaller pixel regioR®rs = 4 the noise estimates im-
prove the sharper the reconstruction kernel is. On the bidwed with increasing sharpness
of the reconstruction kernel noise changes faster betwiemnemt pixels. Therefore, the
non-local noise estimation due to averaging over a pixebrelgas a more severe in uence,
when sharp reconstruction kernels are used. If the L2-norarseare compared between
the differen reconstruction kernels, usieag 10, the noise estimates get less reliable on
a per-pixel basis if sharper kernels are used. Further,ddtimieasing FOV the number of
correlated pixels within a xed size region increase, alsaking the noise estimates less
reliable. This effect is noticeable comparing the resultthe thorax phantom and head
phantom. The head phantom was reconstructed at a smallerrE&\ting in a smaller
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pixel size. Consequently, more pixels withnin a certain »a@ged pixel region are corre-
lated in case of the head phantom compared to the thoraxghanthe noise estimates
achieved for the head phantom at the same size of pixel regidthe same reconstruction
kernel are thus less reliable.

The noise estimation based on the difference between twarately reconstructed
noise realizations is not very reliable and is sometimescédd by reconstruction artifacts.
However, the big advantage of the proposed method is thatfésit, easy to implement
and that it can also be extended to be used for estimating moithe wavelet domain
of the images. The evaluation in the next section will shoat this much better to use
the proposed rough noise estimation for the computatioocl) frequency and orienta-
tion dependent thresholds than using standard waveleginjeapproaches, where global
frequency dependent thresholds are estimated.

5.3.2 Noise and Resolution

The second part of the evaluation section considers theopeapwavelet based noise re-
duction method. In evaluating the performance of the nogskiction method, mainly
two aspects are of interest: the amount of noise reductidnexen more importantly, the
preservation of anatomical structures. Therefore, theence of the noise suppression
method to the standard deviation of noise and image resalutas investigated.

For the experiments reconstructions from a simulatedtelipwater phantomdx =
20cm dy = 10cm), with an embedded, quartered cylinder5 6 cm) with a contrast of
100 HUwere used. The projections P1 and P2 were simulated indep#wndcorrespond-
ing to two consecutive scans or the acquisition with a doakse-scanner. The advantage
of simulations is that in addition to noisy projections (wRoisson distributed noise ac-
cording to quantum statistics), ideal, noise-free dataatsmbe produced. All slices are of
size512 512and were reconstructed using the indirect Itered baclgxtpn reconstruc-
tion described in Section 2.2.2 within a eld of view 80 cmusing a sharp Shepp-Logan
Itering kernel. This results in an average pixel noise opepximately224 HU in the
homogeneous image region in the reconstruction from thepteimset on_rojections. The
standard deviation of noise in the separately reconsuluctages is about 2 times higher.

All images were denoised with the proposed thresholdindhotetip to the fourth de-
composition level of a Haar-SWT. The size of the pixel regiemdd in Eq. (5.15) was
set xed tos = 4. Different values ok 2 f 1;1.5; 2; 2:5; 3g were used for regulating the
amount of noise suppression. The proposed method was cethftaa standard wavelet
thresholding approach implemented in the Matlab Waveletibax[Wave 06]. For de-
noising in Matlab, we used Balance Sparsity-Norrhard thresholding method with a
non-white-noise model and again four levels of a Haar-SWiithew, the proposed thresh-
olding approach was compared to the edge-preserving nedketion method presented
in the last chapter Chapter 4, where the weights at each dexsitiop level were gained
from a correlation analysis between the approximation esag the previous decomposi-
tion level. Again four decomposition levels of a Haar-SWT eesed the correlations were
computed within neighborhoods 6f 5 pixels around the corresponding position. The
amount of noise suppression was controlled by the powernmwitie weighting function
Eqg. (4.21), denoted by parameter2 f 1; 1.5; 2; 2:5; 3g. In the following we use the ab-
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(a) Original noisy phantom (b) ANESWTwithk =1:0 (c) ANESWTwithk = 1:5
(k=0)
(d) ANESWTwithk =2:0 (e) ANESWTwithk = 2:5 (f) ANESWTwithk = 3:0

Figure 5.6: Phantom used for noise and resolution evaluate) Original noisy phantom,
where regions used for noise evaluation are marked. (IDgfpised images achieved with
proposed methoddNESWY with different values of parametércontrolling the amount
of noise suppression. Center and window settings used fplagisg CT-images: ¢=50,

w=200.

(a) STSWT (b) CASWTwith p =1:0 (c) CASWTwith p=2:0 (d) CASWTwithp=3:0

Figure 5.7: Denoising results achieved with standard veaviresholding $TSW7 (a)
and correlation analysis based wavelet denoising (CASWFjdpfor different values of
parametep controlling the amount of noise suppression. Center andewrgkttings used

for displaying CT-images: ¢=50, w=200.
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breviationSTSWTor the standard thresholdinGASWTior the correlation analysis based
denoising method, anNESWTfor the proposed adaptive noise estimation based method.

In Fig. 5.6 the used noisy phantom together with the dendisedjes achieved with
ANESWTTor different values ok is shown. Due to the eccentricity of the used phantom,
directed noise is clearly visible, pointing out in the diten of highest attenuation. This
can be seen in the original noisy image in Fig.5.6(a). Fairebebmparison, the denois-
ing results achieved witbTSWTand CASWTfor different values ofp are presented in
Fig.5.7. In order to compare the noise homogeneity befodeadter denoising, the stan-
dard deviations of noise were evaluated in 24 homogeneaagamegions o0 40pixels
as marked in Fig. 5.6(a). The standard deviations of noifledifferent pixel regions are
plotted in Fig. 5.8(a) for the original and the denoised ie®gsingANESWT The pixel
regions are numbered incrementally according to theirdstehdeviation of noise in the
original image. It can be seen that with increasirgironger noise suppression is achieved,
as expected. Furthermore, it can be seen that, with incrglsnoise between the differ-
ent evaluation regions becomes more homogeneous. Thiemsaearer in Fig. 5.8(b),
where the average standard deviations of noise from aluatiah regions are plotted for
the different values ok (k = O denotes the original image), together with the standard
deviations between the 24 evaluation regions. As Fig. » &fbws, with increasing not
only the average noise in the image is reduced, but alsodheatd deviation between the
pixel regions is decreased.

Fig. 5.9(c) shows the noise evaluation ®F SWTIn all pixel regions the standard de-
viation of noise was decreased. However, it can be seeni@atigorithm does not adapt
to the noise level in the image. Regions with a higher noisellave not stronger de-
noised. Fig. 5.9(a) shows the noise evaluatiorG&SWT The average standard deviation
of noise together with the standard deviation between tfierdnt pixel regions is shown
in Fig. 5.9(b). With increasing parameteil stronger noise suppression is achieved. The
direct comparison of the standard deviations of noise irdiffierent pixel regions between
ANESWTand CASWTshows that a comparable noise suppression in pixel regidis 1
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Figure 5.11: Evaluation of image resolution ©ASWTMTFs of vertical (c) and horizon-
tal (d) edge are compared for different valuepof

Is e.g. achieved fok = 2:0 andp = 2:0. In contrast to that, the average noise sup-
pression in pixel regions 13-24 achieved wktl+ 2:0 approximately corresponds to that
achieved withp = 2:5. ANESWTreduces more noise in regions with strong directed noise.
Consequently, a lower standard deviation between the drftquixel regions is achieved.

For evaluating image resolution the local modulation transinction (MTF) was again
evaluated at an edge. In order to achieve reliable measuatsntee MTF was again eval-
uated in the modi ed noise-free images. The computed tlolelshat each decomposition
level are applied to the wavelet coef cients of the idealsasfree image followed by an
inverse wavelet transformation. This has the effect of mgikie in uence of the weight-
ing to the real signal directly visible. The local MTF cannhege computed at the edge
in the processed noise-free image. In Fig.5.10 MTFs condpiuten the horizontal and
vertical edge can be seen. In Fig. 5.10(a) it can be seertihaettical edge was very well
preserved. Image resolution at the vertical edge could beemproved. The increment
in resolution, when using the Haar wavelet, has already desissed in the last chapter
in Section 4.4. In contrast to the high resolution at theigaktedge, a slight blurring is
noticeable at the horizontal edge, as can be seen Fig. 5.10(lf-ig. 5.11 the resolution
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evaluations performed f@LASWTare shown. Here, it can be observed that there is nearly
no difference with respect to edge-preservation for thé&zbatal and vertical edge.

5.3.3 Example Images

In Fig.5.12(d) and Fig.5.12(f), zoomed-in noise-suppedsgesults from the proposed
method applied to a thoracic image (see Fig.5.2(a)) are sHomwo different settings
of k. The two input datasetd andB were generated by separate reconstructions from
even and odd numbered projections. The difference imaggssE2(e), 5.12(g)) between
the denoised and average of input images (Fig.5.12(a))lspedésplayed. The images
are compared to the denoising result achieved wittBWA De-noising 2-Mool from the
Matlab wavelet toolbox [Wave 06] (see Fig.5.12(b) and ))2(All computations were
performed using a Haar wavelet decomposition up to the licdetomposition level. For
denoising in Matlab, we usedBalance Sparsity-Norrhard thresholding method with a
non-white-noise model.

The difference image in Fig. 5.12(c) shows that standarceleavhresolding methods
reduce noise in the images, but also blur edges. The reasdhigois that no reliable
noise estimation is possible if just one CT-image is ava@abh contrast, the proposed
method adapts itself to the spatially varying noise powehendifferent frequency bands
and orientations and, therefore, performs much bettercespein images with directed
noise.

5.4 Conclusions

In this chapter an anisotropic wavelet domain denoisingrigpie for the suppression of
pixel noise in CT-images was proposed. The separate reaotistrs from disjoint sub-
sets of projections allows the generation of images whidy differ with respect to image
noise but include the same ideal noise-free signal. A newoaah for estimating noise in
the different frequency bands and orientations of the veavtehnsformation, based on the
difference between the wavelet coef cients of the two saf@reconstructions, was pro-
posed. With this technique, position and orientation adegphresholds can be computed
at each decomposition level for noise reduction.

The experiments show that standard denoising technigkeS$TSWTlead to uncon-
vincing results if they are applied to CT images. The reasoithis can be found in the
dif cult noise properties in CT. The noise distribution afteeconstruction is not known,
noise is non-stationary and directed noise may be preséig.nfakes the distinction be-
tween real structures and noise more complicated. Theqesexamples, whe®@TSWT
was applied to CT slices with directed noise, clearly showadlin regions of higher noise
level noise still remains in the image, while other regiolneady get blurred.

The CASWT another wavelet based method for noise suppression on @ plat-
sented in Chapter 4, showed that an adaptation to the nomsladgerformed. The method
adapts itself to the noise level of the input data by compgutire local correlations be-
tween the wavelet representations of two separately réwmted CT images. At each
decomposition level, one weighting image is computed. Eépplied equally to the dif-
ferent directions. Therefore, this method does not alloisaropic denoising. In images
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(a) Original (b) Matlab, denoised (c) Matlab, difference
(d) Denoisedk =1:0 (e) Differencek =1:0
() Denoisedk =1:5 (g) Differencek = 1:5

Figure 5.12: Denoising result of the proposed method {dp(tomparison to standard
wavelet thresholding method from the Matlab wavelet torlfm) in pixel region taken
from a thorax-slice with strongly directed noise (a). Theresponding difference images
to the original (a) are displayed in (c),(e) and (g). Centat wandow settings used for
displaying CT-images: ¢=50, w=400. Center and window settinged for displaying
difference images: center=0, window=30.
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with strong directed noise, a higher noise suppressionyalwauences the resolution in
horizontal and vertical direction in the same way.

The proposed thresholding method adapts itself to the kx@lorientation dependent
noise power in CT. In contrast tLASWT the proposedNESWTperforms an anisotropic
noise reduction. Noise is estimated separately within ifferdnt frequency bands and
orientations of the wavelet decomposition. The threshokixl for denoising are chosen
in adaptation to the local noise estimates. Consequentg/ljovarying and also directed
noise can be removed ef ciently. The evaluation of noiseiffecent pixel regions showed
that stronger denoising is performed where stronger @giceobise is present. This has
the effect that not only the overall noise power is reduced atso the standard deviation
between the different evaluation regions is decreased.s,Titme homogeneity of noise
within the image is improved. The anisotropic behavior efpnoposed method can also be
observed in the evaluation of resolution. WRNESWT stronger smoothing is performed
orthogonal to the direction of the directed noise. This & tason why with increasing
k stronger blurring is visible at the horizontal than at thetigcal edge. In comparison to
CASWTthe blurring at the horizontal edge is slightly increasedwigver, the vertical edge
is nearly perfectly preserved, also at high noise reduatives. The anisotropic behavior
is bene cial, especially in cases where directed noise duegh attenuation along certain
directions is present.

The experiments performed on clinical data showed thatticenoise could be re-
moved without noticeable loss of resolution with the newalsing approach. Especially,
the difference images between the original and denoisegemshow that nearly no struc-
ture was removed. Further, it can be seen that noise alorgsemgld also be removed.
The comparison t& TSWTapplied to clinical data again showed that no reliable estion
of locally-varying and directed noise can be achieved if prse input image is available.
In the example shown, noise was strongly over-estimatadtieg in noticeable blurring
at the edges.

The proposed method is computationally ef cient. The costréconstructing the two
dataset®\ andB separately corresponds a reconstruction from the comgéetef projec-
tions. Two reconstructions each with only half the numbepmiections are needed, if
only the even or odd numbered projections are used resphctitherwise, if the object
is scanned twice or a dual-source-scanner is used two ctenmpleonstructions are needed.
The denoising process can be computed ef ciently. Theréveoevavelet decompositions
and one inverse wavelet transformation to be computed. dheplexity of the SWT is
linear with the number of pixels. All computations neededv@ighting the coef cients
are performed within local neighborhoods. Thus, the metbadell suited for parallel
computation.
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Chapter 6

Multiple CT-Reconstructions for 3-D
Anisotropic Wavelet Denoising

Two different approaches for noise reduction in the wavetehain based on two input
datasets have been proposed in the last two chapters. Iebasshown that the two input
datasets and respectively their wavelet representatemmbe utilized for local correlation
analysis and noise estimation. This chapter presents awagpthat combines the both
previous methods and has partially been published in [Bdyg 07
The main contributions in this chapter can be summarizedlésafs: A correlation

analysis between the approximation coef cients of the tnout datasets, combined with
an orientation and position dependent noise estimatiorad @or differentiating between
structure and noise. Furthermore, the extension of theaddth3-D is investigated, which
additionally leads to a more reliable correlation analgsid noise estimation.

6.1 Methodology Overview

An overview of the methodology can be found in Fig.6.1. Fivgd volumesA andB
are reconstructed from disjoint subsets of projectionse Glneration of two datasets,
which only differ with respect to noise, but include the saneal noise-free signal, has
already been described in Section 4.2. Also the noise ptiepen CT and in separately
reconstructed datasets has been discussed in detail il05&8c2. These properties are
considered during the denoising process proposed herehwhin be applied either to the
2-D slices or the 3-D volumes. Both datasets are decomposed?bp or 3-D discrete
dyadic wavelet transformation. After this linear transhation, for example of the input
datasetA = Ay, four two-dimensional or eight three-dimensional blocks@ef cients
are available at each decomposition lelelhe lowpass ltered approximatioA, and
the highpass Itered detailgv®, whered describes the direction in space. For the 2-D
case, e.g.d can be the horizontal, vertical or diagonal direction. Tle¢ad coef cients
include high frequency structures together with noise m rispective frequency bands
and orientations. In the following the wavelet represeaist of the two input datasets
are used for differentiating between detail coef cientatthelong to structure and noise,
and to compute weighting coef cients accordingly. Theseéghts consist of two parts: a
correlation coef cient based weight and a signi cance-gl@i which are both described
more in detail in the following section. The computed wegghte then applied to the

85
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Figure 6.1: Block diagram of the noise reduction method.
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wavelet coef cients of the reconstruction from the comelsét of projections. In case of
a linear reconstruction method, this corresponds to theageel wavelet coef cients of the
input datasets. Itis, thus, ensured that the entire aafjda#a is used for the nal resuR,
which is computed by an inverse wavelet transformation ftieenmodi ed coef cients.

6.2 3-D Wavelet Transformation

The computation of higher-dimensional wavelet transfdioms is a straight forward ex-
tension of the one-dimensional case. As explained in Se&ié.1 the one dimensional
transformation is successively applied in all dimensiaovisat is called separable wavelet
transformation. The separable extension can be appligektOWT as well as to the SWT.
Working with volumes, however, makes the whole processiongermomplicated due to the
increased memory consumption. If CT volumes with nearlyr¢ggmt resolution in all three
spatial dimensions are generated, several hundreds oflitwensional slices are usually
computed. In most cases, the two complete separately riegotesl volumes do not t
completely into the main memory. Therefore, the compledeksbf images is split into
smaller blocks that are large enough for the computatioh@fravelet transformation up
to the maximum decomposition level but t into the main memoAnother considera-
tion that is also closely related to the memory problem iséstriction of the 3-D case to
DWT. Although, it has been shown before that the redundant S#$Tsbme advantages
with respect to denoising purposes compared to the DWT, tragt complexity is very
high for the 3-D-SWT. All eight blocks of 3-D detail coef cieémthat are computed at each
decomposition level have the same size as the original v®hanbe decomposed. If, e. g.,
Imax levels of a SWT are computed in 3-D, the number of wavelet aoefts are factor
8lmax + 1 larger than the number of samples in the original volumesT$inot practicable
for the large volumes considered in case of CT. In the follgnohthis chapter the wavelet
decomposition is, therefore, restricted to the DWT.

6.3 Anisotropic Denoising Using Correlation Analysis

The detail coef cients of the two input datasets containstinre and noise in the respective
frequency bands and orientations. The goal is to detectaweefs that represent structure
and keep them. Other noisy coef cients should be suppres$ad distinction between
structures and noise is here, based on a local correlatalgsasiand noise estimation.

