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Abstract

The aim of image registration is to compute a mapping from onenage's frame
of reference to another's, such that both images are well gfied. Even when the
mapping is assumed to be rigid (only rotation and translatio) this can be a quite
challenging task to accomplish between di erent image motiaes. Noise and other
imaging artifacts like bias elds in magnetic resonance (MR)maging or streak ar-
tifacts in computed tomography (CT) can pose additional prblems. In non-rigid
image registration these problems are further compoundeg the additional degrees
of freedom in the transform.

Another problem is that the non-rigid registration problemis usually ambiguous:
Di erent deformation elds can lead to equally well alignedimages. Nevertheless, one
would prefer deformations that coincide with medical or phsiological expectations.
For instance, in MR low intensity image values can indicate dnes as well as air. We
would prefer a registration result that only maps bone to bam and air to air, even
though matching air to bone might lead to a visually similar esult.

This work strives to address some of these problems. In a rstep we provide a
solid non-rigid registration algorithm. We compare sevefaptimization algorithms,
to ensure that the registration result is at least numericdy as good as possible.
We also explore how the parameter determining the global stess of the computed
transform can be specied in a way that yields predictable malts. In a second
step we want to integrate prior information about the desird deformation into this
registration algorithm. Two types of prior information are considered in this work:

The rst are known point correspondences that explicitly spcify the desired de-
formation for some parts of the images. This provides a veryraightforward way for
a user to interact with the registration algorithm. The known correspondences are
e ciently integrated into the registration algorithm, whi ch allows the speci cation of
arbitrary number of correspondences and the application ¢ie approach in2-D and
3-D. As the landmarks are treated as hard constraints it is guanteed that they are
matched exactly. It is shown that this additional information can immensely bene t
the registration result, especially in di cult cases like the registration of relatively
unrelated imaging modalities like positron emission tomogphy (PET) and CT.

The second type of information is provided in the form of traiing deformations
re ecting the kinds of deformation usually encountered in m application. These are
used to generate a model which can be used to guide the re@stin to a result that
is similar to the training data. We consider two variants of &tistical deformation
models. Either the model is generated and applied on the defmations themselves
or on their Laplacian. The latter has the advantage of beinghherently invariant to
remaining rigid misalignments in the training data. They ae applied in the context of
atlas registration for MR/PET attenuation correction. An template CT image is reg-
istered with the patient MR to generate a pseudo-CT of the pant that can be used
for the PET attenuation correction. However, the di erent intensity distributions in
CT and MR, e ects like bias elds and the low inter-slice resaltion common in MR
imaging, make the multi-modal registration prone to errorsThe deformation model,
learned from a set of mono-modal registrations, is used tordrain and thus improve
the multi-modal registration. The algorithm is evaluated @ a set of patient data for



which the ground-truth CT scan is available. This allows theevaluation of the atlas
registration results through a direct comparison with the gpund truth CT data. Our
experiments show that the registration employing the stastical deformation models
yields generally improved results.



Ubersicht

Die Bildregistrierung in der Medizin hat zur Aufgabe eine Abildung zu berech-
nen die zwei Bilder in ein gemeinsames Koordinatensystemadifiihrt. Selbst wenn
nur eine starre Abbildung gesucht ist, ist dies eine Herauwsflerung wenn unter-
schiedliche Bildmodalitdten kombiniert werden sollen. Wter erschwert wird diese
Aufgabe durch die zur Verfiigung stehende Bildqualitat diefomals unter Rauschen
und anderen Artefakten zu leiden hat. In der nichtstarren Bdregistrierung kommt
zusatzlich die Vielzahl der Freiheitsgrade in der Transfamation erschwerend hinzu.