6.3.1 Correlation Analysis

At each decomposition level, a local correlation analysisveen the approximation coef-
cients of A andB is performed. This leads to one block of correlation coedruis having
the same size as the detalil coef cients at the respectiverdposition level.

A very close connection between the detail coef cients dr@dorrelation analysis can
be obtained if the approximation coef cients of the presdadecomposition levdl 1
are used for correlation analysis at leVelThe detail coef cients at levdl are computed
from the approximation coef cients at level 1 and these values are also used for cor-
relation analysis at the respective position. For the ¢atio based weighG;*'(x), the
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empirical correlation coef cienC,(x) is computed according to Eq. (4.7). Approximation
coef cientsA,; 1 andB, ; within a local neighborhood 4 around the corresponding po-
sition in the approximation are used. The correlation vauben mapped to the interval
[0; 1]. Altogether, the correlation base weight at the positios computed according to
Eq. (4.19):

GP(x) = 5(C(X)+1)°2 [01] (6.1)

6.3.2 Noise Estimation

Additionally, for each orientation a local noise estimatie computed in order to assess
the signi cance of each detail coef cient versus the nosel.

The differencdd = A B = Npo Npg between the two input datasets shows just noise.
Due to the linearity of the wavelet transformation the difece of the wavelet coef cients
can be used for estimating the local and orientation depersiendard deviation of noise
in the different frequency bands of the wavelet decompmsitas described in Chapter 5.
The differences between the detail coef cients are congbéme all decomposition levels

=1;:::;lmax and all orientations!:

Wg;l (X) = WAd;l (X) Wl_g;l (X): (62)

From these differences the corresponding standard densatf(x) are locally computed
for all positionsx according to:

S

1 X
n

f(x) = (W5, (x))*: (6.3)

X2 x
From this estimation, signi cance-weights are computedsfach detail coef cient:
8
2L, L W00 k()
d 12 r
WM;I ()

sig;d —
G (x) = > @ - e
e ' - otherwise

X (6.4)

wherek 2 R;k  0is a weighting factor. Averaged detail coef CieriW,a;l (x) with
absolute value above the local, noise dependent threshglitk) are kept unchanged,
values below are attenuated according to their differeadbé threshold. The parameter
k controls the amount of noise suppression in relation to theenpower. The higher the
value ofk, the more noise is removed. With increasing parame®rR the signi cance
weight tends more and more to an adaptive hard thresholthraur experiments we used
r =10.

6.3.3 Weighting of Detail Coef cients

Altogether, the averaged detail coef cients AfandB are weighted with the product of
correlation based weight and signi cance-weight:

W (x) = Wi, (x) G99(x) G"(x) (6.5)
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cients at the maximum decomposition levgl.x are just averaged:

Rips ()= (At (X) + B, () (6.6)

The noise suppressed redilis obtained by an inverse discrete wavelet transformation o
the averaged and weighted coef cients.

6.4 Experimental Evaluation

For the evaluation of the combined wavelet based Iteringrapch, experiments on sim-
ulated and measured data were performed. In the rst parhefetzaluation, noise and
resolution were investigated based on simulated data. iffoaiat of noise reduction and
capability of preserving edges was compared for differentgurations of the algorithm.
Furthermore, a quantitative comparison between 2-D andd&idising was performed.
In the second part of the evaluation, example images aremmess and a qualitative com-
parison of 2-D and 3-D results is performed.

6.4.1 Noise and Resolution

The proposed noise reduction method takes into accounvtlaénoise variance, the noise
anisotropy and orientation. It is, therefore, importanttfee evaluation to use a phantom
that on the one hand has enough variation in the local nors&nae, but also shows clearly
anisotropic noise characteristics. Reconstructions framalated elliptical water phan-
tom (40 cm, 20 cm), with an embedded cylinder (radius 2.5 cmgad 10 cm off-center)
were used for the noise and resolution analysis. With thespgm, on the one hand, the
average standard deviation of noise within a certain regfonterest can be evaluated. On
the other hand, the circular object can be used for compthmgverage modulation trans-
fer function on the edge of the circular inlay, as descrilme8ection 2.5.2. Like for most
adaptive nonlinear methods, the performance of the prabalgerithm with respect to the
detection and preservation of real structures in the poesehnoise, depends on the local
contrast-to-noise level. Therefore, the contrast of théedded object in comparison to
water was varied (20, 60, 100 and 1000 HU), while the dosedvatian was kept constant,
leading to different contrast-to-noise levels at the edgb@inlay. The dose of radiation,
meaning the number of photons at the source, was chosentmtcahdtandard deviation of
noise in the image close to the cylinder of about 20 HU wasiobth Fan-beam projec-
tions with 672 channels and 1160 projections per full rotatvere simulated. Noise-free
projections were simulated rst. For all contrast-to-reolsvels 16 noisy realizations were
generated by adding Poisson distributed noise to the pgrojec TheA andB images
were computed from the full number of projections each aftiting Poisson distributed
noise of half the overall dose to the projections. The gdreraf the input datasets, there-
fore, corresponds to acquiring the same object twice, angus dual-source CT scanner
under ideal conditions. With ideal conditions we mean tlahpthe A- and B-system of
the DSCT scanner cover the complete FOV. Furthermore, sffigetphoton scattering are
neglected. All images were reconstructed at a FOV of 30 crh thi¢ indirect fan-beam
FBP method described in Section 2.2 using a medium sharpstaction kernel (Sim30).
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The problem of evaluating the resolution in an image is thatdontrast of the edge
compared to the noise level must be high enough in order teweksmooth MTF curves.
The noise reduction method, however, behaves differeotiywérying contrast-to-noise
levels, what makes a contrast dependent analysis necebsarger to still achieve smooth
MTF curves, the computed weights were again applied to theerfoee reconstructed
image, as described in the previous two chapters. By weigltitia wavelet coef cients of
the noise-free reconstructed image, according to the wsegdmputed from a certain pair
of noisy A andB images, the in uence of the processing to the ideal signallEmmade
visible. The results computed from weighting based on 1fdiht pairs of noisy input
datasetsA andB were additionally averaged before computing the MTF on theular
inlay. It should be reminded here that the computed MTF framcanstructed CT image
is not a modulation transfer function in the sense that itdess a linear shift-invariant
system. Itis more to be seen as a local average measuremtrd fesolution in the image.
Especially, if the MTF is computed on the edge of the circultay, it is the average MTF
of all the points on the circle surface and, additionallyasarage over the certain different
directions, because the pro le of the edge is circularlyraged. In case of a linear system
the MTF directly can be used for also determining the effédhe linear system on the
standard deviation of noise. However, in case of an adatereng and the computation
of local MTFs it is necessary to evaluate the noise propedi¢he Iter based on another
gure of merit.

Of course, the gure of merit that describes, how well the Imoek is reducing noise
in the image should not be done completely without considgiage resolution. A fair
comparison of algorithms can only be achieved, if the nasellis compared for the same
resolution, or the other way round. It is however, very difi especially for nonlinear
adaptive methods, to tune the parameters such that exhetlyaime image resolution is
achieved after ltering. Therefore, a new evaluation ®ggtis proposed here, that tries to
do the noise evaluation under consideration of the local MiEasured from the image.

From the MTF measured on the edge of the circle a correspgtidear shift-invariant
Iter can be computed that leads to the same average smapththe image as the adaptive
Iter achieved in average on the edge of the circular inlagei the standard deviation of
noise after adaptive lItering in comparison to standardidéon of noise after application
of the linear lter that leads to the same average resoluicihe inlay can be investigated.
The frequency response of the one-dimensional linear ﬁte( ) is computed from the
quotient of the MTFITF 5, ( )) measured in the processed image and the original MTF
(MTF 4ig( )) that is computed in a noise-free reconstruction of the fmman

A ()= %'g(()) if MTF 41 (1) < MTF giig( ) andMTF g ( )60: 6.7)
1 otherwise

The MTF in the adaptively Itered image is here bounded bydhginal MTF. An incre-
ment of resolution at the edge is not accounted here. In dadachieve a linear shift-
invariant and rotationally symmetrical Itering in two-tliensions, the reconstruction ker-
nel is modi ed, by multiplying its frequency responké ) with the frequency response of
the linear lter:

Kmoa( ) = RC)HA () (6.8)
The image corresponding to the linearly Itered version ofaasy image is obtained from
another indirect fan-beam FBP reconstruction, but usingrbéi ed kernelﬁmod( ).
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(a) Original noisy image with ROIs used
for noise evaluation.

(b) 2-D ltering p=1,k =0. (c) 2-D lteringp=1,k=1:5.

(d) 3-D lteringp=1,k=0. (e) 3-D lteringp=1,k=1:5.

Figure 6.2: Elliptical water phantom with circular inlayg(te with contrast of 100 HU) used
for noise and resolution analysis. The regions used forenealuation are marked in the
original noisy image (a). The results of Itering in 2-D wiht (b) and with consideration
of signi cance weights (c) are compared to the ltering résachieved in 3-D without (d)
and with signi cance weights (e). Display: c=50, w=200.
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The standard deviation of noise is then evaluated in 12 hemagus circular regions
of the elliptical phantom, as displayed in Fig.6.2(a). Thendard deviation of noise is
computed separately for all 12 regions for the original namsage ( orig), the image |-
tered with the adaptive lter (;) and the image reconstructed with the linear Iter that
leads to the average same smoothing at the edge of the cinalala ( |, ). The mean and
the standard deviation of the noise standard deviations ttxeedifferent image regions
can thus be considered. For all image regions, the noisetieduate achieved with the
adaptive lteris de ned as:

NRR=1 -2 (6.9)
orig
The noise reduction rate alone does, however, not considehiange in resolution. There-
fore, a new gure of merit, the SNR-gain is introduced heresdts into relation the stan-
dard deviation of noise in the adaptively Itered and lingaltered image:

SNRG=1 -2l (6.10)
I

Both quantities are again evaluated for the 12 ROIs sepgraiéle mean and standard
deviation of both quantities over the different image regiare then computed. The mean
values of the two quantities together can be interpretedlisiing:

* NNR and SNRG are approximately the same: This means thattiae Iter has
caused nearly no smoothing at the edge. Consequently, therveESured in the
original and adaptively Itered images are nearly equimaland the resulting linear
Iter has nearly no effect being applied to the noisy imagée INRR thus re ects
the real gain in SNR.

* NRR is larger than the SNRG: This is the usual case if the edgenatiperfectly
preserved. If the edge got smoothed, the MTF from the adalptiltered image
falls below the original MTF. The resulting linear Iter ldang to the same average
smoothing at the edge is a lowpass or bandpass lIter. Thadineltered image
shows a reduced noise level, too. The real gain of the adattér compared to the
linear lter is thus given by the SNRG.

Further, the standard deviations of both quantities shawrhach variation in the achieved
noise reduction and SNR-gain is obtained. If a high noise atolu rate is achieved in
average, but a high variation between the different regisqsesent, this shows that the
method works ne in some regions, but bad in other regionss T$a clear hint that the
noise reduction method does not adapt to the local noisespiep.

This evaluation strategy is now used for comparing diffecem gurations of the pre-
sented noise reduction method in 2-D and 3-D. A comparisacheMTFs computed for
the four examples presented in Fig. 6.2 is shown in Fig. 6@ NITF in the original noise-
free image is compared to the MTFs computed from Itered iesagAdaptive lters lead
to different amounts of smoothing for different contrastibise ratios at the edge of the
circular object. Therefore, the MTFs are plotted for thdedént contrasts (1000, 100,
60 and 20 HU). Additionally, the MTFs resulting from only eg the lowpass Itered
approximation coef cients at the maximum decompositiorelé,.x and setting all detalil
coef cients to zero is shown. This gives the lower limit th&f'Mmay reach if no structure
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Figure 6.3: Local average MTF computed at the circular inthe elliptical phantom for
different contrasts at the edge. Comparison of four con gare of the proposed lter in

2-D and 3-D.
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Figure 6.4: Noise-resolution-tradeoff - Comparison of NRRdifferent values op with
(k = 1:5) and without k = 0:0) signi cance weights in 2-D and 3-D.

was detected and all computed weights were zero and is tggetbas max Iter in the
following.

The MTFsin gure Fig. 6.3 show that for high CNR at the edge @& tiglinder, the edge
can be preserved perfectly. With decreasing CNR the edgempedson is reduced and the
edges get smoothed. It is, however, noticeable that eveasa of a CNR of 1, which
corresponds to the contrast of 20 HU at the edge, the MTFligmatich better than the
MTF of the max Iter. Of course, with increasing strength bétapplied ltering, e. g. with
increasingk the ability to detect low contrast edges also reduces. Colesely, the MTF
decreases more drastically for low contrastg,ig increased. Comparing the results of the
2-D and 3-D ltering, it can be seen that for higher contrastsetter edge preservation is
achieved. For very low contrasts, like here the case of 20tH&)smoothing at the edge
is even slightly increased. As already mentioned aboves, litowever important to look
at the noise-resolution-tradeoff and not just at noise soltgion separately. Therefore,
the NRR is plotted against SNRG/NRR in Fig. 6.4. The performarfigenoise reduction
method is better the higher the NRR and the closer the ratwdsst SNRG and NRR is to
1. If the ratio between SNRG and NRR rate is 1, the edge was plgrfgeserved and the
complete NRR can be counted as a gain. In reality, howeverratio falls below 1 if the
edge was not perfectly preserved, e.g. for a lower CNR at the.ed@his ratio can even
become negative, if the linear lter, reaching the sameagersmoothing at the edge, leads
to a overall stronger smoothing in the homogeneous imageneghan the noise adaptive
Iter. In Fig. 6.4 each line represents a single con guratiof the noise reduction method,
where the four points of the line show the results achievethidifferent CNR levels that
were tested at the edge.

In Fig. 6.4 the noise-resolution-tradeoff is compared fdfedent values ofp with
(k = 1:5) and without k = 0) signi cance weighting in 2-D and 3-D. First of all it can be
seen that with increasinga stronger noise reduction can be achieved. If the signcean
weights are additionally used for the weighting of the ceefnts, a higher noise reduction
can be achieved for the sarpelt is, however, noticeable that for low CNR the signi cance
weights lead to increased smoothing at the edges. For higirrasts at the edges, the sig-
ni cance weights show no negative in uence on the resolutijoist a positive effect on the
noise reduction. In all cases it is noticeable, by compaFilgg6.4(a) and Fig. 6.4(b) that
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much better results with respect to noise reduction and pdggervation can be achieved
in 3-D.

6.4.2 Example Images

In Fig.6.5 an example slice, taken from a thoracic scan, esvah The original slice
(Fig. 6.5(a)) as well as the difference between the sepaeatanstructions (Fig. 6.5(b))
show directed noise due to high attenuation along the hatdairection. An edge-
detection is performed by correlation analysis betweerafigroximation images, as can
be seen in the weighting image at the rst decompositionllgvEig. 6.5(e). In Fig. 6.5(f)-
6.5(h) the combinations of correlation based weight anehtation dependent signi cance
weights are shown for the horizontal, vertical and diagali@ctions. This combination
allows an adaptive, anisotropic denoising. The noise sgged result image (3 levels of
2-D-Haar-DWT, denoised with = 1:0; k = 1:5) is shown in Fig. 6.5(c), together with the
difference to the original in Fig. 6.5(d). It can be seen thiegcted noise is reduced also in
regions close to edges without noticeably affecting imagelution.

In Fig. 6.6 results are presented for a thin reconstructed €:8 mm) taken from a
CTA of a liver (see also difference images). The original pasitce is shown in Fig. 6.6(a).
In Fig. 6.6(c) the denoising result of the proposed methd&ilnis presenteda(= 1:0; k =
1:5). Noticeably, the method adapts itself to the noise poweh@&image and removes
noise more uniformly. In average, a reduction of pixel ngsggandard deviation of noise in
homogeneous region) of approximately 45% was achieveddn[2evertheless, the over-
all image appearance is not very natural with respect toabielmal noise power spectrum.
The reason for this is that we used only a small neighborhddsl 05 pixels for corre-
lation computation. Therefore, the correlation analysisat very reliable and some false
correlations lead to noise remaining in the image. In coispar the denoising in 3-D
with5 5 5neighborhoods and same parameter settings, shown in &{g) 6is more
effective. Noise is removed very well (up to 60%) in homogmreareas and also close
to edges. Even at lower contrasts, edges are still presef@dexample, the contrasted
vessels in the liver are better visible in the noise suppgnage in comparison to the
original.

6.5 Conclusions

In this chapter the combination of the two previously introed wavelet based noise re-
duction methods was presented. The correlation analysigelbe approximation coef -
cients of the wavelet representation of two images was coedbivith an orientation and
frequency dependent noise estimation. In addition to threetadion based weight, sig-
ni cance weights were introduced, which suppress coehtsein dependence on the esti-
mated noise level of the wavelet coef cient. By combining tloerelation and signi cance
weight, the wavelet coef cients are treated differentlyt moly depending on their posi-
tion and the respective frequency band, but also for therdifft orientations. The result is
that an anisotropic noise suppression becomes possibieh whtomatically adapts to the
locally varying noise power. The anisotropic behavior igezsally bene cial for datasets
with directed noise, like in the hips or shoulder. Furthemepdhe Itering approach was
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(a) original (A + B)=2) (b) (A B)=2
(c) denoised (d) denoised original
(e) correlation weight () horizontal weight (9) vertical weight (h) diagonal weight

Figure 6.5: Denoising results for a thoracic slice, disptayithc = 50 andw = 400.
Difference images are displayed with= 0 andw = 100. The corresponding correlation
based weight and the combinations with orientation depensigni cance weights are
shown for the rst decomposition level (O corresponds tackldl corresponds to white).
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(a) original (A + B)=2) (b) (A B)=2
(c) 2-D denoised (d) 2-D denoised original
(e) 3-D denoised (f) 3-D denoised original

Figure 6.6: Denoising results of different approaches fGTA of a liver, displayed with
c = 200 andw = 700. The corresponding difference images are displayed et and
w = 200.
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extended to 3-D. The application of the proposed methodnsBowed higher noise re-
duction, up to 60%, and even improved edge-preservation.



Chapter 7

Noise Propagation Through Indirect
Fan-Beam FPB Reconstruction

In CT, post-processing techniques are often applied to tenstructed images. Depend-
ing on the application, which can vary from diagnostic taskiseatment assessment prob-
lems, these techniques include, for example, edge-priegettering segmentation or im-
age registration. It is a known fact that most standard postessing techniques require a
model for the noise in the reconstructed images. Frequentiyite Gaussian noise model
based on a single, coarsely estimated parameter is assontee fmages. However, such
a choice is suboptimal because the noise in CT images is atiorsry and object depen-
dent. This chapter focuses on the problem of estimatingdbal Inoise variance in CT
images. Having access to the image variance offers the fdtemsigni cantly improve
the performance and outcome of post-processing technigseis has already been dis-
cussed in Chapter 5 and Chapter 6. For instance, it has been shattaking into account
the local noise variance for wavelet denoising [Bors 08d]itiusion lItering [Maye 07]

of CT reconstructions improves the noise suppression ared ginore homogeneous results
over the whole image domain.

The noise estimation in [Bors 08d] and [Maye 07] is obtainedligiding the measure-
ments into two complete subsets yielding two images thaheagly independent in terms
of noise, as it has been discussed in detail in Chapter 5 and&@&apThe experiments,
however, showed that such an approach does not provide gkaple noise estimates.
Also, the averaging step makes the variance estimateg fairi-local, whereas pixelwise
estimates are desired.

A review of the literature shows that the image variance khpreferably be computed
using the knowledge that the noise in each individual imaxgel s a direct result from the
noise in the projections. In other words, the image variaacebe obtained by propagating
the noise in the data through the reconstruction pipelinech&n approach is described
in [Kak 01, Buzu 04] for FBP reconstruction from parallel-bedata, as it has been brie y
summarized in Section 2.4.2. It is also used in [Pan 99, Pa@Bg 05, Wund 08] for
direct fan-beam FBP reconstruction. All these referencesras that the measurements
are uncorrelated and that their variance is known. Moreakiey do not consider parallel-
beam FBP reconstructions applied to rebinned fan-beam Batadering to parallel-beam
projections is favored by many CT manufacturers for reasdesmputational ef ciency

99
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Fan-Beam Projections

Reconstructed Image

.| Indirect Fan-Beam
FBP Reconstruction

A 4 A 4
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Noise Variance
In Projections Standard Deviation of Noise
In Reconstructed Image
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Figure 7.1: Overview of noise propagation method.

and ease in handling special scanning features such asdheigdetector offset or redun-
dant data.

The main contribution of this chapter, which has partialyb published in [Bors 08a]
can be summarized as follows: In this chapter a new methothéocomputation of the
image variance in indirect fan-beam FBP reconstructionsit®duced, where the data
is rst rebinned to parallel-beam geometry. The methoddiwl the noise propagation
scheme discussed above but has to deal with the dif culty tiwa rebinning step corre-
lates the measurements together. To propagate the noieeofte reconstruction step to
the next, a modular technique is introduced that relies sualt of linear system theory
to compute any covariance terms that result from these .sfBpis techniqgue makes the
proposed method approximate but allows an easy implenmentand ef cient computa-
tions. Regarding the noise in the measurements, we also aghatmoise is uncorrelated,
as in [Kak 01, Buzu 04, Pan 99, Pan 03, Wang 05, Wund 08]. Theogezpmethodology
is validated with three different phantoms, using compstemulated data of known vari-
ance. Given that the ultimate goal is to obtain the imageawae map in addition to the
reconstruction, the statistical error in image variandeuwation that results from estimat-
ing the variance in the data from a single measurement igiaddily evaluated based on
simulated and real data.
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7.1 Methodology Overview

An overview of the here presented approach can be seen ifi.Eigin addition to the
reconstructed CT image, an estimate of the pixel-wise ehaulsl be computed. The local
noise estimate can then be used for several post-proceassitingds that are performed on
the reconstructed CT image. Noise reduction methods caextomple, be adapted to the
local noise statistics.

Every step of the reconstruction pipeline needs to be mablireorder to reconstruct
noise variances. Starting with the noise estimates in théo&am projections, the noise
variance and correlation are subsequently propagateddtemto step through the recon-
struction pipeline that is structured as follows:

» Rebinning from fan-beam projections to equidistantly splgarallel projections.

» Convolution of the rebinned projections with the recondian kernel.

» Backprojection of the Itered projections.

» Houns eld-scaling of reconstructed attenuation coeticis to normalized CT-values.

A detailed description of the reconstruction method caro@d in Section 2.2.2. We rely
strongly on the fact that all individual steps of the recamstion pipeline (interpolations,
convolution and backprojection) can be expressed as a lomgabination of noisy data or
random variables. For the variance of a linear combinatfaarmdom variables taken from
the random signat(t) the following holds [Weis]:

X ! X X X
Var ax(t) = advar(x(t))+ aa Cov(x(t;); x(t)); (7.1)

i i i j6i

with g de ning the weights, e.g., taken from a nite impulse respern(FIR) lter. As
can be seen from Eq. (7.1), in addition to the local varianéeéx(t;)), the covariances
Cov(x(t;); x(tj)) are needed to compute the noise variance of the linear catntinof
random variables. Additionally, for the exact computatafrthe noise variance after ap-
plying several linear lIters in series, the propagationlué tovariance matrix from step to
step would be needed. This makes the whole processing amatgai and often computa-
tionally inef cient. Here, an original approximate methadproposed that estimates the
covariance terms based on linear system theory.

When the variances, V@«(t)), are available, it is known that the covariance between
the values of the random signg(t) at two positiond; andt, can be computed using the
autocorrelation coef cient function (ACCF) (t1; t2) and the local variances, as

Cov(x(t1);x(t2)) = P Var(x(ty))Var(x(tz)) xx(t1;t2): (7.2)

However, the above equation still does not facilitate theleh@nd implementation be-
cause it requires the computation of the local autocoioglaioef cients. The propagation
of the variances and correlations from step to step would behneasier and could be
performed using linear system theory if wide-sense statp(WSS) signals could be as-
sumed. The requirement for wide-sense stationarity istttestnean and autocorrelation
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are shift-invariant. In CT projections, noise is additivedazan be assumed to be zero-
mean. Hence the assumption that the mean is shift-invasdaltlled. If the correlation
lengths are small and the linear combinations are only peéd on coef cients concen-
trated around a given sample, it is a good approximationgarae that the ACCF is shift-
invariant. In the following the random signal at any stepssuaned to be a WSS signal
in the sense that the ACCF can be estimated as a function of thenpter = t, t;.
Eqg. (7.2) can then be rewritten as

Cov(x(t1); x(t2)) = P Var(x(t1)) Var(x(t2)) »( ): (7.3)
The ACCF can be expressed as the normalized autocorrelatiotido:
w ()= " ()= (0); (7.4)
where the autocorrelation function (ACF), ( ), of a zero-mean WSS signal is:
()= (tptat ) = k(e t) = Efx(t)x(t) g (7.5)

In the ideal case of perfectly uncorrelated data, the ACCFstsgulelta function, which
Is zero everywhere except for= 0. The application of a linear shift-invariant Itdu(t)
to a random signat(t) changes its autocorrelation and thus also its autocoiwelabef-
cient function. Even if a perfectly uncorrelated signalie input to a pipeline of several
linear operations, the outputs at the intermediate stepps@longer perfectly uncorrelated.
Therefore, the amount of correlation after performing adinoperation needs to be mod-
eled as well. The response of linear shift-invariant (L§Btem to the random signa(t)
is computed by convolution:

y(t) = x(t) h(t): (7.6)

The output signay(t) is still a random process. For the mean of the output sigftalthe
following holds:

y() = Efy(hg= Efx()g h(t) = (1) h(1); (7.7)

where (t) is the mean of the input. Consequently, Itering a zero-mdgnal results in
zero-mean output. If the input signgt) is a WSS signal, then the autocorrelation function
of the outputy(t) also only depends onand can be written as [Oppe 96, Giro 01]:

Cy()= () T an(): (7.8)

This means the ACF of the output signal can be computed by dangahe ACF of the
input signal with the ACF of the lter. The ACF of the lIter is gen as [Oppe 96, Giro 01]:

“an()=hC) h(C ) (7.9)

whereh () is the complex conjugate @f( ). The ACCF, as de ned in Eq. (7.4), is just
a normalized version of the ACF. Thus, it is valid to directiyngolve the ACCF of the
input, «( ), with the Iter ACCF, n,( ), to compute the ACCF at the output:

().

yy( ) = ~yy(0)’

with ~yy( ): XX( ) hh( ): (710)
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The methodology used for noise propagation can be sumndaaizéollowing: In or-
der to compute a pixel-wise estimate of the noise variantleameconstructed image, the
noise variance estimates and the correlation within tha idgiropagated from step to step
through the reconstruction pipeline. The starting pointhef noise propagation method is
an estimate of the noise variance and noise correlationgratiguired fan-beam projec-
tions. For simplicity, we assume here that noise in the faani projections is perfectly
uncorrelated, which is valid as long as crosstalk at theatl@teafterglow and tube-current
variations are negligibly small. Consequently, the ACCF ofrtbise in the fan-beam pro-
jections is assumed to be a delta function. For each stadpe oétonstruction pipeline the
variance and ACCF are updated as follows:

1. The variance of the linear combination of random varialidecomputed according
to Eq. (7.1). The covariances needed for Eq. (7.1) are apped&d using the ACCF
and the local variances of the input to the current stageagbifheline, as described in
Eq. (7.3). Note again that only the ACCF is modeled under a \s&lese stationarity
assumption. By using the local variances for the computatlos non-stationarity
of noise is taken into account.

2. The current pipeline stage changes the correlation nvitne data. Therefore, the
ACCEF that is used for the next processing step needs to be apddies is done by
modeling interpolation and Itering steps to be represdrig a linear shift-invariant
Iter. The ACCF corresponding to the output of the Itered sans computed ac-
cording to Eq. (7.10).

7.2 Noise Propagation Through Indirect Fan-Beam FBP
Reconstruction

The estimates of the noise variances in the fan-beam piajscare the input to the algo-
rithm for noise propagation. These estimates can be baitent en repeated measurements
of the same object, or just one single measurement and aatalibnoise model. In the
following, a detailed description is presented, on how theva introduced methodology
can be applied to all single steps of the reconstructionlipipe

7.2.1 Rebinning

Starting with the noise variances, ‘(/B[ﬁ?‘,”), and ACCF, (; ), of the acquired fan-
beam projections, the rst step of the reconstruction pipels the rebinning to parallel-
beam projections. First, during azimuthal rebinning, RdLQ) is applied to obtain hybrid
projections depending on the parallel projection angéend the fan angle. For interpo-
lating the noise variances Eq. (7.1) is applied to Eq. (2.60)ng:

2 f
Var(P:])‘/lb = (haZi(~m;| k)) 2Var(P£?|n)+
k=1
X azi( azi(__ fan. pfany.
h ( m;l k)h ( m;!l R)COV(Pk;| ’PIZ;I ) (711)

k=1 &r=1
R6k
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The covariances are computed based on Eq. (7.3) as

Cov(P"; P") = : Var(Pfa"Vvar(Pfan) =( . ;0) (7.12)
As already mentioned before, noise in the fan-beam praojestis assumed to be perfectly
uncorrelated. Thus, the ACCF of noise in the fan-beam prajestis a delta function, i. e.
B 1 )= B« .;0)=0. Consequently, the covariances in Eq. (7.11)
are all zero.

After that the complementary rebinning is performed. Twifedént cases need to be
distinguished here, too. If the quarter-detector-offsetsed, two projections with an offset
of areinterleaved in order to increase the resolution withia projection. This step does
not in uence the single variance values. They are also justieaved:

Var(P&",) = Var(P°); and Va(PS") = Var(Pi . 1): (7.13)

If no quarter detector offset is used, redundant measuresnaee averaged together. For
the variances again Eq. (7.1) is applied:

1 1
Var(PiP™) = 4 Var(Pir;]lyb)"' Var(PiTl(lb oNper 1)t ECOV(Pir;}yb;PiTr/\lb onper 1)1 (7.14)

The covariances again cancel out if noise in the fan-beamidatssumed to be uncorre-
lated. The azimuthal and complementary interpolations @tointroduce correlations to
the hybrid projections in direction. Thus, for the last rebinning step the data cdh sti
be assumed to be uncorrelated. After this interpolatiorctreesponding noise variances
Var(P( ;t)) for every discrete parallel projection is obtained by:

e
Var(Pii) = (h™(%  ))?Var(Pym)+
=1
Re Xe rad ( ~ rad ( ~ com com
i G 1 el ]E)Cov(ﬁj PE™: (7.15)
=1 =1
I
With the same reasoning as above, the covariances are fzeénopirelated fan-beam pro-
jections are assumed.

After rebinning, noise in the parallel projections and begw neighboring views is
no longer uncorrelated. The interpolation Iter functiosad for azimuthal rebinning is
denoted a$? and the radial interpolation Iter i$@9. Based on these two Iters the
autocorrelation coef cient function is computed that déses the amount of correlation
introduced to the data during the rebinning process. Thepteta interpolation lter is
modeled as a separable 2-D- lter:

hPo!(;t) = he@i( ) hed(); (7.16)

which is an approximation since ti{g t )-coordinates are not orthogonal relative to the
(; )-coordinates. Therefore, the ACCP° (t) corresponding to the 2-D interpolation
Ilter is:

ol -t)= h(;t)=h(0;0); h(:;t)= hPo(:t) h*(;:t); (7.17)
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(a) Example for azimuthal interpoldb) Linear interpolation function and sampled ver-
tion. sion

Figure 7.2: Example for linear interpolation weights appeaduring azimuthal rebinning.
The continuous interpolation function is sampled only at p@sitions.

where  denotes a 2-D convolution. Because of the assumption of gigrfencorre-
lated noise in the fan-beam projections, the updated ACCF rafiénning is equivalent to

iPol (t). The convolution according to Eq. (7.10) with the ACCF of the-Eeeam projec-
tions, which is a delta function, has no effect.

The approximation of the correlation introduced to the dhieng rebinning by the
continuous interpolation functions, as described ab@veoti the best solution when work-
ing with discrete data. The resampling during azimutharpodlation usually leads to a
very regular interpolation pattern, as illustrated in Fig.(a). Therefore, the interpolation
function is repeatedly evaluated at few positions only. &ejpng on how the two grids lie
to each other the continuous approximation might under-verastimate the correlation
within the data. The continuous case assumes that all posibetween the discrete grid
points are interpolated with the same frequency, which ighecase during the rebinning
procedure described above. The problem can be easily uaddrsegarding one simple
example. If linear interpolation is used for computing sésphat are placed perfectly in
the center between the original samples, the maximum oélation is introduced to the
data. Two neighboring samples were computed by one half thensame original noisy
data placed between them. The other extreme would be thaigpiols are perfectly lying
on each other. Then no further correlation is introducedhéodata at all. This example
already shows the importance of taking into account thaelissampling of the data.

The average functions corresponding to the sampled azahaitid radial interpolation
functions are computed taking into account the weightsrety appear during interpo-
lation, which is basically a sampled version of the contuminterpolation function, as
shown in Fig. 7.2(b). The function corresponding to the aghal rebinning is computed
as: _ Ne » Yt Ne _ S

he( ) = () (= ): (7.18)
m=1 =1 k=1
During radial rebinning an interpolation from a non-unifoto a uniform grid is per-
formed. This means that the distances between neighbaaimgles varies within a pro-
jection. The relative distance between neighboring sasmnithin a projection is plotted
in Fig. 7.3(a). This has the effect that interpolation wésgare not used with the same
frequency, as can be seen in Fig.7.3(c). The distributiolmefr interpolation weights
depends on the channel number, as shown in Fig. 7.3(b). Hummnplot it can be seen
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quite clearly that close to the center ray the two grids areenoo less lying onto each
other, because weights close to 0 and 1 appear. At the outgersahe weights seem to
be more randomly arranged. In practice this means that émnsgructions within a small
FQOV around the iso-center nearly no correlations are inited to the data during radial
rebinning. If a large FOV is reconstructed, the outer rags@eded for the reconstruction,
too. Thus stronger correlated data is used. This shouldkea tato account in estimating
the amount of correlation within the data after rebinninge@pproach is to compute the
average sampled interpolation function that correspoadsadial rebinning. Here, only
those channels(2 [nmin ; Nmax]) Within the projection are taken into account that are used
for the reconstruction of the current FOV:

= R @ e 9 (7.19)
n J' .

nN=n min j=1

Instead of working with the real continuous interpolationdtions, the averaged sampled
versions presented in Eq. (7.18) and Eq. (7.19) are useshichéh Eq. (7.16).

7.2.2 Convolution

The next step in the reconstruction pipeline is the conuamtudf the parallel projections
P ( ;t) with the kernel functiork(t) along the row direction, as described in Eqg. (2.18).
The noise variance in the Itered projections Y&( ;t)) can thus be computed based on
Eq. (7.1).

Basically, the noise propagation through the convolutiom loa split into two parts:
the convolution with the squared lItering kernel and the sioleration of the covariances.
The convolution of the noise variances in the parallel ptgas with the squared |-
tering kernel has also been considered in the theoreticysis presented in [Buzu 04]
and [Kak 01]. However, the experiments will show that theas@ance terms of the data
within the same projections are essential for getting bddianoise estimates. Altogether,
the noise variance in the lItered projections can be comgaiecording to:

0 1
Xip X Xl
Var(Pi;In) = tZ% Pi?:rkz(tn ts) + Cov(PE"; PEK(th  to)k(tn tr)g :
= =1t
(7.20)

The covariance between two channels within one parallgéption can be approximated
using the autocorrelation coef cient function in Eq. (7)17

q :
CoMPR PRy Var(PR")Var(PP™) P(0;ts  t): (7.21)

[ ;S
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Figure 7.4: Autocorrelation coef cient functions afterramlution for two different recon-
struction kernels.