Ein weiteres Problem speziell bei der nichtstarren Registniung ist, dass die Auf-
gabenstellung meist nicht eindeutig ist: Unterschiedliah Deformationen kénnen zu
ahnlich gut aussehenden Ergebnissen fuhren. Dennoch sindhh alle diese Defor-
mationen in jeder Anwendung gleich gut, da man in der Regel gase medizinisch
oder biologisch motivierte Erwartungen an die Art der Abbilung hat. Beispiel-
sweise zeigen viele Datensatze aus der Magnetresonanzigraphie (MRT) ahnliche
Intensitatswerte fur Luft und Knochen. In der Anwendung wide man jedoch Defor-
mationen bevorzugen die Luft auf Luft und Knochen auf Knochreabbilden, obwonhl
eine Abbildung von Luft auf Knochen visuell das gleiche Ergais liefern kann.

Diese Arbeit hat zum Ziel einige dieser Probleme anzugehenduentsprechende
Ldsungsvorschlage zu prasentieren. Dazu fUhren wir zunatheinen soliden nicht-
starren Registrierungsalgorithmus ein. Wir vergleichen dab mehrere nichtlineare
Optimierungsalgorithmen um sicherzustellen, dass zumiedt ein numerisch gutes
Ergebnis erzeugt wird. Um die Parametrierung zu vereinfaen wird auyerdem un-
tersucht, wie der globale Parameter der die Steifheit der Adldung steuert so gesetzt
werden kann, dass ein vorhersagbares Ergebnis erzeugt wirth einem weiteren
Schritt wird gezeigt wie zusatzliches Vorwissen Uber die Wénschte Deformation
in die Registrierung eingebracht werden kann. In dieser Ariieverden dabei zwei
unterschiedliche Arten von Vorwissen naher betrachtet:

Die erste Variante von Vorwissen sind Punktkorrespondenzedie flr einzelne
Bildteile die gewlnschte Deformation fest vorgeben. Dieglaubt einem Anwen-
der eine sehr direkte Interaktion mit dem Registrierungsatgithmus. Die Punktko-
rrespondenzen werden e zient in den Algorithmus integrier;, was die Benutzung
von einer beliebigen Anzahl solcher Landmarken sowohl 83D wie auch 3-D Bild-
daten erlaubt. Da die Landmarken als strikte Bedingungen Ibandelt werden, kann
ihre exakte Abbildung aufeinander garantiert werden. Anhad eines praktischen
Beispiels wird gezeigt, dass dieses zusatzliche Wissen hdseos in schwierigen An-
wendungsfallen, wie der Fusion von Daten aus Positronen-Esions-Tomographen
(PET) und Computertomographen (CT) eine groye Verbessergndes Ergebnisses
zur Folge haben kann.

Die zweite Art von Vorwissen mit der wir uns beschéaftigen sthbekannte Train-
ingsdeformationen die man bereits in derselben Anwendungedbachtet hat. Aus
diesen kann man statistische Modelle erzeugen, mit denenr deegistrierungsalgo-
rithmus so gelenkt wird, dass er Ergebnisse erzeugt die deraihingsdaten ahnlich
sind. Die Modelle werden dabei entweder direkt auf den Traimgsdaten oder auf
deren zweiten Ableitungen (Laplace) berechnet. Der Zweitgnsatz hat hierbei den
Vorteil gegen starre Fehlausrichtungen der Lerndaten rolstizu sein. Beide Metho-



den werden auf das praktische Problem der MRT/PET Schwachgskorrektur mit-

tels Atlasregistrierung angewandt. Dabei wird ein Atlas CTauf einen Patienten
MRT Datensatz registriert um ein pseudo CT Bild dieses Patien zu erstellen.
Dieses kann dann in einem weiteren Schritt fir eine Schwactgskorrektur einer
PET Aufnahme aus einem hybriden MRT/PET Gerat verwendet weden. Diese
Art der multimodalen Registrierung ist jedoch Aufgrund der uterschiedlichen Inten-
sitatsverteilungen in den Bildern, Bildartefakten und unerschiedlichen Bildau 6sun-
gen, fehleranféallig. Das Deformationsmodell wird in dies&nwendung mit Trainings-