The projections are sampled with the sampling distanteConsequently, Eq. (7.21) can
be reformulated such that the distance betwigesndt, in discrete steps of sizet is
included:

)@p Oax '
Var(Pi;In) = t2 kz(tn ts) Pi?sar + ipol (O,q t)
s=1 g=1
X q

Var(Pi ) Var(Plgi k(th  tok(ta ts g t)+

i;s+
s=1

q
Var(Pi‘;’s‘:’")Var(P-'“’a“q)k(tn tok(t, ts+q t) : (7.22)

1S

The covariance parts are consequently implemented byiawalitconvolutions. The pa-
rametergmax controls how many neighboring channels are taken into attdow covari-
ance computation. Usually, the autocorrelation functi®f( ;t) very rapidly goes to
zero. This means that only channels in a small neighborhoodarelated. Therefore, the
maximum distance between the channels that need to be eoedidnd thug.x can be
chosen in dependence of the ACCF:

Omax = @rgmaxg,y  *%(0;q t) > (7.23)

Thoseq for which the correlation coef cient af t is below a certain small threshold
are neglected in Eq. (7.22). Typical values fare in the range of 0.01.

The convolution process inside the reconstruction pipelnroduces further correla-
tions within the parallel projections. In order to modelstifior the next step, the ACCF
after Itering needs to be computed. The Iter ACCF is computesed on Eg. (7.4) and
Eq.(7.9) as

" ki (1)
" kk (0)

w(t) = with " e (t) = k(t) k ( t): (7.24)
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The correlation inside the data after convolution is désatiby convolution of the ACCF
after rebinning with the Iter ACCF along the direction tfollowed by normalization, as
described in EqQ. (7.10):

~"GY.

TGY= S0y

~SLon( -t) = ipol( 1) ki (1) (7.25)

Two examples for different convolution kernels are showhim 7.4.

7.2.3 Backprojection

After the ltering with the convolution kernel the next stepthe reconstruction pipeline is
the backprojection into image plane. For each image pixtle sum over alN , parallel
projection angles 2 [0; [is computed according to Eq. (2.20). The noise varianceeof th
reconstructed attenuation coef cients Yafx)) then amounts to:

0 1
N NoeoNoe
var( ()= 2@ Var(R, () + CouP,' (x); P,' (x))X
i=1 i=1 =L
. JS' !
2 e Var(P;' (x)) + R Cov(P,' (x);P.L (x)) + CowP,' (x);P,' .(x))
i i » it i i
i=1 i=1 j=1

(7.26)

During the reconstruction algorithm only the azimuthalineing introduces a correlation
between directly neighboring projections. Thus, only theaciances between few neigh-
boring projections need to be taken into account. It is agassible to determingax
based on the ACCF after convolution in direction of

jmax = argmax,f “"G ;0)> g: (7.27)

For getting the projection valug' (x) an interpolation is necessary, as described in
Eq. (2.21). Consequently, the covariances in Eq. (7.26) easomputed by:

Xp Rip
Cov(P;' (x); P} (x)) = h*I(6(x)  ta)hP(G(X)  tm)COMP;y,; Pily); (7.28)
n=1 m=1
with
ti(x) = xsin ; ycos i: (7.29)

Accordingly, the variance can be computed as a special gase b

Xip
Var(P' (x)) = hYPI(f(x) t,) “Var(P,l)+
n=1
R R |
P (6(X)  to)hPPI(E(X)  tm)COMP.\;PL): (7.30)

n=1 m=1
mén
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The covariances are approximated based on the ACCF given {7 2§):

q
Cov(Pi;'n;Pj;'m) Var(Pl)Var(P L)) ©"( i jitn tm): (7.31)

On the rst glance, it seems that Eq. (7.28) and Eq. (7.30)ireca large number of com-
putations because of the included double sums. Howevemthgpolation functions are
different from zero only for a few neighboring channels. ilfelar interpolation is used,
as de ned in EqQ.(2.23), e.g. only two neighboring channeithiw one projection are
considered and consequently, only four summands are eshiniEq. (7.28).

7.2.4 Houns eld Scaling

The reconstructed attenuation coef cients are usuallymadized to Houns eld-Units. This
is done as described in Eq. (2.22). In order to estimate tisenmo the normalized recon-
structed data, the following equation needs to be used:

2
Var(f (x)) = Var( (x)) 1000 HU?: (7.32)

w

Consequently, the standard deviation of noig¢g) in the reconstructed and normalized
image can be computed by

(x) = P Var(f (x)): (7.33)

7.2.5 Covariance Between Reconstructed Houns eld Values

The above presented theory can be extended to compute thdasme between recon-
structed Houns eld values. Therefore, the correlatiomasn neighboring pixels can be
determined analytically, too. The covariance between taronalized reconstructed pixel
values at two arbitrary positions andx, can be computed as:

2
Covf (x)if(x2)) = 220 Cou( (x2); (x2)) HUZ: (7.34)

w

This equation can be used for computing the complete cowvaianatrix of an image.
According to the variance computation in Eq. (7.26), whishust a special case of the
covariance, the covariance amounts to:

NN
Cov (x1); (x2))= 2 Cov(P,' (x1); P}’ (x2))
=1 j=1
Xoro M
? Cov(P,' (x1); Pi-il-j (X2)): (7.35)
i=l j=  jmax

Here, again the approximation is used that only few neighlggsrojections are correlated
because of the azimuthal rebinning. The number of neighgatojections is determined
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based on the ACCF as given in Eq. (7.27). The covariance betimésnpolated values
taken out of two parallel projections is computed very samib Eq. (7.28):

Xe X .
Cov(P,' (x1); P! (x2)) = hP (t7(x1)  ta)hPI((X2)  tm)COMP; i Piin);
=1 m=1
= (7.36)
where
ti(x1) = Xgsin j  yicos; and t(Xz) = XzSin j Yy,COS j: (7.37)

Finally, the same approximation that is used for the vagacmmputation can be applied
here:

q
COV(Pi;In; Pj ;Im) Var(Pi;In)Var(Pj ;Im) con( [ j;tn tm): (738)

The correlation coef cient between two image pixels camthe computed using Eq. (7.34)
and the local variances from Eq. (7.32):

o Couf (x1); T (x2))

img . —
(Xaixa) = P Var(f (x2)) Var(f (X))

(7.39)

7.3 Experimental Evaluation

The analytic model presented in the previous section mase®iisome assumptions and
approximations, leading to a systematic error of the methodddition, the method uses
noisy projection data as input to the noise estimation. Tegads to an additional intrinsic

statistical uncertainty. To quantify systematic and statal uncertainty of the presented
method, Monte-Carlo simulations were carried out.

7.3.1 Simulation
Three analytical phantoms were used for the evaluationeohtiise propagation method:

* The FORBILD thorax phantom, in the following denoted as tkopaantom, is
shown in Fig. 7.5(a). It is reconstructed at a FOV of 41 cm dliee is positioned at
z=0cm.

* A modi ed version of the FORBILD thorax phantom, in the follovg denoted as
shoulder phantom, is shown in Fig. 7.5(d). It is reconsedcit a FOV of 51 cm,
the slice is positioned & = 14 cm. One of the lungs was translaté5 cmin
z-direction in order to achieve more antisymmetry.

* The FORBILD head phantom with ears is shown in Fig. 7.5(g} teconstructed at
a FOV of 25 cm, the slice is positionedzat 0 cm.

For all three phantoms, noise-free fan-beam projectione wenulated using 1160 pro-
jections, 672 detector channels and a quarter detectatofie following physical pa-
rameters were selected for the simulation: focus witithmm, anode angle 82, delta
beta = 360=4640 mm 80KkV. The indirect fan-beam FBP reconstruction was per-
formed in combination with four different reconstructioerkels. The MTFs of the kernels
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are displayed in Fig. 7.6. For the noise propagation methedbarameter = 0:01 was
used in Eq. (7.23) and Eq. (7.27). The parametgrs andjnax are thus equal to 1 for all
experiments.

7.3.2 Accuracy of the Noise Propagation
CT-image noise estimates were built according to the folgwhree procedures:

a) Noise free projections were used for a Poisson-distribntese estimation. The prop-
agation through the analytical model yieldgx).

b) Monte-Carlo simulations dfly,c = 10000CT images were generated. For each image,
Poisson-distributed noise was added to the projectiongl-Riise noise computation
from theNyc reconstructed images giveg(x).

c) In parallel, for each of th&yc images the noisy projections were used for Poisson-
distributed noise estimation. The propagation throughathaytical model yields
o(x) and Va( ¢(x)).

Procedure a) provides the expectation value for the CT image raccording to the pro-
posed method. The standard deviation computed in b) yielgald standard to compare
with. The standard deviation imageg(x) and ,(x) are used to determine the systematic
error of the proposed method on a per-pixel basis. The pigelvelative error is de ned

as:
a(X) b(X) :

0= b(X)

The noise propagation method is precise if the relativelpige errors are small on the
complete image domain. Therefore, the average relatiee err

(7.40)

r(xi); (7.41)

and its variance

R ro(xi) r )% 7.42

R BNk (7.42)
over the different image pixels is computed, whirds the number of image pixels and
r (X;) is the relative error at pixel position. The average quadratic error, normalized on
a per-pixel basis is de ned as:

\
u r

X
N D D T (7.43)

i=1

S =

L
N

Measuring the variance of the noise prediction during place c) exhibits its intrinsic
statistical uncertainty for a given dose and object. Thienalte goal of the here presented
noise propagation method is to get a variance map in additianreconstructed image,
using one single measurement. Then the input to the noigggadion is no longer the
exact noise variance in the projections, but a noisy estimiaach of theNyc = 10000
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(a) Thorax (b) Analytical (c) Monte-Carlo
(d) Shoulder (e) Analytical (f) Monte-Carlo
(g) Head (h) Analytical (i) Monte-Carlo

Figure 7.5: Phantoms used for evaluation reconstructed 850 (Thorax: 30cm FOV,
display: w=50, c=400, Shoulder: 51 cm FOV, display: w=509@&, Head: 25cm FOV,
display: w=50, c=900), together with analytical noiserasties and estimates from 10000
noisy realizations (Thorax noise display: w=25, ¢c=50, Stteuand Head noise display:
w=50, c=150).
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Figure 7.6: MTFs of kernels used for the experiments.
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noisy projections are used for estimating the noise vaeamthe projections respectively
and are then separately propagated through the recomstratgorithm givingNyc stan-
dard deviation imagesc.,(x) with m = 1;:::;Nyc . From the stack of standard deviation
images the pixelwise mean(x) and variance Vaf .(x)) can be computed as:

1 X
o(x) = W em(X); (7.44)
1 X
Var( (x)) = m ( em(x) C;m(x))z: (7.45)

The pixelwise standard deviation of the standard deviati@ges ( (x)) =  Var( <(x))
Is a measure for how stable the noise variances can be req@odising different noise re-
alizations. For all three phantoms the values in(Vax)) were well below 0.1%.

Table 7.1: Evaluation of the systematic error of the methogpsed. Numbers are quoted
in percent ¢o).

Thorax Sim10 Sim30 Sim50 Sim0
b 3.7 5.8 13.2 10.2
roa -22.3 85 -11.098 55 11.2 3.3 9.7
S 23.9 14.8 12.5 10.2
r .o -184 89 -8.0 10.1 5.8 11.2 3.7 9.7
s 20.4 12.9 12.6 10.4
r.3 -16.4 7.4 -5.9 7.7 8.3 8.9 6.1 7.1
s 18.0 9.7 12.2 9.4
r .4 -3.6 3.6 -1.6 3.3 12 24 0.7 2.2

S 5.3 3.9 2.8 2.3
Shoulder Sim10 Sim30 Sim50 Sim0

b 10.7 17.0 35.4 27.1
roq -18.7 94  -10.1 93 -14 111 -3.5 9.7
s 20.9 13.8 111 10.4
r oo -13.0 10.0 -5.8 9.8 0.4 11.3 -1.2 10.0
S 16.5 11.4 11.3 10.1
ro.s3 -11.8 8.4 -4.4 7.7 1.9 9.8 0.3 8.2
s 145 8.9 10.0 8.2
r.a -1.8 4.0 -0.4 3.5 0.6 2.8 0.3 2.8
S 4.4 35 2.8 2.8
Head Sim10 Sim30 Sim50 Sim0

b 16.1 26.1 62.0 58.3
roq -29.2 3.7 -19969 49138 209111
s 29.5 21.0 14.6 23.7
ro. -27.8 3.8 -1887.0 4.8 13.8 19.4 11.0
s 28.0 20.0 14.6 22.3
r o3 -23.7 3.3 -144 43 10.2 9.2 25.7 6.0
s 23.9 15.0 13.7 26.4
ro.g -6.3 2.1 -4.7 1.7 0.2 2.0 3.0 24
s 6.7 5.0 2.0 3.9

Tab. 7.1 summarizes the results of the systematic erron@trah achieved for the three
phantoms. The average pixel noise valugsn HU are listed for the different phantoms
and reconstruction kernels. This average pixel noise wesrdeed by averaging over
the standard deviation image achieved from the Monte-Carialation. In addition, the
relative systematic errors are listed for four differersest

1. All covariances are neglected, giving,; ands ;.

2. The covariances during backprojection are neglecteth@r ., ands ..
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3. The covariances between neighboring projections dinaagprojection are neglected,
givingr .zands .

4. All covariances proposed in the method presented hetalegr into account, giving
r .,ands ..

The relative systematic errors are averaged over the winalge domain and quoted in per-
cent, together with their standard deviations. Additibndhe L2-norm errors are quoted
as well.

For better judging the results the standard deviation imaipained from the analytic
noise propagation and from the Monte-Carlo can be compar&airy.5. Additionally,
horizontal and vertical lineplots through the center of stendard deviation images are
displayed in Fig. 7.7, Fig. 7.8, and Fig. 7.9. The accuracyheffour different con gu-
rations of the algorithm can here be compared visually fer different phantoms and
reconstruction kernels.

It is evident, that good results over the full range of contioh kernels can only be
achieved by considering the covariances during the cotisol@and backprojection pro-
cesses. This can be seen from the quantitative evaluatiovebi@s from the lineplots
through the standard deviation images. Without considettie correlations introduced
to the data during the processing, the noise is under- oestiarated, sometimes up to
more than 40%. This estimation error cannot be adjusted lyrr@ation factor or shift,
because the deviation of the errors within the image stsovalies. The consideration of
the correlations introduced during rebinning for the cdation process only leads to im-
provements for smoother reconstruction kernels. It candegly seen from the lineplots,
that especially for Sim50 and SimO nearly no changes areatdé (regarding the magenta
and cyan curves). The reason is that the smoother kernetsehender spatial extension
and, therefore, the correlations within the neighborhdw® more in uence. Taking into
account the correlation between neighboring channelsguhie interpolation performed
within the backprojections improves the noise estimatiomll cases (regarding the red
curve in the lineplots). The additional consideration ofretations between neighboring
projections, when summing up the contributions from akdirons to the local noise vari-
ance in the backprojection, has again a larger impact if shev@econstruction kernels are
used. Another observation is that the in uence is higherfénther the distance of the pixel
to the iso-center. This can be understood regarding the ACCH& emooth Sim10 and
sharp Sim0 kernel plotted in Fig. 7.4. The larger the distasfc¢he currently reconstructed
pixel to the iso-center, the larger is the distance betwkerchannels of two neighboring
projections contributing to that pixel. While the ACCF is stitht O for a smooth kernel,
there is no noticeable correlation between these samptasaof a sharp kernel. If all the
correlations are taken into account for the noise propagdltie method shows good accu-
racy with an average relative error below 6.3% for the heaahfim and even below 2%
for the shoulder phantom. The L2-norm errors are in abousémee range between 6.7%
for very smooth reconstruction kernels and close to 2% fargheconstruction kernels.

7.3.3 Real Data

In addition to the evaluation based on simulated data, soyperenents with data acquired
at a Siemens De nition CT scanner were performed. For estimaioise in the projections
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Figure 7.7: Horizontal and vertical cuts through standa&sdation images for thorax phan-
tom - comparison of Monte-Carlo results to four differentesaef analytical noise propa-
gation for four different reconstruction kernels.
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region of thorax phantom - comparison of Monte-Carlo resalt®ur different cases of
analytical noise propagation for four different reconstian kernels.
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(a) Abdomen: Noisy Image (b) Abdomen: Analytical Noise Estimate

(c) Thorax: Noisy Image (d) Thorax: Analytical Noise Estimate

Figure 7.10: Experiments with real data acquired at a Sisnidmnition CT scanner
(300mm FQV, B40f, display: w=50, c=400), together with atiaBl noise estimates (dis-
play: w=50, c=80). The pixel regions used for evaluationamfal standard deviations in
noisy image and average standard deviation from analyigengropagation are shown
with their respective numbers.
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of scanned CT data, a physical noise model for the projectaba deeds to be calibrated
in advance. As already mentioned in Section 2.4.1, the sysfeeci ¢ parameters and

2 can be determined by measuring noise and signal strengghtiatis uxes. Especially,
if the CT scanner is equipped with a bowtie- Iter, each detechannel has an individual
set of parameters. Eccentric positioned water cylindemdifedrent diameters were used
for the calibration measurements performed at 120 kV andh890At the same scanner
two different anatomical phantoms were scanned again ak\lzZhd 300 mA. The im-
ages reconstructed at a FOV of 25 cm with a medium sharp baugké40f) are shown
in Fig. 7.10. The standard deviation of noise was measurd@ idifferent homogeneous
image regions and was compared to the average standardiaiewhnoise from the ana-
lytical noise propagation, averaged over the same pix@bneg

Table 7.2: Comparison of standard deviation of noise evatlat homogeneous image

regions of reconstructed noisy CT imagef and mean standard deviation in this pixel
region of the analytic noise propagation.. The standard deviations are given in HU, the
relative errorr is given in percent.