daten aus monomodalen (CT/CT) Registrierungen generiert. nl der multimodalen

Registrierung kann es dann die méglichen Deformationen zaséch beschranken und
so das Endergebnis verbessern. Dieser Ansatz wird auf eineatenbestand von MRT
und dazugehérigen CT Datensatzen evaluiert. Die vorhanden CT Daten erlauben
bei dieser Evaluierung den direkten Vergleich zwischen dgenerierten pseudo CT
Daten mit den tatsachlichen im Anwendungsfall nicht verfugaren CT Daten. In

diesen Experimenten kdnnen wir zeigen, dass unser Ansatgegeliber einem Stan-
dardansatz ohne Deformationsmodelle ein deutlich verbestes Ergebnis liefert.
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Chapter 1

Introduction

Over the course of the past forty years medical diagnosticsa® revolutionized by
the invention of multiple modalities that are able to view the human body and its
function in full 3-D. Where computed tomography (CT) is able to provide detaile
insights into the human anatomy, nuclear medicine methodge positron emission to-
mography (PET) and single photon emission computed tomogopay (SPECT) allow
to visualize processes like perfusion or enhanced tissuevgth due to cancer pro-
liferation. Magnetic resonance (MR) imaging is generally &b to provide good soft
tissue imaging combined with the capability to do functionkimaging. As all of these
techniques have their individual advantages and disadvaages their combination has
been an area of interest for a long time. This is usually donétleer by retrospec-
tive image registration that tries to compute a transform beveen two separately
acquired images, or by acquiring more than one imaging modgl simultaneously
in the same hybrid scanner. Similarly, combining images fno longitudinal studies
by means of image registration allows qualitative and quaitative analysis of the
progression of various diseases and how they are a ected bgdtment. Image reg-
istration also allows the combination of high quality preoprative images with data
acquired intraoperatively.

The number of registration techniques and variants is almbss varied as their
applications. Rigid and non-rigid, parametric or non-pararatric, numerous distance
measures and regularizers, not to name the possible optiarfsoptimization schemes,
constitute a rich choice of components for performing the gestration task. While
in the area of rigid registration the quality of the resultig match can be relatively
well assessed, this is considerably harder in the non-rigidse, since in virtually all
non-trivial real cases the ground truth deformation is not kown. All attempts at
generating synthetic ground truth datasets are likely to feor registration methods
that model the deformation eld similarly to the method usedfor generating the
synthetic deformations. Non-rigid registration is also datively di cult to apply in
practice, due to the many degrees of freedom it o ers in termgf the deformation
that is generated. Usually the user is responsible to seldbie degree of non-rigidity
allowed in the transform, which is often di cult as there is dten a lack of intuition
about the user set parameters that determine the amount of nerigidity. Last, but
not least, it is often di cult to assess whether a non-rigid egistration result is only
visually appealing or makes actual medical and physiologicsense.
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This work is therefore concerned with the incorporation ofjor knowledge about
the desired deformation into the registration algorithm. Fior knowledge is already
input by the choice of distance measure, regularizer and tiparameter governing the
non-rigidity of the transform, which we will aim to make a moe intuitive choice for
the user. More advanced forms of prior knowledge we will exam are known point
correspondences and especially statistical informatiorbaut the deformations most
often encountered in a particular application scenario.

1.1 Overview

The aim of this work is to examine possibilities to make nonigid registration easier
and more robust to use in practice. To this end current non-gid, non-parametric
registration techniques, distance measures and regulaigz and their respective be-
havior in combination are examined. Furthermore di erent ptimization techniques
are examined as the study of existing and the development afw mathematical terms
can only make sense if they are su ciently optimized and perived problems with a
particular term are not just due to a bad optimization. The man focus, however, is
on incorporating prior knowledge about the registration doject that makes it more
likely that the results are in accordance with the expectatin of the user. The types of
prior knowledge employed in this context are known point-tgoint correspondences
(landmarks) and a statistical model of the expected transfm based on a principal
component analysis (PCA).