Abdomen 1 2 3 4 5 6 7 8 9 10
ref 348 384 36.1 445 522 329 578 409 508 456
rec 345 386 36.3 46.2 47.0 331 540 424 499 417
ro -1.0 0.5 -1.1 3.9 -10 0.5 -6.5 3.8 -1.8 -8p
Thorax 1 2 3 4 5 6 7 8 9 10
ref 39.1 414 427 465 439 553 473 67.7 505 479
rec 376 384 393 451 425 506 460 59.7 478 471
ro. -39 -7r2 81 -29 -33 -84 -27 -11.8 54 -17

The standard deviation of noise evaluated in local neighimils of about 600 pixels is
here denoted ases. These reference noise values are compared to the starelaatiah
of noise from the analytic noise propagation, respectiagbraged over the different local
neighborhoods, and is denoted ag. The maximum standard deviation of the computed
standard deviation values within the small pixel regions waall cases below 2HU in
case of the abdomen image and below 1 HU for the thorax imageorparison of the
standard deviations is presented in Tab.7.2. In additiothéostandard deviations the
relative deviation of the reference noise and the computettiard deviations is computed
for the different image regions:

Mo, = rec ref : (7.46)
ref
It can be seen that the noise estimate from the analytic mog@agation ts well to the
standard deviation evaluated in homogeneous image regidresaverage relative devia-
tion is about -2.3% in case of the abdomen image and -5.5%s& chthe thorax image.
The maximum relative deviation was about -12%. In most ofdlses the local standard
deviation of noise is slightly underestimated.

7.4 Conclusions

In this chapter, a fast method for noise-propagation thinandirect fan-beam FBP recon-
struction with rebinning to parallel-beam geometry wasppsed. Due to the fact that
the rebinning step and all further processing steps caerétee input data, approximative
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models based on linear shift-invariant systems were dpeeldor estimating the covari-
ance terms needed for the variance computations. The mdpusthodology has been
validated by Monte-Carlo and demonstrates good accuradyamitaverage relative error
below 6.6%. It was observed that with increasing sharpnésiseoused reconstruction
kernels a lower systematic error of about 2% can be obtaifiée@. main limiting factor
is seen in the approximation in the covariance terms. Theetbsgpatially concentrated
the involved operations work, the better the wide-senagestarity assumptions for the
ACCF computation holds, which explains the better resultsii@arper kernels. Due to the
fact that the ultimate goal is to compute a standard-dernatnage for post-processing
purposes, the method was additionally tested with respestgatistical errors. Even if the
noise variance in the fan-beam projections was estimated froisy projections of a sin-
gle noise realization, only negligible differences belad® were observed, compared to
the case of perfectly known variance in the projections. efxpents with real accquired
CT data showed that in combination with a calibrated physioséde model the proposed
analytic noise propagation can be used for estimating tb& tandard deviation in the
reconstructed image. The relative deviation between tingpated local standard devia-
tion of noise and the standard deviation of noise evaluatesiviall homogeneous image
regions is below 12% for all image regions evaluated for e#l scans under investiga-
tion. Furthermore, the introduced approximations allovast ind easy implementation.
Especially for the focus of application, the adaptation o$tgprocessing methods to the
special noise, properties in CT, the presented noise prtipagaethod is precise enough
and shows stable results also for estimated variances prtfections from a single noisy
measurement. The computational performance of the nogggapation is comparable to
another reconstruction.

Of course, some simplifying approximations for the noisedeion the fan-beam pro-
jections were used for the simulations and in the physicaenmodel. First of all, monochro-
matic X-ray beams were assumed, which is unrealistic fartmal systems. It is, however,
very common to approximate the polyenergetic X-rays meskat the detector by only
considering an effective energy and an average number dabpsowhich is again very
close to the simple model used here. Furthermore, elecsomise was neglected for the
simulations. In real systems, electronics noise is uswalty small compared to quantum
noise, if the X-ray ux is high enough. Consequently, only f@ry low doses electronics
noise plays a role. In the physical noise model that was usethé real data electronics
noise was considered. Obviously electronics noise, wisicisiially modeled as a Gaussian
noise oor does not severely in uence the accuracy of thespreed method. Further, noise
in the fan-beam projections was considered to be perfeattpmuelated. This assumption
only holds as long as tube-current variations, cross-tatke detector and afterglow are
negligibly small. In real systems the noise in the measuregeptions is usually very
small, but there are small correlations between neighgarirannels and projections. Al-
though, these correlations were neglected in case of tlhecaas, the noise estimates are
still reliable enough for the desired post-processingiappbn. For future investigations,
it is also possible to include the correlation of the inputadiato the proposed method-
ology. As long as these correlations can be modeled by arlisi@é-invariant system,
the proposed methodology can still be applied with onlfelithanges. The ACCF of the
fan-beam projections is then no longer a delta functionctis used for the covariance
computation during the rebinning and thus the covariancetonger cancel out in the
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rst processing step. Consequently, the ACCF needs to be upadtier the intermediate
rebinning steps, too.



Chapter 8

Orientation Dependent Noise
Propagation for Adaptive Anisotropic
Filtering

As already indicated in the last chapter, precise knowleafgéhe local noise variance
would help in adapting various post-processing methodsdmon-stationary noise in CT.
Noise reduction methods can for example make use of thisiaddi knowledge and adapt
to the local contrast-to-noise ratio. Ideally, post-pssieg methods should also account
for the local correlation of noise. Improved noise suppoessan be obtained knowing the
correlation of noise within the local neighborhoods that ased for Itering. Averaging
uncorrelated values leads to a stronger noise suppressonalveraging values that are
strongly correlated. The computation of image covariahessbeen investigated for direct
fan-beam reconstruction in [Wund 08]. It is also possiblepproximate the covariances
in images reconstructed with indirect fan-beam FBP usingaghy@oximation presented
in Chapter 7.2.5. Nevertheless, such computations are wragydonsuming if they are
performed pixel-wise for the whole image domain and, thosuseful for image denoising
purposes in practice. Therefore, this chapter presentstanson of the analytic noise
propagation presented in the last chapter that additipgales some information about
the correlation of noise without computing covariancesdifidnally, the adaptation of a
bilateral Iter to the non-stationary, correlated noisengestigated.

In a preliminary approach [Bors 08b], the local noise vareawas split up into its hor-
izontal and vertical contributions. The estimated noiseav&es in the projections are
weighted with sine-/cosine-squares of the respectivellph@ojection angles and sepa-
rately propagated through the indirect fan-beam recoctstmy as described in Chapter 7.
The overall local noise variance is the sum of horizontahgrtical variance contributions.
The ratio between horizontal and vertical contributionh® focal variance is then used for
adapting the bilateral Iter. The Gaussian range lter cang., be stretched or suppressed
along thex=y-direction. The remaining problem is that diagonally diegcnoise grains
evenly split up into its horizontal and vertical contrilmris according to this orientation
separation based on just the horizontal and vertical dinest As a result the lter in these
special cases remains an isotropic Iter and the desirezteffets lost.

The idea of the improved approach, presented here, is: Rerthe direction is deter-
mined that mostly contributes to the local noise variandeis Ts the direction for which

123



124Chapter 8. Orientation Dependent Noise Propagation for Ba@nisotropic Filtering

the X-ray had to travel through most or densest material.illtbe shown that this is at
the same time closely related to the direction of highestetation within a local neigh-
borhood. Instead of determining just the horizontal ands@rcontribution to the overall
local noise variance, the contribution in direction of thghest correlation and orthogonal
to it is computed. This means that for each pixel a speci casafion into two directions
is performed. Based on these noise contributions and thesmwnding angle pointing
out the orientation of the noise grain at a certain positeomoise adaptive lItering can
be performed that takes into account the noise correlatibhe Iter is adapted such that
strongest ltering is applied orthogonal to the directidrhgghest correlation. The concept
of bilateral Itering, a simple and widely used technique used here as a basis for noise
adaptive edge-preserving ltering.

8.1 Methodology Overview

The owchart of the methodology is presented in Fig. 8.1 uithg intermediate results for
an example slice of a real scan. The method splits up intoalfening parts:

1. The CT image is reconstructed using indirect fan-beam FB&hstruction.

2. The noise variance in the fan-beam projections is estidnatcording to a calibrated
physical noise model, as described in Section 2.4.1.

3. The local noise variance is computed based on the analgise propagation for
indirect fan-beam FBP, as described in Chapter 7. At the saneettie direction of
strongest correlation is determined for each image pixel.

4. Based on the computed direction of strongest correlatipixelwise separation of
the overall noise variance into the direction of strongestetation and orthogonal
to that is computed. The separation is obtained by a modi edenpropagation
method where sine-/cosine-square weights are used dinerggickprojection of the
variances.

5. The orientation dependent noise estimates in the imageiticand the image point-
ing out the direction of highest correlation are used fortyprecessing of the re-
constructed CT image. Here, a noise adaptive bilateralidters proposed as an
example application.

In the following the determination of the direction of stgast correlation and the locally
dependent separation of the noise variance to the contbalong the direction of highest
correlation and orthogonal to it are described more in degdter that the adaptation of
the bilateral Iter to the non-stationary and non-isotopbise in the CT image will show
how this additional information can be used for improving #ignal-to-noise ratio in the
image.

8.2 Orientation Dependent Noise Propagation

In Chapter 7 an algorithm for the computation of local noisearaces has been provided.
Given the noisy projection values, a simple (calibratedy@onodel can be used for esti-
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Fan-Beam Projections Noise Variance in Projections

) Noise E_stlmatlon >
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Figure 8.1: Methodology overview.
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(a) Nlustration of covariance contributiongb) Angle pointing out the direction of strongest
correlation.

Figure 8.2: lllustration of covariance computation anded®ination of direction of
strongest correlation.

mating noise in the projections. Starting from this, theseorariance can be propagated
through the complete reconstruction pipeline.

In addition to the local variance, the correlation of noseow analyzed. The compu-
tation of covariances is possible, as explained in Sectidrb7However, this computation
is rather time consuming. In this section, another possilbfor getting information about
the noise correlation, without computation of covarianedkbe described. In a rst step,
it will be shown that for each pixel in the image the directmfrstrongest correlation can
be easily determined. With this direction the rst prindipais of the local noise grain is
obtained.

The second part of this section then describes a methodgaraing the local variance
into two noise contributions. This separation can be peréat uniformly for the whole im-
age, e.g., into a horizontal and vertical contribution. keady mentioned above, this has
the drawback that in some cases no information about the moisotropy can be gained.
Therefore, an extended approach where a pixel speci ¢ sgiparinto the direction of
strongest correlation and orthogonal to that is computétisduced.

8.2.1 Direction of Strongest Correlation

The non-isotropic noise property in reconstructed CT imagesbe mainly derived from
the non-stationary noise in the projections. As explaimedhapter Chapter 7, the vari-
ances in the projections are backprojected for computieddbal noise variances in the
reconstructed images, according to Eq. (7.26), which cemla¢ written as:

Mo
Var( (x))= 2 v(i;x): (8.1)

i=1
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For each pixel positiow, the variance contributions

N b iax
v( i;x) = Var(P;' (x))+ Cov(P;' (x); P (X)) + Cov(P;' (x);P';(x)) : (8.2)

i=1 j=1

coming from the parallel-beam projections at differentj@cton angles; are collected,
or summed up, as illustrated in Fig.8.2(a). The variancgR/a(x)) and covariances
Cov(P,' (x); P;' (x)) in Eq. (8.2) are computed according to Eq. (7.30) and Eq8}7 Re-
cause of this backprojection process, all image pixelsdhatplaced along the backpro-
jection lineL ( ;t) receive the same contribution from the projection at angl&€he cor-
relations between neighboring projections (in directién pand within a projection (in
direction oft) are rather small. Examples of estimated auto correlatomi @ent func-
tions of noise in the projections after rebinning and couatroh were shown in the previous
chapter in Fig. 7.4. Because of the small spatial extensiagheoACCF most of the con-
tributing variances to the overall variance at a pixel pos#d atx; and another pixel at,
are uncorrelated, except for the variance backprojectaagaie straight line de ned by
X1 andx,. The correlation between the two pixels is stronger thedrigine backprojected
variance along this straight line is. If different pixelgiwihe same distance to the reference
pixel are considered, it becomes clear that the directi@trohgest correlation is given by
the direction from which the strongest contribution to therall variance is collected dur-
ing backprojection of the projection variances. This meaasduring the computation of
the local noise variance, the projection angle with thengest contribution to the noise
variance of the actual pixel can be determined:

max (X) = argmax  fv( i;x)g: (8.3)
From the determined anglg.x () in the range of0; ] the direction vector

max (X) = (COS( max (X)) SIN( max (X))) T (8.4)

points in the direction of strongest correlation. It poiatg the rst principal axis of the
noise grain, meaning the direction in which the noise gramits largest spatial extension.
In case of an isotropic noise gra?n,ax (x) can be an arbitrary direction. An example for
the pixel-wise determined direction of strongest correfats displayed in Fig. 8.2(b) for
the ellipse shown in Fig. 8.2(a). The anglgx (x) is displayed color-coded.

8.2.2 Orthogonal Separation of Noise Variance

With the above presented analysis, the direction of streing@relation can be computed
from the noise estimates in the projections. There is, hewew information given, if the
noise grain is really anisotropic or if the contributionsrfr all directions are the same. In
order to obtain information about the noise anisotropyxalpiise separation of the noise
variance into its contributions from two orthogonal difens is computed.

The idea of the presented approach is based on the obsertadicthe noise variance
in the parallel projection at anglemainly contributes to the noise variance in the image
orthogonal to the backprojection direction. This means thdne projection at angle
is very noisy and is backprojected, any line orthogonal ®lhckprojection line is very
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(a) Noisy ellipse  (b) Standard deviation dt) Standard deviation fl) Overall standard di-
noise in horizontal direcroise in vertical direcviation of noise.
tion. tion.

Figure 8.3: Example of horizontal and vertical noise cdmittions for elliptical water phan-
tom.

noisy, too. Any line that is parallel to the backprojectiorel on the other hand, is inferred
by the same error from the current projection and thus shoemnatant error along this
line with respect to this projection direction. The themat basis for this observation
builds the Fourier-Slice-Theorem, as described in Se@i@n If only one parallel-beam
projection is considered the one-dimensional Fouriersfiaimation of the projection at
angle is equivalent to the two-dimensional Fourier transfororatf the reconstructed
function along the line through the origin in direction of= =2. As discussed
before, the noise in CT can be assumed to be additive and zemo-mBecause of the
linearity of the FBP, noise can be considered separatelyhelfparallel-beam projection
acquired at angle just consists of noise, the reconstruction shows noiseamtthogonal
direction of = =2, because the two-dimensional Fourier Transformation ef th
reconstruction is only non-zero along this one line. Thisaylsation is useful for separating
the overall noise variance into its contributions to certirections, e. g. the horizontal and
vertical directions [Bors 08b]. As described above, thegutipns with close to 0 mainly
contribute to the noise in vertical direction in the imaged{section) and projections with

close to = 2 to noise in horizontal direction (x-direction). By weighgithe variance in
the projections with sine- and cosine-squares of the gdnalbjection angle, the overall
noise variance can be split up into two parts:

Xo» X»
Var( (x)) = 2 y(ipx)= 2 (sin? j+cos? ) V(i;x)=
i=1 i=1
X» X»
= 2 &i? v(ipx)+ 2 cog i v(ix): (8.5)
| ——{z } |l ——z }
Var.( (x) Var, ( (x)

The variance contribution Vat (x)) to the horizontal direction is computed by applying
sine-square weights depending on the parallel projectigheaduring the backprojection
process. Accordingly, the vertical variance contributi@amr, ( (x)) is obtained by using
cosine-square weights for the backprojection. Based ondhedntal and vertical vari-
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ances for the reconstructed attenuation values, orientaépendent variance images of
the reconstructed Houns eld values can be computed, basé&ajo(7.32) and Eq. (7.33):

1000 2

Z2(x) = Vary( (x)) HU ; (8.6)

w

and

2
Z(x) = Vary( (x)) 1999Hu : (8.7)

w

Clearly, these noise estimates depend on the local positidnnoise estimation vector:

Ax) =)y V)T (8.8)

is now given for every pixel positior. By construction, the noise variance in the recon-
structed CT image can be expressed as:

)= A+ ) (8.9)

This means that at position the standard deviation of nois€x) is given by the norm
of the noise vector de ned in Eqg. (8.8). An example for suclepagation into horizontal
and vertical noise contribution is shown in Fig. 8.3. It candeen clearly that noise in
horizontal direction is much lower than noise in verticakegtion for the elliptical water
phantom.

The above presented theory allows the separation of the maisance into two or-
thogonal directions. The drawback, however, is that naiseetimes equally contributes
to both directions, e.g. in case of perfectly diagonallyedied noise grains. Thus, no in-
formation about the anisotropy of noise can be gained angmoherefore, an extended
method for noise separation is described here. The locaén@@riance is split up into its
contribution in direction of strongest noise correlatianhe local position and orthogonal
to that. Hence, the separation is done speci cally for eacbls pixel position. The idea
of the extended method is as following: In a rst step the alldocal noise variance?(x)
is computed as described in Chapter 7. The direction of sestngprrelation nax (Xx) can
be determined simultaneously to the computation of theatMercal noise variance?(x),
as described in Section 8.2.1. Then a pixelwise separafitmedocal variance into the
contribution orthogonal and along the direction of stratgm®rrelation is computed.

The variance contribution orthogonal to the direction @bisgest correlation is ob-
tained using pixelwise backprojection weights dependingh® sum of the parallel pro-
jection angle and the angle pointing out the direction of strongest cati@h .4 (X) at
positionx:

ZXD
200= 0040 T 020t e (X)) W 1X): (8.10)

w i=1
Analogously, the variance contribution in direction ofostgest correlation is given by:

ZXD
200= 00U T SR e (X)) V() (8.11)

w i=1
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The overall noise variance can again be expressed as psenswim of the two noise con-
tributions:

)= F(x)+ fx): (8.12)

If the overall noise variance has already been computed, @amé¢ additional weighted
backprojection of the variances is necessary for gettiagithise separation.

8.3 Noise Adaptive Bilateral Filtering

For the adaptation of anisotropic edge-preserving ltgnmethods to the noise character-
istics in CT, two things are of main interest. The local noiggance should be considered,
because noise in CT is non-stationary. Secondly, the locsémorrelation should be taken

into account, because noise is non-isotropic. Here, a @aiaptive method that is mainly

based on the idea of bilateral Itering [Toma 98], a simple avidely used edge-preserving

noise reduction approach, will be discussed.

In case of bilateral ltering, the imagé(x) is smoothed by non-linear averaging in
local neighborhoods. During averaging, in addition to tkeemetric closeness of image
pixels, also the photometric similarity between the pixalbes is taken into consideration.
The Itered imagef{(x) is computed as follows:

X
Fx) = Tlx) f (x9cx; x9s(f (x);  (x9); (8.13)

X

wheren(x) is needed for normalization and is given by:

X
n(x) = o(x; x9s(f (x); f (x9): (8.14)

X

The functionc(x; x9, also called domain lter, takes into account the geomeatiiseness
of the actual pixel at positior and a neighboring pixed®. The functions(f (x);f (x9), in
the following called range lter, brings in the edge-preseg characteristic of the lter. It
takes into account the photometric closeness of the imaggspiluring averaging. In the
standard approach both, the range and domain lter, ardlysisen as simple Gaussian
Iters [Toma 98]. The domain Iter decreases with increggiBuclidean distance between
the neighboring pixels and the range lter decreases withaasing difference between the
pixel values. The standard deviations of these lters aeestieerable parameters that con-
trol the amount of noise reduction on the one hand, but alsedge-preservation capabil-
ity on the other hand. The direct application of the standiélederal Iter to reconstructed
CT images shows unconvincing results in most cases. Due totistationarity of noise,
the selection of a global parameter for the range lIter isgbematic. The noise amplitude
varies in different image regions, and, thus, image regiatislower noise level might be
smoothed well, while noise is visibly remaining in othericets. The range lter should be
adapted to the local contrast-to-noise level. Furtheraseoof strongly anisotropic noise
grains, the lIter should try to stretch and rotate, such thatgher number of uncorrelated
values are used for averaging.
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8.3.1 Domain Filtering

Taking the anisotropy of noise in reconstructed CT imagesdonnsideration, the domain
Iter is chosen as a multivariate Gaussian lter. It adjusighe orientation of maximal cor-

relation at the local position and takes into account thallocientation dependent noise
variances 3 (x) and ﬂ?(x). The lter is stretch and compressed such that strongest- It

ing is performed orthogonal to the direction of strongestalation. The noise adaptive
domain lter is de ned as:

c(x;x9) = e 20 X0 xFx X9, (8.15)

The covariance matrix controls the degree of anisotropy and the orientation ofltée
It can be written as

« = RyDyRy; (8.16)

whereR is a rotation matrix:

C coS(max(®)) SIN( max())
Re= sin( ma(X)) €OS( max(X)) (8.17)

andD is a diagonal matrix:

D, = l(()x) 2(()x) : (8.18)

The decomposition in EqQ.(8.16) is the singular value deamsitipn of the covariance
matrix . The principal axes are given by the row-vector&qf Here it can be seen that
the rst principal axis is rotated such that it points ortloogl to the direction of strongest
correlation. The extension of the Iter in direction of stigest correlation and orthogonal
to it is steered by the singular values in the diagonal m&jx The singular value(x)
controls the spatial extension of the Iter orthogonal te threction of strongest correlation
and »(x) in direction of strongest correlation. These two valuesughbe chosen based
on the orientation dependent variance contributioféx) and jJ?(x). If both parts are
equivalent an isotropic Gaussian lter is desired. Thersger the two components differ
from each other the stronger the Iter should be stretchediiaction orthogonal to the
direction of strongest correlation. We de ne the singulalues based on the ratio of the
orientation dependent local variances and the overall i@r@ance:

2 (x)

2 2
1(X)= ¢ o

1

d?; (8.19)

and |
20x)

2 1
)=q & (8.20)

with parameters 2 N andd 2 R. If the two variances 3 (x) and 7(x) are equivalent, an
isotropic Gaussian Iter with standard deviatidns obtained. Otherwise, the parameter
controls the degree of maximum anisotropy of the lter. Thatgal extension of the Iter
orthogonal to the direction of strongest correlation is mmetly factorqtimes higher than
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along the direction of highest correlation. The above digom of ;(x) and ,(x) ensures
that the area under the lIter is constant:
Z Z

e 20 x0T ¢ X9gx dy = const; (8.21)

because the determinant of the matrix! is constant, independently from the distribu-
tion of the overall variance to the contributions into thetarthogonal directions. The
determinant is computed as:

det ! =det( ) ‘= — L =

1
00 200 (8.22)

and consequently ensures the requirement.

8.3.2 Range Filtering

The second part of the bilateral Iter is the range lIter, whiis the edge-preserving com-
ponent. It takes into account the photometric similaritynefghboring pixels. The larger
the difference between the pixel values compared to theneigl, the lower is the impact
to the averaging result. With the knowledge of the localasaces, the difference between
pixel values can be set into relation to the respective stahdeviation of the two pixel
values. The variance of the difference of the two pixel valc@n be computed as:

Var(f (x) f(x%) = 2(x)+ 2(x9+2Couf (x);f(x9): (8.23)

However, the covariance between the pixels is not known. hasedescribed above, the
computation of the covariance matrix is avoided becauseoofptitational performance
reasons. The correlation of noise has already been incgzbm the design of the domain
Iter. Therefore, the covariance in Eq. (8.23) is neglect&tie range lter is then de ned
as a Gaussian lter that decreases with increasing locatasito-noise ratio:

1 (0 1(x9)?
s(f (x);f (x9) = e 20200 2602; (8.24)

The parameter 2 R;r > 0is used for controlling the amount of noise suppressionhWit
increasingr the range Iter allows to take pixels with a larger intensitifference to the
reference pixels more into account during averaging. Adargthus leads to stronger
smoothing, but also to lower edge-preservation.

8.4 Experimental Evaluation

For the evaluation of the presented noise reduction methgreriments on simulated and
measured data were performed. In this section the propasse adaptive ltering method
(NABF) is compared to the standard bilateral Itering (SBFpagach with respect to noise
and resolution. In a second part of the evaluation sectixamele images from simulated
and measured data are presented.
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8.4.1 Noise and Resolution

For the experiments we used the same simulated data andgoalstrategy as already de-
scribed in Section 6.4.1. In order to achieve smooth MTFesirseveral noisy realizations
are averaged and the MTF is computed in the averaged imagémmiary experiments
showed, that a contrast-to-noise ratio of about 100 HU isssary for getting reliable MTF
measurements for the phantom used here. Based on that dizsetlkia number of images
N. that need to be averaged for the different contrast-toerleigels can be computed:

&
100 2
N = S ¢ ; (8.25)

where . is the standard deviation of noise and the contrast of the inlay compared to
water, both given in HU. Because of the fact that the noise énitiege also changes if
the contrast of the inlay strongly varies, the standardat@n of noise ; was evaluated in
one noisy realization within an ROI inside the cylinder wettntrastc for determining the
number of images based on Eq. (8.25).

The noise reduction method under investigation was theheapi all theN. images
at a certain contragt The MTF was evaluated on the average of all Itered images of
the same contrast. From the MTF measured on the edge of ttle aircorresponding
linear shift-invariant Iter can be computed that leadshie same average smoothing in the
image as the adaptive Iter achieved in average on the edfeedfircular inlay, according
to Eq.(6.7). Then the standard deviation of noise after tamgdtering in comparison
to standard deviation of noise after application of thedmdter that leads to the same
average resolution at the inlay can be investigated.

The NRR (see Eg. (6.9)) and SNRG (see Eq.(6.10)) are then cechpatween the
SBF and NABF. The SBF simply uses a Gaussian range and domaiwitere the stan-
dard deviations for both are the input parameters to therithgo. These two parameters
are constant over the whole image domain. The NABF introdatede turns into a SBF,
if the standard deviations for the two orthogonal directigiven for every image point
are equivalent and constant over the whole image domainn Tiee angle pointing out
the direction of strongest correlation has no effect to thering result, because the same
isotropic domain lter is computed for every image pixel. ritetermining a reasonable
parameter for the range lIter, the average noise varialﬁge@] within the elliptical phantom
was computed. The standard deviation images were then deémbe of constant value

5(X)= 2(X) = 3 Jhan for the whole image domain. The SBF with parameters @,
d = 3, r = 2) was then compared to two con gurations of the proposedenaaptive
bilateral lter (q=2,d=3,r =1 andr = 2). Examples of Itered images are shown in
Fig. 8.4.

A comparison of the MTFs computed for SBF and NABF is shown in &if. The
MTF in the original noise-free image is compared to the MTBmputed from Itered
images. Adaptive lters lead to different amounts of smawghfor different contrast-to-
noise ratios at the edge of the circular object. Therefdre,MTFs are plotted for the
different contrasts (1000, 100, 60 and 20 HU). Additionathe MTF resulting from the
application of an isotropic Gaussian Iter with= 3 is shown. This gives the lower limit
the MTF may reach if the range Iter does not show any effect { ) and the bilateral
Iter turns into a simple Gaussian domain lter. For all tereases it can be clearly seen
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(a) Original noisy image with ROIs used for noise (b) Standard bilateral Itering.
evaluation.
(c) Noise adaptive bilateral Itering = 1. (d) Noise adaptive bilateral ltering = 2.

Figure 8.4: Elliptical water phantom with circular inlaygffe with contrast of 100 HU)
used for noise and resolution analysis. The regions useddise evaluation are marked
in the original noisy image (a). The image after applicatda standard bilateral lter is
shown in (b). Filtering results from two con gurations o&tiproposed noise adaptive lter
are shown in (c) and (d).
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(b) Noise-adaptive bilateral Iter = 1. (c) Noise-adaptive bilateral Iter = 2.

Figure 8.5: Comparison of MTF computed in the averaged leimpages at different
contrasts. The standard bilateral Iter is compared to twa gurations of the proposed
method.

that for a very high contrast-to-noise ratio the edge is nmahed and the MTF is close to
the original one. With decreasing contrast, the edges cdonger be perfectly preserved
and the edges become smoothed. With increasing param#itersmoothing at the edge
is increased for lower contrast levels. The loss of resmtuéit the edges in case of the
standard bilateral Iter, shown in Fig. 8.5(a), is slighiironger than for the noise adaptive
bilateral Iter r = 1, shown in Fig. 8.5(b). Although the input parametgrslandr are
the same for Fig.8.5(a), and Fig. 8.5(c). It should, howelerreminded that the nice
statistical interpretation of the range Iter does not hédd the standard bilateral Iter.
The local variances are not taken into account and, thexefbe parameter does not
mean that an averaging over pixels that have an intensitgredifce of more than times
the local standard deviation is avoided. The standard tlemialose to the circular object
is underestimated by using the constant noise estinfgig for the whole image domain,
what means that effectively a much lower ltering effect Istained close to the edge of the
circular inlay with the standard bilateral Iter than withé noise adaptive bilateral Iter
using the same set of parametgrslandr.

For all the different MTFs presented in Fig. 8.5 the corresiiog linear Iters that need
to be applied to the original image in order to get the sameagesmoothing at the edge
were computed. After the application of the linear Iter theise reduction rate and SNR-
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gain was compared between the different con gurations aeddifferent contrast levels.
The results of the noise-resolution analysis are sumnaiiz&ab. 8.1.

Table 8.1: Contrast dependent noise-resolution analysis.

Original Noisy Image 20 HU 60 HU 100 HU 1000 HU
orig in HU 17.0 4.0 16.8 3.6 17.1 4.0 205 6.4
Standard Bilateral Filter 20 HU 60 HU 100 HU 1000 HU
| inHU 10.8 43 10.6 3.8 109 4.3 13.3 6.9
NRR in % 38.7 9.6 38.7 10.7 39.2 106 40.2 13.1
SNRG in % 76 147 359 11.0 39.010.6 40.0 13.1
Noise Adaptive Bilateral Filter(= 1) 20 HU 60 HU 100 HU 1000 HU
in HU 129 29 126 24 13.0 2.9 15.6 4.6
NRR in % 239 14 245 2.2 24118 23.7 2.2
SNRG in % -0.7 4.0 275 5.2 36.4 4.6 240 6.1
Noise Adaptive Bilateral Filtermr(= 2) 20 HU 60 HU 100 HU 1000 HU
| inHU 75 1.5 73 11 76 1.6 9.2 25
NRR in % 55.0 2.0 549 2.1 55.5 2.2 548 2.4
SNRG in % 24 40 46.1 2.8 549 2.2 548 2.4

From this quantitative analysis, it can be seen that thedatarbilateral Iter does not
take into account the local noise statistics. As can be seEmgi 8.4(b), noise in the image
Is removed quite well in average. There are, however, stvangtions between the differ-
ent regions within the elliptical phantom. At the outer benginoise is strongly removed,
while in the center the noise suppression seems to be nagligrhis is also re ected in
the high standard deviations of the noise standard dewidgtdween the different image
regions in Tab. 8.1. In average, a noise reduction rate aite®#%6 was achieved, but with
a standard deviation of about 10%. The same effect is vigibtee values of the SNR-
gain. In comparison to a linear Iter some regions are lenauch stronger than others.
From the variation of the standard deviations of noise withe different pixel regions it is
visible, that although in average the noise was reduced feam 20.5HU to 13.3 HU, the
variation between the regions kept about the same or evghtlglincreased from 6.4 HU
to 6.9 HU. Compared to the mean noise the variation of noisetbeeimage domain was
even increased.

In contrast to that, the proposed adaptive bilateral Iteduces the amount of noise
in the image, but also the variation between the differexelpiegions. This can be seen
for both con gurations of the proposed lIter, also from th&aenple images shown in
Fig. 8.4(c) and Fig. 8.4(d). In average, the standard dewiaif noise was reduced about
24% withr = 1 and 56% withr = 2, with only a low variation between the different pixel
regions of 1.4-2.4%. Regarding the SNR-gain, the proposetiadethows much lower
variation between the different pixel regions than the déad bilateral Iter. With respect
to a noise-resolution-tradeoff, the computed values ferSNR-gain show that in nearly
all cases the resolution was preserved well. In comparis@nsimple linear Itering that
leads to the same smoothing at the edge the NABF methods shiearaadvantag. Only
for very low contrast-to-noise levels around 1 the edgesrmaionger be differentiated
from noise and thus the SNR-gain clearly drops. At contrastetise levels between 3 to
5 the noise reduction can already be seen as a real gain,deett@ISNR-gain is close to
the NRR.
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(a) Original

(b) Noise-adaptive bilateral Iter (c) Standard bilateral Iter

Figure 8.6: Clinically acquired thorax scan. Comparison ahdard bilateral Iter and
noise adaptive bilateral lter.
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8.4.2 Example Images

In Fig. 8.6 an example of a clinically acquired thorax scashiswn. The standard deviation
of noise was evaluated in 10 pixel regions, as illustratetthénoisy original slice shown
in Fig. 8.6(a). The standard deviation of noise in the oagjimage of720 145HU was
reduced tet80 159HU for the SBF andtd4:4 9:9HU with our proposed NABF. Here
it can again be observed that the proposed NABF reduces th@asthdeviation of noise
and noise between the different pixel regions becomes nmrebeneous. The SBF, on
the other hand, assumes all pixel values in the image ardlggeleable. Therefore, some
regions in the image are smoothed stronger than others.eAd¢nl this results in a noise
suppressed image, too, but the standard deviation betlwearotse standard deviations in
the different pixel regions even increased.

8.5 Conclusions

In this chapter a new approach for computing orientatioreddpnt noise estimates was
presented. Based on the theory of the Fourier-Slice thedrendirection, which mostly
contributes to the local noise variance during backprajeaotan be determined for each
image pixel. The overall noise variance can then be splitnig its contribution along
and orthogonal to this direction. With this technique it @spible to obtain information
about the local noise correlation in the image without extihg the complete covariance
matrix. The additional information about local noise vada and correlation can be used
for adapting post-processing methods to the non-statyonad non-isotropic noise in the
reconstructed image. The effectiveness was demonstratde@xample of a bilateral |-
ter. The evaluation on simulated and clinically acquirethd@owed that a noise reduction
close to 60% could be achieved without noticable loss ofluéism. Only for contrasts
very close to the noise level, the edges can no longer beqgtigrfeeserved. For CNR lev-
els larger than 3 the noise reduction rate can already beaseereal gain in SNR, because
the perforance of the NABF is improved with respect to noiseitien at the same average
resolution, compared to a simple linear Itering.
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Discussion

The non-stationary and non-isotropic noise in reconstdi@T datasets makes the use
of specially adapted methods for noise reduction indispleles In the previous chapters,
basically two different approaches for noise adaptiveritig of CT reconstructions were
introduced. In the rst part of this work, wavelet based morgduction methods were
discussed, which use two input datasets. Correlation asdigsween the wavelet repre-
sentations of the two input datasets and noise estimatidheirwavelet domain is used
for differentiating between structure and noise. In theogsécpart, noise is analyzed in
the measured projection data. The propagation of variaamedscovariances through the
reconstruction algorithm gives an estimate of the localgenaoise. The estimated local
noise variance and noise correlation is then used for nadigptave ltering.

The evaluation of the different approaches already shoWwatliigh noise reduction
rates of about 60% can be achieved with both approaches ahdtomical structures are
well preserved. In this chapter the different proposedencésluction methods are com-
pared to each other. The visual appearance of the proceatsexts, as well as quantitative
criteria like noise reduction and resolution are consideiased on the analysis of noise
and resolution, the potential for dose reduction is disedsd$-urthermore, the computa-
tional requirements of the different approaches are apdlyand possible optimizations
are discussed. After the comparison of the methods, pessitgctions for future work are
considered.