The incorporation of landmarks is discussed [n5.1. The appach proposed in this
work allows the incorporation of arbitrary numbers of landmarks which are matched
exactly, works in 2-D as well as in3-D and is shown to signi cantly improve the
di cult problem of a retrospective registration of a full body PET scan with a CT
scan.

The theory of the second method, which incorporates prior farmation through
statistical deformation models into the registration algathm, is discussed in Sec-
tion 6.2. The practical application of these models is thenvaluated on the problem
of atlas registration for MR/PET attenuation correction. Attenuation correction is
a post-processing step in PET and SPECT imaging that corregtfor the attenuation
the tracer radiation undergoes while it travels from the pait of the radiation emission
to the detector. The necessary attenuation information is sually provided by a CT
or a transmission scan. In a MR/PET hybrid scanner the MR imageannot directly
provide such an attenuation map. Instead, an attenuation nfacan be generated by
non-rigidly registering an atlas CT to the MR.

1.2 Contribution

This work brings several contributions to the eld of non-rgid image registration. In
short these can be summarized as:

" comparison of a set of optimization algorithms for non-rigl, non-parametric,
energy regularized registration
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" easier user interaction for the parameter governing the shess of the deforma-
tion, through

a physical relation for changes to the parameter

a rescaling of the distance measure and regularizer termstbé registra-
tion, such that the impact of their choice on the stiness paameter is
lessened

" introduction of prior information into the registration t hrough

the speci cation of additional landmarks
PCA based deformation models

application of deformation models to MR/PET attenuation corection

The rst two contributions aim at simplifying the practical application of the reg-
istration algorithm by providing a good automatically paraneterized optimization
and a good intuition for the remaining non-numeric sti nessparameter. The prior
information methods make the registration results more lédy to correspond with
user expectations, even for di cult registration problems which are subject to image
artifacts (noise, bias elds, streak artifacts etc.) and arbiguities.

In more detail, the rst contribution is concerned with the comparison of several
optimization algorithms for a non-rigid, non-parametric egistration that makes use
of an energy regularization term on the deformation eld itslf to keep it smooth.
The optimization of the terms in the registration formulation is rather non-trivial
and in practice the result of a registration can di er signicantly depending on the
optimization algorithm and the resulting quality of the optimization. We therefore
compare the standard semi-implicit gradient descent sch@&rMode 04] with several
Newton type optimization algorithms, in a single- and multilevel setting, both for a
sum of squared di erences and a mutual information distanceeasure.

In addition to the numeric problems we also consider the précal usability of
the non-rigid registration algorithm. The major problem hee is the choice of param-
eters. While the numerical parameters like step sizes, nunmseof iterations, image
guantization etc. can be estimated, the parameter goverrgnthe sti ness is a funda-
mental choice of the user. To make this choice easier we attaa physical model to
this parameter that makes it easier for the user to predict tl result of a parameter
change. Additionally, some rescalings of the distance meas and regularizer terms
to a uniform value range are presented. If such a rescalingceeeds it has the bene t
that di erent types of distance measures and regularizersao be exchanged without
the need to change the sti ness parameter.

The incorporation of prior information into the registration is also aimed at sim-
plifying the interaction of the user with the algorithm. The work proposes a way to
constrain the non-rigid registration by additional landmaks. The registration thus
has to compute a deformation that guarantees an exact matcht ¢he landmarks.
This helps to guide the registration and can help to improvehe trustworthiness of
the registration result. To add landmarks to an image interiy driven registration
approach is not a new idea [Fisc 03a, John 02, Hart02, Ursc O6Jowever, the way
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we mathematically integrate these constraints is, to our kswledge, novel in the do-
main of image registration. The point correspondences aneated mathematically as
Dirichlet boundary conditions for the computed vector eld This way the numerical
registration problem gets computationally smaller insteé of larger, the more land-
marks are added. This way adding even large sets of landmarksr example rigidly
registered bones or other segmented and separately registeregions, is no problem.