9.1 Comparison of Proposed Noise Reduction Methods

If noise reduction methods for the use in CT are comparederéifit aspects are of in-
terest. First of all, the visual appearance of the procedséa plays an important role.
Especially, if the noise suppressed data should not jussbd for post-processing appli-
cations. The processed images or volumes used for diagstosigd ideally look like CT
images acquired at a higher radiation dose. Noise in theesiagould be reduced, but
resolution ideally be preserved. Furthermore, it is impatrthat the images are free of
artifacts and do not strongly change the noise pattern. ttapbfor the comparison of
noise reduction methods is of course also the quantitatwgparison. If non-linear Iter-
ing techniques are applied, resolution at the edges chalegesnding on the contrast of the
edge. Consequently, a contrast dependent analysis of tee remuction methods needs
to be performed. The noise reduction performance of a cealgiorithm should always

139
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be considered together with the in uence on image resabutid/ith respect to practical
usability of the proposed algorithms not only the image iqpalays an important role.
The computational ef ciency of the algorithms is also woothconsideration. Therefore,
the computational and storage costs of the certain algositlre analyzed and discussed.

The above described aspects are in the following compartskba the wavelet based
noise reduction method, described in Chapter 6, and the-adigptive bilateral Itering
introduced in Chapter 8. The qualitative, as well as the dgizine comparison is done
based on the same simulated CT datasets. The elliptical plagetom, described in Sec-
tion 6.4, with a cylindrical inlay of varying contrasts isags

9.1.1 Qualitative Comparison

In Fig. 9.1 one example of a noisy slice together with the Itesaf the noise-adaptive
bilateral ltering at two different denoising strengths € 1:0 andr = 2:0) is shown.
The different wavelet based denoising techniques apptidié same example slice can
be found in Fig. 9.2. The wavelet Itering results are showndifferent wavelet transfor-
mations, the 2-D-DWT, 2-D-SWT and 3-D-DWT all in combinationthva simple Haar
wavelet. Two different Itering strengths are comparedengr= 1:0 andp = 2:0).

The following observations can be made by visual inspection

» The 2-D-DWT in combination with Haar wavelet tends to shosibMe blocky re-
gions in the noise suppressed image. Especially, in casteaniger noise suppres-
sion like in Fig. 9.2(b), the processed images show strapngempatterns and are no
longer suitable for diagnostic imaging.

» The blocky regions that are visible with 2-D-DWT can be ehated by using the
redundant and shift-invariant wavelet transformation-&WT instead. The noise
suppressed images in Fig. 9.2(c) and Fig. 9.2(d) look maie ala

* Clearly, best results with respect to noise reduction aedgvation of edges are ob-
tained with the 3-D-DWT. The images look very natural withpest to the remain-
ing noise in the image, even in case of stronger noise sugipredike in Fig. 9.2(f).

* In comparison to the wavelet approaches, the NABF approdaotiwvis just working
on 2-D datasets, shows good results. The original noisenpaseems not strongly
changed, just reduced in its amplitude.

9.1.2 Noise and Resolution

The in uence of the different denoising approaches to na@isd resolution has already
been discussed in detail at the end of each chapter. Heredimealbservations are sum-
marized and the wavelet based approaches are compared noifeeadaptive bilateral
ltering. The comparison between several noise reductiethods is not an easy task.
A fair comparison is only possible if image noise is evaldadé the same image resolu-
tion. Achieving the same image resolution for all approacloa the other hand, is nearly
impossible. At least if non-linear methods are applied ® ithages, image resolution
might differ between the different image regions, and, esaaly shown in the evaluation
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(a) Original

(b) NABFr =1. (c) NABFr = 2.

Figure 9.1: Elliptical water phantom with circular inlayefte with contrast of 100 HU).
Original noisy slice and noise-adaptive bilateral lterieshges (NABF) with two different
strengths of noise suppression{ 1 andr = 2). Display: ¢=50, w=200.
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(a) 2-D-DWTp=1:0;k =0:0 (b) 2-D-DWTp=2:0;k =0:0
(c) 2-D-SWTp=1:0k =0:0 (d) 2-D-SWTp=2:0;k =0:0
(e) 3-D-DWTp=1:0;k =0:0 (f) 3-D-DWT p=2:0;k =0:0

Figure 9.2: Elliptical water phantom with circular inlaygiie with contrast of 100 HU).
Wavelet based noise reduction method with different wavedasformations (2-D-DWT,
2-D-SWT, 3-D-DWT) and different strengths of noise suppr@sgp = 1:0 andp = 2:0),
without using signi cance weightingk(= 0:0). Display: c=50, w=200.



9.1. Comparison of Proposed Noise Reduction Methods

1001

801

601

— 2D-DWT, k=0.0
— 2D-SWT, k=0.0
— 3D-DWT, k=0.0
- - - 2D-DWT, k=15
- - - 2D-SWT, k=15
- -~ 3D-DWT, k=1.5

1001

801

601

143

NRR in %
NRR in %

— 2D-DWT, k=0.0

401
— 2D-SWT, k=0.0

40+

— 3D-DWT, k=0.0
- - - 2D-DWT, k=15

201 20t
- —— 2D-SWT, k=15
- - - 3D-DWT, k=1.5

0 . . . . . . . . 0 . . . . . . . .

-0.8 -06 -04 -0.2 0 02 04 06 08 -0.8 -06 -04 -0.2 0 02 04 06 08

SNR__. /NRR SNR__. /NRR
Gain Gain
@p=1:0 (b)yp=2:0

Figure 9.3: Noise-Resolution-Tradeoff - Comparison of NRR ddferent values ofp
without (k = 0:0 solid) and with k = 1:5 dashed) signi cance weights in combination
with different wavelet transformations 2-D-DWT (blue), 2SWT (gray) and 3-D-DWT
(red).
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Figure 9.4: Noise-Resolution-Tradeoff - NABF with two diféet noise suppression
strengthsi( = 1:0 andr = 2:0).

sections of the previous chapters, also at differently re@ted edges. In addition to the
noise-reduction rate (NRR in Eqg. (6.9)), a new gure of meitite SNR-gain (SNRG in

Eq. (6.10)), has already been introduced in Chapter 6 for ung@sthe noise-resolution-

tradeoff.

The main idea of the evaluation strategy is brie y summatihere. The local average
MTF at the edge of a circular inlay is computed. From the MTFRasweed in the original
image and the MTF in the processed image, a linear Iter candmputed, which leads
to the average same smoothing at the edge. The linear Itdres also applied to the
noisy image. The standard deviation of noise in differerelpregions (here 12 different
regions) is than compared to the standard deviation of noitiee original image (giving
the NRR de ned in Eq. (6.9)) and to the standard deviation anlthearly ltered image
(giving the SNRG de ned in Eqg. (6.10)). The quotient of NRR ariIRS5 is then used as
a measurement for the edge-preservation capability of gtbad. It measures how much
the adaptive Itering can be seen as a gain compared to asilmglar Itering that leads to
the same average smoothing at the edge. If a quotient cldsis abtained, the edge at the
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circular inlay was perfectly preserved and the noise redoatan be seen as a real gain.
Otherwise, if the ratio is below 1, this means that the edge na perfectly preserved.
The edge was smoothed and consequently, the linear Iter¢laas to the same average
smoothing at the edge performed like a lowpass lter.

The NRR and the ratio between SNRG and NRR is plotted in Fig. 9.th®sNABF
and in Fig. 9.3 for the wavelet based approaches. Each tieerithe plot consists of four
points. They correspond to the evaluations at the fourmdiffecontrast-to-noise levels that
were considered. The contrast at the circular inlay contberevater was varied between
20, 60, 100 and 1000 HU. Accordingly, the CNR at the edge ofikegyivaried between
1, 3, 5 and 50. It can be seen clearly, that for all differens@oeduction approaches the
resolution at high contrast edges was perfectly presebesuse the ratio between SNRG
and NRR is close to 1. The noise reduction rate can thus be seaneal gain. With
decreasing contrast, the edges are no longer perfectlgtddtand get smoothed. The
lower the contrast at the edge, the stronger this effecttiserble.

If we compare the different approaches, it can be obsenadah the wavelet based
Itering methods the performance differs between the dédfe wavelet transformation
methods. The 2-D-SWT is better than 2-D-DWT and 3-D-DWT is ldtian both 2-D
transformations. This observation holds for the NRR as wsefba the edge-preservation
capability. Furthermore, it can be seen that higher NRR caacdhéeved if signi cance
weights k = 1:5) are used compared to no signi cance weights=(0:0). For very low
contrasts, however the preservation of edges is slightliyaed, using signi cance weights.
With p = 1:0 lower noise reduction of around 37-54% is achieved thapfor2 :0, which
results in NRR of about 54-73%.

The NRR obtained with the NABF is about 24% for 1:0 and 55% for = 2:0. In
comparison to the wavelet based noise reduction approatiteesdge-preservation with
the bilateral lter is better. Even for a CNR of 5 the edge ismgaot smoothed and the
SNRG/NRR is close to one. For lower CNR around 1 SNR without signce weighting
Is comparable to the NABF. The 3-D-DWT based ltering is evettérethan the NABF, in
both NRR and edge-preservation.

9.1.3 Potential for Dose Reduction

The close relation between the radiation dose used for theisiton of the projections
and the noise in the reconstructed CT datasets has alreadybr¢ed out in Section 2.4.
The standard deviation of noise in the reconstructed imagwelirectly proportional to the
square root of the dode [Kale 00]:

1
| p—=; 9.1

which holds as long as quantum noise is the most dominantsafrnoise and other
effects, like electronic noise, are negligible. Goal of tleése reduction methods proposed
in this thesis is either:

* Improving the signal-to-noise ratio in the image withontreasing the radiation
dose, or

» Decreasing the radiation dose without decreasing thekignanoise ratio.
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The amount of noise reduction and the associated in uencenage resolution as been
discussed in detail in the last section. In this section wienew concentrate on the analysis
of the potential of dose reduction. More precisely, we atergsted in how strong the
radiation dose can be decreased, such that in combinatibrowe of the proposed noise
reduction methods no loss of image quality is noticeablepamed to the image obtained
at the common dose. Image quality is here only considered iegpect to the standard
deviation of noise and spatial resolution.

In a rst step, we consider the upper limit of dose reducti@séd on the achieved
reduction of the standard deviation of noise in the image.tf® moment we do not take
into account the in uence on image resolution. Accordingh® proportionality expressed

in Eq. (9.1) the following holds:
Dmin _ §| .

T2
DO”Q orig

(9.2)

where 2, is the standard deviation of noise in the adaptively Iteiethge (using one
of the proposed noise reduction method@,-,g is the standard deviation of noise in the
original image. The dosB,i; was used for the acquisition of the original image and
Dnmin corresponds to the dose that would be necessary to acquineage with standard
deviation 2, without using an adaptive Iter. The upper limit for dose vetion rate
DRRax €an, thus, be de ned as:

D .
™ =1 -2L=1 (1 NRR)% (9.3)
Dorig orig

2
a

DRRpax =1

If we now take the noise reduction rates from the last secti@nobtain that the NRR of
37-54% of the wavelet based Iter with = 1:0 corresponds to ®RR o 0f 60-79%,
and the NRR of 54-73% fgo = 2:0 corresponds to BRR,ax 0f 79-93%. In case of the
NABF we get aDRR,ax 0f 42% forr = 1:0 and 80% for = 2:0.

The analysis presented so far does not take into accourgsbtution in the processed
images. If we only consider tHeRR,« for a lter, arbitrarily high dose reduction rates
could also be achieved with linear Iters. However, struetiin the image get blurred
and the low dose acquisition usifiy,, with the applied post-processing lter is clearly
not comparable with the unprocessed image acquired at tgmalrdoseDiq. Only
if the edges in the image are not in uenced in image resatutiothe processed image,
the maximum dose reduction rate is really achievable. Thestigation of the noise-
resolution-tradeoff in the previous section showed thatsitmoothing of edges, due to the
application of the proposed algorithms, depends on the CNReagdge. It must be taken
into account that the CNR at the edge in the low dose acquis{@NR,, ) is reduced
compared to the CNR in the original imagéNRoyig):

9 —— p_—
CNRjow = D min :Dorig CNRorig = 1 DRRmaXCNRorig; (9.4)

because the noise in the low dose acquisition is increasexithéh get a more realistic
approximation of the achievable dose reduction rate ondkestof the SNR-gain, evaluated
at an edge wittCNRq,,, according to:

1 (1 SNRGpR if SNRG> 0

DRRpp =
app 0 otherwise

(9.5)
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Figure 9.5: Potential for dose reduction of wavelet basegeneduction methods - Com-
parison ofDRRyy, for different values ofp without (k = 0:0 solid) and with k = 1:5
dashed) signi cance weights in combination with differevavelet transformations 2-D-
DWT (blue), 2-D-SWT (gray) and 3-D-DWT (red).
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Figure 9.6: Potential for dose reduction of noise adaptiladral Iter - Comparison of
DRRapp for NABF with two different noise suppression strengths-(1:0 andr = 2:0).

This approximation of the achievable dose reduction rdtesanto account the loss of
resolution due to the lItering. If no resolution was lost hetedge the SNRG is equivalent
to the NRR andDRR,p, = DRR nax. Otherwise DRR,p, < DRRmax depending on the
ratio between SNRG and NRR.

The estimated potential for dose reduction of the wavelsetalenoising approaches
are presented in Fig. 9.5. In Fig. 9.6 the estimated dosectieturates are shown for the
NABF. TheDRR4y, values, computed according to Eq. (9.5), are plotted agtie<CNR
in the original images. From the plots it can be seen that xpeaed potential for dose
reduction varies depending on the minimum CNR level we aeggasted in in the original
image. Consequently, it depends on the clinical applicatonm much dose can be saved
by applying one of the proposed post-processing lters. dfyvlow contrasts close to
CNR values of 1 are of interest for the application, there iononly low potential for
dose reduction, because it is dif cult to preserve struesuat very low contrasts in image
acquired at a lower dose. But even for low CNR levels between33the application of
the proposed lIters to low dose images can lead to a notiesauluction of radiation dose
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up to 60% in 2-D and even close to 80% in 3-D. For CNR levels higjinen 5 there is not
much difference in the estimated dose reduction compareerjohigh CNR levels around
50, because edges with a CNR of about 5 can already be welrpeése

9.1.4 Computational Performance

Although noise reduction methods are usually seen as posegsing methods, the here
presented approaches are not simply applied to a recotestr@d dataset as one would
expect for a typical post-processing application. Both algms require the acquired CT
projection data. The wavelet based approach for recornstgutwvo volumes from dis-
joint subsets of projections, the noise-adaptive bilatéexing for performing the noise
propagation through the reconstruction algorithm. In lmathes special processing of the
projection data is necessary for generating the requinedt idata for the noise reduction
algorithms. The computational requirements for genegatite input data is, thus, the
rst thing to be analyzed. After that the computational cdextty of the noise reduction
algorithms themselves are analyzed.

Generation of Input Datasets

As already mentioned before, the wavelet method requiresitpwut datasets. Different
possibilities for generating two input datasets are dbsedrin Section 4.2. It is possible
to use successive scans, split up one acquisition into evera@d numbered projections,
or use a dual-source CT-scanner. If two successive scansate two complete recon-
structions need to be performed. If one acquisition is gpitinto two disjoint subsets
of projections, two reconstruction, but both at only haké thumber of projections is re-
quired. It is however, important to notice that only if a lEmeeconstruction algorithm is
used, the sum of the two separate reconstructions is equivia the reconstruction from
the complete number of projections. Otherwise, it is betteadditionally compute the
reconstruction from the complete set of projections andyaiye computed weights to its
wavelet coef cients. The acquisition with a dual-source Giedtly results in two projec-
tion datasets. The projections acquired at the one detaarsed for the reconstruction of
the rst, the projections acquired at the other detectotttierreconstruction of the second
input dataset. Altogether, it can be summarized that dkiht approaches for generating
the two input datasets require two complete reconstrustion

The noise-adaptive bilateral Itering takes just one restomcted CT dataset as its in-
put. Additionally, it requires the variance map that shoarsdach image pixel an estimate
of the local noise variance. Furthermore, the orientatEpethdent variance map is needed,
which shows a pixel wise estimate of the variance contriloutif a certain orientation, e.g.
in direction of the strongest correlation, to the overalseovariance. This orientation de-
pendent variance map gives information about the locakrmsrelation and consequently,
the noise-anisotropy. The computation of the variance nspased on the noise propa-
gation algorithm described in Chapter 7. It is basically Aroteconstruction, however,
a modi ed reconstruction that allows the computation ofsgovariances. The computa-
tional performance of the noise propagation method is coaiypa with the reconstruction
of the HU-values. Nevertheless, more computations areviedodue to the correlation
estimations during the noise propagation. The computatfdhe variance map and the
orientation dependent variance map can partially be paedrtogether. They only differ
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in the backprojection step. Here, it is necessary to rst pate the backprojection loop
for the variance map, where at the same time the directiotrafigest correlation is deter-
mined. The direction of strongest correlation is obtaingd&tecting for each image pixel
the projection angle from which the strongest contributimthe overall noise variance is
achieved. In a second backprojection loop the weightedgragdction of the noise vari-

ance is computed based on the pixelwise determined direcfistrongest correlation. In

sum one and a half additional reconstructions of noise naéa need to be performed in
addition to the standard reconstruction of the HU-values.

Noise Reduction Algorithm

After the generation of the input datasets the main part@htlethod, the noise reduction
algorithm can start. The core of the wavelet based apprsashte computation of the
wavelet representation of the input datasets. As alreadgribeed above, the wavelet de-
noising techniques presented here require two input datagkich are both decomposed
into its wavelet coef cients. Different wavelet transfoations can be used for this decom-
position. As the above discussion showed, the 2-D-SWT ofdpas the 2-D-DWT and
the best visual and quantitative results are achieved Wél8tD-DWT. The use of the sta-
tionary wavelet transformation, on the one hand, or theetldienensional transformation,
on the other hand, do not only come with better denoisingltesawut also with increased
computational and storage cost. While one decompositign agitehe 2-D-DWT has a
complexity ofO(N logN) for an image oN N pixels, the 2-D-SWT has a complexity
of O(N?). The SWT, furthermore, does not perform a downsampling dtep the Iter-
ing and consequently, the number of pixels in the approxonamage is constant over all
the decomposition levels, meaning that for all levelg to the maximum decomposition
level the same number of computations needs to be perforimfegldownsampling of the
DWT reduces size of the approximation image at léwel2 'N 2 'N and accordingly
fewer computations are necessary for the decompositiavalll+ 1. The 3-D-DWT has
a complexity ofO(N logN loglogN) for a volume ofN 2 pixels, where the number of
coef cients is kept constant, regardless of the maximunodguosition level.

Especially, for the further processing on the basis of theeled representation of the
input data, it plays an important role, if a downsamplingoste performed or not. For
each detail coef cient of the wavelet representation aroetiog weight needs to be com-
puted, in order to suppress the noisy coef cients. The nundbecomputations scales
with the number of detail coef cients. The number of detzpbtcients up to the max-
imum decomposition levd},,, in case of DWT amounts t8 :”;;X (2 'N)2. In case of
Z]D-SWT the number of overall detail coef cients3&,.N 2, and for 3-D-DWT we have
7 ::jx (2 'N)3. The respective weights can be computed ef ciently and snyall local
neighborhoods are needed. The weights are computed indiepiiynfor each detail coef-
cient, which means that this step can be well be paralleljzs&r computed on streaming
architecture, like graphics cards.

After the weighting of the detail coef cients one inversewstet transformation is nec-
essary. The computational cost of an inverse DWT is compasaitth the DWT decompo-
sition. The inverse SWT, however, is computational more egpe, if the redundancy of
the data should ideally be used for the reconstruction. Beipg on the redundancy factor
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R at a respective decomposition levBl,times the computations of an inverse DWT are
necessary. The redundancy at levef the SWT isR = 2.

The noise-adaptive bilateral Itering can be compute®ifN 2). For each image pixel
a weighted sum with its local neighborhood is computed fdeeining the noise sup-
pressed new pixel value. All pixels can be calculated inddpatly. The algorithm is,
thus, well suited for parallel computing.

9.2 Suggestions for Future Research

The application of edge-preserving Iters to reconstrdcl images is a relatively new
approach and is so far not commonly applied in clinical pcact The examinations of
the previous section showed the practical applicabilityhef proposed algorithms and
demonstrated that potentially a remarkable gain in sigmaleise ratio can be achieved
with the new techniques. Nevertheless, some open questi@hpossibilities for further
improvements remain. It has been shown that with better laaiye about the local noise
properties in the reconstructed datasets improved naiapt&e Itering methods can be
developed. The deeper investigation of methods for noiagysis, also in 3D, is thus an
important part for future research. Furthermore, the useledr sparse representations like
the curvelet transformation, can potentially lead to inweraents in noise reduction in CT.
In the following some ideas for future research are desdribe

9.2.1 Noise Analysis Methods

Throughout this thesis, it has been shown that one of thefkeybe development of ef -
cacious noise reduction methods is to have precise knoelatgut the underlying noise
characteristics. In CT, noise in the acquired projectioadan be well described by phys-
ical models. The noise in the projections then propagatesi¢fn the reconstruction algo-
rithm to the reconstructed volumes. Noise in the imagesiis #idirect result of the noise in
the measurements, but can no longer be easily describathdtessary to use noise prop-
agation algorithms in order to determine the local noiseanee and correlation. Such
noise propagation algorithms might become rather comlicand computational expen-
sive, especially, if all correlations of the input data afuised during the processing should
be taken into account. The proposed approximation schemesfionating the correlation
within the data based on linear system theory, as introdutetiapter Chapter 7 might
also be applicable in the context of other reconstructiothoes. In this thesis, the noise
propagation has only been investigated for 2-D indirecttiaam FBP reconstruction. The
application of the here presented theory in 3-D reconstmcahethods, like the weighted
Itered backprojection (WFBP), is one eld for future reselrc

Another interesting aspect is the frequency dependenysisalf the noise after recon-
struction. Some post-processing methods, like the wabaletd noise reduction, decom-
pose the reconstructions into frequency bands and proceb® drequency representation
of the data. For this purpose, it would be bene cial to haveesas to the noise variance
and correlation in the respective frequency band. It isiptesto perform a frequency se-
lection during reconstruction, for example by modifying tteconstruction kernel, e. g. by
multiplying its frequency response with a bandpass Itéithe noise propagation is then
performed with the modi ed reconstruction kernel the noiaeiance can be computed for
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a certain frequency band. An interesting investigation idne to compare if this more
precise frequency dependent noise analysis helps in inmgdlie noise reduction algo-
rithms. It might also be possible to compute the noise in thgelet coef cients of the
reconstructed dataset directly from the noise estimat#siprojections. Here, the theory
on multiresolution reconstruction [Dela 95, Bonn 02] migatielpful for developing noise
estimation methods for wavelet coef cients of reconstedcCT datasets.

9.2.2 Noise ReductioninCT

The evaluation of the different proposed noise reductiothous already showed, that
noise reduction in 3-D gives best results with respect teenoeduction and preservation
of structures. So far the NABF has only been considered inl2eDause methods for noise
propagation of 3-D reconstruction methods, like the WFBP araisnot available. Based
on the comparison between the 2-D wavelet based noise redaetd the NABF it could
be observed that improved edge-preservation at compdxiitieis achieved with NABF.
It is, therefore, promising to obtain even better result@kignding the noise propagation
and NABF to 3-D.

Of course, the computed variance and orientation depemdettbutions to the noise
variance that were proposed in this thesis, can potentigllysed for adapting other post-
processing methods to the non-stationary and non-isatnopise in reconstructed CT
datasets. Other ltering methods, or image processingrtiectes like segmentation and
registration could make use of the knowledge about the rsisistics in the image or
volume. Especially, for methods, which are based on imagdignts, it would be help-
ful to have an estimate of the uncertainty of the reconstidiatnage pixels, in order to
differentiate between gradients that are computed dueise oo real structures.

Another idea for future research would be to use other spepmesentations, like the
curvelet transformation [Star 02] for noise reduction in @Tombines the resolution hi-
erarchy known from wavelet transformations and the Radamsteamation and is thus
closely related to CT reconstruction. Noise reduction in ghgection domain has the
advantage of having good estimates of the noise variance. Signal-to-noise ratio is,
however, better after reconstruction, because duringdbkgdrojection process an averag-
ing of many noisy samples is performed. In this work the coraton of both advantages
was performed by estimating noise in the reconstructedsdateom the projections and
use this for noise reduction. Based on the curvelet transfthom the good knowledge
about the noise statistics in the projection data and thel gmealization of edges in the
reconstructed data can be combined. It is however necedsanyclude noise estima-
tion approaches for curvelet based noise reduction in CTainé proposed thresholding
approaches only consider white Gaussian noise in the recoted images. The noise
propagation approach introduced in this thesis could adésoded for improved threshold
determination of the curvelet coef cients of a CT datasetrtirermore, the extension of
the curvelet transformation to 3-D is still under investiga and could probably be more
closely investigated in the context of 3-D reconstruction.
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Summary and Conclusions

In this thesis methods for structure-preserving noisectaolin reconstructed CT datasets
were investigated. The goal was to improve the signal-isencatio without increasing
the radiation dose or noticeably affecting the spatial ltegm. Due to the close relation
between image noise and radiation dose, this improvemeheatame time opens up a
possibility for dose reduction. Two different original appches for noise reduction in CT
were developed, implemented and evaluated.

The rst part of the thesis covers wavelet based noise regluchethods. They are
based on the idea of using reconstructions from two disguihisets of projections as in-
put to the noise reduction algorithm. The two input dataaetsgenerated such that they
show the same structure, but differ with respect to noise.realation analysis between
the wavelet coef cients of the two input datasets can themded for differentiating be-
tween structure and noise. We evaluated the proposed metrmambination with dif-
ferent wavelet transformation techniques with respectdisenand resolution. It turned
out, that the non-redundant SWT showed best qualitative aadtgative results. High
noise reduction rates about 45% were achieved. Within a husbaerver study the low-
contrast-detectability was evaluated. The experimenteldhat even small objects with
a contrast-to-noise level close to 1 can be detected as goeuden better after the applica-
tion of the adaptive Iter in comparison to the unmodi ed gimal image. The comparison
with a state-of-the-art projection based noise reductiethod, furthermore, showed that
better edge-preservation at comparable noise reductiobténed with the new method.
In order to allow anisotropic Itering in the wavelet domamtechnique for noise estima-
tion from the difference of the two input datasets was predosThe comparison of the
computed noise estimates with results from Monte-Carlo gldothat average pixelwise
relative errors between 11.6% and 20.7% are achieved. A m@mation based on just
two measurements, thus only allows a rough estimation optkelwise standard devia-
tion of noise. Nevertheless, the proposed thresholdingnodebased on local, frequency
and orientation dependent noise estimates leads to artrapigo Itering and shows much
better results than standard wavelet thresholding methodase of CT. Especially, for
datasets with strongly directed noise, like in the showderhips, improved results are
obtained with the proposed algorithm. We then combined tireetation analysis and
noise estimation and extended the algorithm to 3-D. Theen@duction in 3-D showed
much better results than in 2-D. The processed images look matural in case of 3-D.
Furthermore, higher noise reduction rates of more than G@%latained.
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In the second part of the thesis, a new approach that is basedise propagation
through the reconstruction algorithm was introduced. Thsenvariance in the recon-
structed image is a direct result of noise in the projectioffe developed an original ap-
proach for computing pixelwise estimates of the noise w&ean the image reconstructed
with indirect fan-beam FBF. The dif culty is that the rebimgj step, which reorganizes the
acquired fan-beam projections to parallel-beam projestiocorrelates the data. In contrast
to other approaches the correlations introduced to the dlaiag the reconstruction are
modeled by linear system theory and are taken into accourth e new noise prop-
agation method average pixelwise relative errors betwe@¥ 2and 6.7% are achieved.
The noise propagation approach was then extended in or@eiditonally give informa-
tion about the local noise correlation. We proposed a sinsiie-square-weighting of the
noise variances in the projections and separate noisegeitipa in order to obtain the hor-
izontal and vertical contribution of the noise variance dgery pixel. The approach was
then improved such that for each individual pixel a speceparation into two orthogonal
directions can be computed. The variance contributionrection of strongest correlation
and orthogonal to that can be determined for each pixel. dttional knowledge was
then used for developing noise-adaptive ltering methodé& proposed a bilateral lter,
which adapts itself to the non-stationary and non-isotroyise in CT. With this method
noise reduction rates close to 60% were achieved in 2-D.

In addition to the development of new noise reduction meglfod CT, this work also
presented some new ideas for the evaluation of non-lingars! Clearly, the reduction of
the noise variance in the image is an important quality Gatéut the in uence on the spa-
tial resolution plays an important role, too. Usually, sglaesolution is only considered at
high contrast objects. If non-linear processing is perfaimmage resolution might change
depending on the local contrast-to-noise ratio. There@@ntrast dependent evaluation
of the spatial resolution was introduced. Furthermore, veppsed a new gure of merit
for the noise-resolution-tradeoff, we call SNR-gain. Thalesation is based on the com-
parison to the linear lIter, which leads to the same avergumial resolution. The new
evaluation method can be used for more realistically juglgive potential for dose reduc-
tion, depending on the clinical task. The estimated doseatezh rates that were computed
on basis of the new noise-resolution-tradeoff do not singolysider the improvement of
image noise by the application of the Iter. They also coesithe loss of resolution at a
certain contrast-to-noise ratio. Depending on the cliréggplication, the minimum con-
trasts that are of interest might vary. If lesions should eecded very low contrasts are
usually of interest, on the contrary, in case of bone fragwery high contrasts are of in-
terest. If very low contrasts close to CNR values of 1 need tditberentiated, there is no
or only low potential for dose reduction, because it is difiicto preserve structures at very
low contrasts in image acquired at a lower dose. Based on opoped estimation of the
potential for dose reduction we can conclude that even f@r@dIR levels between 3 to 5
the application of the proposed lters to low dose imageslead to a noticeable reduction
of radiation dose up to 60% in 2-D and even close to 80% in 3Bhduld, however, be
reminded that an extended clinical study is necessary tovprthese estimates in clinical
practice also in context of different diagnostic and treathrassesment tasks.
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Acronyms

A.1 CT Reconstruction

CT computed tomography

MSCT mulit-slice computed tomography
DSCT dual-source computed tomography
FBP Itered backprojection

WFBP weighted ltered backprojection
SMP  segmented multiple plane

HU Houns eld Unit

FOV eld of view

MTF  modulation transfer function

SNR signal-to-noise ratio

CNR  contrast-to-noise ratio

PSF point-spread-function

LSF line-spread-function

Ip line-pairs

A.2 Wavelet Transformation

WT wavelet transformation

CWT continuous wavelet transformation
WFT windowed Fourier transformation
STFT short-time Fourier transformation
DWT discrete time wavelet transformation
SWT shift-invariant wavelet transformation

ATR “a-trous wavelet transformation
FFT fast Fourier transformation
Db2 Daubechies 2 wavelet

CDF9/7 Cohen-Daubechies-Fauraune wavelet
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A.3 Denoising
CORR correlation coef cient based weighting
GRAD gradient approximation based weighting
S80 sharp reconstruction kernel
B40 smoother reconstruction kernel
ROC receiver operating characteristic
TPR true positive rate
FPR false positive rate

STSWT standard thresholding using on SWT
ANESWT adaptive noise-estimation based thresholding USIVG
CASWT  correlation based weighting using SWT

NRR noise reduction rate

SNRG SNR-gain

SBF standard bilateral ltering
NABF noise-adaptive bilateral Itering

A.4 Noise Propagation

ACF auto correlation function
ACCF auto correlation coef cient function
WSS  wide sense stationary



Appendix B

Notation

B.1 CT Reconstruction

intesity at source

number of emitted photons at source
intesity at detector

focus radius

focus angle

fan angle

parallel projection angle
orthogonal distance to iso-center
ray

2-D or 3-D spatial position
spatial coordinates

projection

fan-beam projection
parallel-beam projection
Fourier transformation operator
Radon transformation operator
attenuation coef cient
attenuation coef cient of water
ramp kernel

apodized convolution kernel
apodization window
attenuation coef cient
attenuation coef cient of water
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N¢ number of channels in fan-beam projection
N> f number of fan-beam projections 2n
Np number of channels in parallel projection
N2 p number of parallel projections &
N , number of parallel projections in
; ;.o sampling distances/ increments

Kl indices
P{ﬁ” fan-beam projection at, and |
PP hybrid projection at, and |
P,;Z’:‘ complementary rgblnped projection atnd
Py parallel-beam projection at andt,
P ltered parallel-beam projection
h interpolation function
ha?! azimuthal interpolation function
hrad radial interpolation function
hbp backprojection interpolation function
f function to be reconstructed in HU
X Cartesian coordinates, position
U signal measured at detector
Ny measurement error/noise of signal
Ng quantum noise
Ne electronics noise
C;€ constants
n number of X-ray quanta quanta
P probability distribution
E expectation

2 variance of quantum noise

2 variance of electronics noise

2 variance of intensity

2 variance of projection
w highest spatial frequency within measured projection



B.2. Wavelet Transformation

B.2 Wavelet Transformation

f
w
W

G H; G; H,

function

window function

complex conjugate of w

wavelet function (mother wavelet)

scaling function (father wavelet)

scaling factor

translation

Fourier representation of

dyadic scale

translation corresponding to dyadic scale
indices

detail coef cient at scale; and translationy
approximation coef cient at scalg and translation
analysis lowpass lter

analysis highpass Iter

synthesis lowpass lter

synthesis highpass Iter

image (approximation at level 0)

scale of input image

decomposition level

maximum decomposition level
approximation at levdl

horizontal detail coef cient oA at levell
vertical detail coef cient ofA at levell
diagonal detail coef cient oA at levell
analysis and synthesis lters used at lelvel
z-transformations of lters
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Appendix B. Notation

B.3 Wavelet Denoising

U U T TO>»
N - T
w

-~

Z2Z20D0 X0

input datasets (2D, 3D)

set of projections

rst subset of projections

second subset of projections

projections at angle,

reconstruction operator

mean of input datasets / reconstruction from all projection
difference of input datasets

noise-free signal

zero-mean additive noise

zero-mean additive noise i\, B ,...

standard deviation of noise

standard deviation of noise i, B,...
denoised result

similarity value based on correlation analysis
similarity value in horizontal direction at level
covariance

local covariance arourxi

variance

local variance arouns

local mean ofA aroundx

local neighborhood around

weighting function for local neighborhoods
mean value of weighting function

weighting function for detail coef cients
parameter of weighting function controlling the strengtldenoising
linear combination

weights

direction

threshold

estimated standard deviation of noise
reference standard deviation of noise
relative error

average relative error

variance of relative error

average error, normalized on per-pixel basis
weighting image

correlation coef cient based weighting image
signi cance weighting image

threshold

Fourier transformation of linear Iter

MTF of adaptively ltered image

MTF of original image

modi ed reconstruction kernel
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B.4

XX

XX
fan

ipol

conv

B.5

Noise Propagation

normalized autocorrelation function/ autocorrelatioefoment function
autocorrelation function

autocorrelation of noise in fan-beam projections

autocorrelation of noise after rebinning

autocorrelation of noise after convolution

Kronecker delta-function

Noise-Adaptive Bilateral Filtering

v( i;x) variance contribution from projections at angj€o positionx

max

max

Vary
Vary
2
2H
2v
gl
29

angle with largest variance contribution

direction of strongest correlation

horizontal variance contribution

vertical variance contribution

standard deviation of noise in image

standard deviation of noise in image in horizontal directio

standard deviation of noise in image in vertical direction

standard deviation of noise in image in direction of strat@errelation
standard deviation of noise in image orthogonal to directibstrongest correlation
input data

Itered output data

domain lter

range lter

covariance matrix of Gaussian lter at positian

rotation matrix

diagonal matrix

singular values

parameter that controls the maximum degree of anisotropy
parameter that controls the spatial extension of the dortiain
parameter that controls the strength of noise reduction
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