The nal contribution of this work is the generation and pradical application of
PCA based model regularization terms to a non-rigid, non-pametric registration
approach. This encompasses a PCA model generated directly the learning de-
formations, augmented to be invariant to translations, as @il as a model based on
the curvature of the deformations, which is invariant to roations and translations
by construction. The di erent approaches are evaluated orhe problem of MR/PET
attenuation correction through atlas registration.



Chapter 2

Medical Background

As this work is concerned with the processing of medical imes, this chapter will

shortly review the most important 3-D medical imaging techniques. This information
is needed primarily to further the understanding of the apptation scenarios referred
to in the work. For a more in-depth discussion of these imaginmodalities please
refer to [Doss 08].

2.1 Computed Tomography (CT)

Wilhelm Conrad Réntgen was the rst to extensively study X-rayradiation in 1895.
It allowed for the rst time the non-invasive imaging of the nterior of the human
body. X-ray radiation is generated by accelerating electns from a cathode to an
anode in a vacuum tube. Upon hitting the anode the kinetic emgy of the electrons
is transformed in part into an electromagnetic radiation kown as X-rays. This high
energy radiation has the property that it can pass through dm materials while
undergoing attenuation. The attenuation is due to the radifion interacting with
the material in the form of absorption and scattering. The arunt of attenuation
that takes place is dependent on the density of the materialding imaged and the
energy of the radiation. Bone for instance is a rather denseaterial and will therefore
attenuate the radiation much more than soft tissue.

The amount of radiation that can be observed at the detectoisigoverned by the
attenuation law

R
| = loer O (2.1)

wherel g is the radiation generated by the X-ray tube and the radiation that can
be detected after attenuation.L is the ray from the tube to the detector and the
function of attenuation coe cients along the ray i.e. how much the tissue at location
| attenuates the radiation. Basically, is the material property that we want to
measure. In computed tomography (CT) one is not interestedhithe resulting radi-
ation | but rather in the coe cients in the volume of interest (i.e. the patient).
To compute these values it is necessary to generate many maasnents forl for
di erent rays through the patient. To this end the X-ray tube and the detector are
rotated around the patient (see Figurd_2]1) generating meaements for rays with

5
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X-ray source
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Figure 2.1: Schematic of a cone-beam CT. A source projectga radiation through
the patient onto a detector. The detector captures the attemated radiation. The
procedure is repeated from di erent angles to generate suient data for a 3-D re-
construction.

di erent angles and origins. From these measurements thelugs for the attenuation
coe cients of can be calculated by methods like Itered back projection oiterative
reconstruction. CT images therefore re ect how much the Xay radiation is attenu-
ated by the materials in the subject. It, therefore, has exdlent imaging of bones, but
a relatively weak soft tissue contrast. For some applicatins like angiography, a con-
trast agent with high attenuation coe cients is administered to the patient to make
blood vessels visible. Contrast agents also allow for studyg functional properties
like blood ow or perfusion.

2.2 Magnetic Resonance Imaging

Magnetic resonance (MR) imaging is based on a completely drent principle than

CT. Where CT is based on X-rays, a very high energy radiation, R works with mag-

netic elds and radio waves, which do not have any harmful e e&s on humans. The
e ects of nuclear magnetic resonance were rst studied by ke Bloch and Edward

Purcell, for which they won the Nobel Prize in 1952. The use tiiis phenomenon as
imaging modality is due to Paul Lauterbur and Sir Peter Manseld, who developed
the techniques for spatial localization necessary for imiag. The material presented
in this section is based on [Horn 96].

MR imaging is based on the property of nuclear spin. Each etesn, neutron and
positron has the fundamental property called spin, which deribes the continuous
rotation of the particle around an axis. Normally, the spin © the particles in a
material is random, such that if all the spins are summed up # net spin is zero.
When placed in a strong magnetic eld, usually denote®,, the spins align with or
opposed to the eld (see Figuré&2]2). Statistically, howevemore spins will align with
the magnetic eld than opposed to it. If a group of particles wh spin is therefore
treated as a macroscopic entity called a spin packet, its ngpin is aligned with the
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(a) Free spins (b) Spins in magnetic eld

Figure 2.2: shows the unorganized spins at rest. The netagnetization in the
medium is 0 as the spins are oriented completely at random and cancel baather
out. In[(b)]the spins are under the in uence of a strong magnét eld Bo. In a strong
magnetic eld the spins align with or opposed to the magnetield. Statistically more

spins align with the magnetic elds than opposed to it. A grop of spins (boxes),
called a spin packet, therefore has a net spin (sum over allisp in a box) aligned
with the magnetic eld (gray arrows).

magnetic eld. Thus aligned, the particles with spin also hee the ability to absorb

radio waves of a speci c frequency. The frequency which islieal Larmor frequency
depends on the strength of the magnetic eldB, and the chemical compound the
particle is a part of. Hydrogen has the Larmor frequency of

= By 4258MHz=T: (2.2)

If a spin packet absorbs the energy of a radio wave with thiséiquency it is knocked
out of its alignment with the magnetic eld. Due to its spin it starts to precess
around the axis de ned by the direction of the magnetic eld. Over time the spin
will return to its alignment with the magnetic eld while dis persing the energy it has
taken in by emitting radio waves at its Larmor frequency. Thee radio waves can
be detected by a receive coil and are ultimately the base measment needed for
constructing magnetic resonance images. Two propertiestbe spin returning to its
original aligned state are the quantities that determine wat an MR image shows.
These properties are the T1 and the T2 relaxation time. The Tlime tells how
long it takes a particular spin packet to return to its alignment with the magnetic
eld. The second property, the T2 relaxation time, results fom the spins packet
not being composed of completely homogeneous spins. All #y@ns in a spin packet
interact and are subject to a very slightly di erent magnetc eld. Once the spins in
the spin packet start to precess, they will do so at very sligly di ering frequencies,
prompting them to go out of phase over time. The dephasing sp& of the spins is
measured by the T2 relaxation time. For an illustration of tle T1 and T2 relaxation
times refer to Figure[2.3.

The T1 and T2 times depend on many factors like the chemical eposition of
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(a) Spin packet (b) Spin packet precessing (c) Spin packet pre-
cessing in3-D coor-
dinate system
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(d) Spin after pulse (e) Spin relaxing (f) Spin fully relaxed
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Y Y Y
(g) Spin phase after (h) Spins dephasing (i) Spins fully dephased
pulse

Figure 2.3: Images (d)-(i) show the behavior of spin packets the presence of a
strong magnetic eld By aligned with the z-axis.

Top row: Spin packet at rest rotating around its axis aligied with the magnetic
eld. (b)|Spin packet that has been knocked out of the alignn& with the vector
eld. The spin axis is precessing around the direction of thenagnetic eld By.
Spin precessing in 8-D coordinate system, with the magnetic eldB, aligned with
the z-axis.

Middle row: lllustration of T1 decay. Images showz-coordinate frame of (c) rotating
around the z-axis such that it is always aligned with the spin|[ (d) The spi after a 9¢°
pulse,[(e) over time the spin realignf (f) with the magnetic eld. During realignment
the spin packet has to disperse energy in the form of a radio vea

Bottom row: lllustration of T2 decay. Images show the precesg spins of a spin
packet in the xy-plane of{(c).[(g) After an initial 90° pulse all spins of a spin packet
are aligned at the same phas€. (h) Over time the spins depha§g|until they are
distributed randomly and uniformly.
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Detector
Collimator

Figure 2.4: SPECT detector with collimator (gray pattern). The collimator ensures
that only rays parallel to the sheets of the collimator can r&ch the detector. In both
image examples two events (star) are shown, one which suctelly projects a ray
onto the detector (black arrow) and one that gets shielded bghe collimator.

tissue or the mobility of the particles carrying the spin. Ttey can therefore di er very
much for di erent tissue types, leading to a good soft tissueontrast in MR images.
Additionally, there are a lot of choices in how these times armeasured and combined
to form the actual image, yielding many di erent looking imajing sequences that can
be tailored to t the application at hand. As discussed abovehe radio frequency
used for the pulses can only in uence particles that resomatwith that particular
frequency. In all practical medical applications this eleent is Hydrogen, which is a
part of any human tissue. However, there is no Hydrogen in bes, which, therefore,
give almost no signal and show up pretty similar to air in MR. Acordingly, bones
are mostly distinguished by the tissues surrounding them.

2.3 Single Proton Emission Computed Tomography
(SPECT)

In contrast to CT and MR the main focus of nuclear medicine inging modalities
is not the imaging of the patient physiology, but rather the imnaging of functions
in the body. This is achieved by injecting the patient with a tacer substance that
contains ligands tailored to take part in certain body fundons. For example a glucose
analog substance will take part in the body's metabolism andill thus concentrate
in regions with a lot of glucose consumption. Other ligandsra engineered to bind
to certain tumor speci c features [Doss 08]. The localizain of the tracer inside the
body is realized through the radioactive decay of a radionlide that is chemically
bound to the ligand. In single proton emission computed tongwaphy (SPECT)
this radionuclide (e.g. technetium-99m, iodine-123 etc.lindergoes a gamma decay,
meaning that when the radionuclide decays it emits a gammayaThis radiation can
be detected by a gamma camera.

For the 3-D reconstruction it is necessary to detect not only that a d=may has
happened but also at least in which direction from the deteot it happened. To
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facilitate this, the detector is equipped with a collimator A collimator is essentially
a block of lead with holes. Only those rays that are aligned thi the holes in the
collimator are thus able to reach the detector behind it. Tts way only rays with a
clearly de ned orientation are detected (compare Figure 2). A disadvantage of this
approach is that a lot of information, i.e. rays not aligned vth the collimator are
completely ignored.

The radiation observed at the detector coming from a certaimlirection is de-
pendent on the amount of tracer in the region and the amount ddttenuation the
radiation undergoes while traveling through the body. The teenuation observed in
this context is related to the attenuation measured in CT, btinot exactly the same
due to the di erent energy levels of the radiation. Mathemaitally the measurement
at the detector is thus the result of the attenuation law[(2.]. However, in SPECT the
guantity we want to reconstruct isl, the intensity at the point of origin. The atten-
uation is just a side-e ect that should not show up in the reconstrued image. It is
therefore necessary to have a-map in order to do good reconstruction of the tracer
concentration in the patient. One way to acquire this map isd make a tomographic
reconstruction with an exterior radiation source, much lik this is done in CT. These
days, most SPECT (and PET) scanners are hybrid scanners thate integrated with
a CT. Although the energy level of the radiation used in CT is at exactly the same
as that emitted by the tracer, it can still be used as a good appximation to the
needed attenuation map.

To sum up, SPECT has the ability to produce images that visu@#e processes
in the patient like tumor growth, perfusion or metabolism. t does in general not
visualize the patient anatomy very well and the image qualtis, compared to CT
and MR, relatively low. Also, the radioactive tracer and the adiation produced by
it, is not completely harmless, such that the minimization bthe tracer dose is always
a concern.

2.4 Positron Emission Tomography (PET)

Positron Emission Tomography is in many ways very similar t&PECT. The main
di erence is the radionuclide used for the tracer, which deys not by emitting a
gamma ray, but by emitting a proton (e.g. uorine-18). After traveling a short
distance the proton will eventually hit an electron, which esults in an annihilation of
both while emitting two photons in almost exactly opposite @ections. This emission
of two photons in opposing directions makes it possible to ti#Emine a line on which
the event took place by simply connecting the two points at wikbh the photons
are detected. A collimator is therefore not necessary and ma more events can
be detected, resulting in a higher signal yield. As photongaveling in all possible
directions have to be detected the PET detector is not planabut instead a tube all
around the imaged volume (see Figuiie 2.5).

PET is therefore rather similar to SPECT, just with an, in gereral, better image
quality due to the higher signal yield. PET images thereforalso rely on the existence
of an attenuation map for accurate image reconstruction. Ade from this PET and
SPECT also rely on di erent tracer ligands as not every ligath used in one modality
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Figure 2.5: A PET detector only acknowledges simultaneoyslarriving photons
(black arrows). The event (star) has to be somewhere on thené between the two
points at which the photons were detected. No collimation isecessary.

can be easily combined with the radionuclide used in the othe
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Image Registration

Image registration can be employed in a variety of tasks, du@s the combination
of data from multiple modalities to combine functional (e.g Section[2.8 (SPECT)
and[Z.4) and morphological information (e.g. Sectidn 2.1 (G and 2.2 (MR)) or the
monitoring of tumor growth in longitudinal studies. There ae also more abstract
applications like facilitating segmentation or classi cdon approaches by registration
with an atlas (see Sectiofl6) or studying anatomical variadtns by analyzing the trans-
forms generated by co-registering multiple datasets [S@f)]. In some applications
even datasets of di erent dimensionality are combined. Thiis for example employed
in interventional applications where an intra-operative2-D X-Ray image is registered
with a pre-operative 3-D image. In this work, however, we only consider the pair-a&
registrations between datasets of the same dimensionality

The basic concept of this kind of registration is to nd a trarsform @ 7!
that maps the frame of reference of the so-called moving imrey1 : v 7! R, to
the frame of reference of the xed imag& : ¢ 7! R, such that the image content
is aligned. The y RYand ¢ RY denote the domains over which the moving
image and the xed image are de ned, respectively. The varide d in this context
speci es the dimensionality of the data, i.e. 2-D, 3-D etc.. The overlap of both
images under the current transform, in the frame of referercof the xed image, is
denedas = fxjx2 ¢ ™ (x)2 wm0. Assuch the overlap domain is actually
dependent on the transform. In this work the dependency of ehoverlap domain
on the current transform  will be ignored, as this would enormously complicate the
mathematical formulations and also their numeric solutionTo compensate, all terms
used in the registration formulations presented in this wdrare normalized over the
sizej | of the overlap domain, such that changes in the overlap havs éttle in uence
as possible.

A registration usually aims at minimizing a distance meas@D that serves as the
mathematical de nition of the quality of the alignment, i. e.

=argmin D(F; M ): (3.1)

The choice of distance measure is highly problem dependethtough. It can be mono-
or multi-modal, focus on aligning similar gray values, stastically often coinciding
gray values, edges or image patterns. Similarly to the cheiof the distance measure

13
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Figure 3.1: Rough categorization of di erent models used fohe transform in popular
registration approaches.

Energy Regularizers
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there is also a choice in how the transform should be represented. Naturally, the
transform determined by the algorithm should not be complety arbitrary, but con-
form to some form of regularity to be useful. Usually this ragarity is implemented
by requiring to be locally or globally smooth in some sense. Such a restion can
be imposed directly through the way the transform is modeledr through additional
regularization terms incorporated into the minimization poblem.

The next section is intended to give a rough overview over dérent registration
methods and how they model, constrain and optimize the trafrm. For further
general overviews of di erent registration methods pleasefer to [Mode 04/ Clar 06].
The remainder of this work will then concentrate on a non-rig, non-parametric,
energy regularized registration technique (compare Semti[3.1.3). The components
of such an algorithm, namely the distance measure and the tégrizer are introduced
in Section[3:3 and Section 314 respectively, in terms of theathhematical framework
introduced in Section[3.2.

3.1 Registration Methods

In order to ful ll the varying requirements of clinical practice, namely robustness
with respect to noise and the amount of motion compensatedhe accuracy of the
achieved result and the computation speed, a multitude of @rent approaches for
image registration have been developed over the years. Theatent ways to constrain
the transform lead to algorithms that di er largely in the number of unknowns that
have to be optimized. As a general rule of thumb, more degrees freedom in a
transform model, result in a larger degree of deformationfiat can be compensated,
but also to a reduced robustness with respect to noise and @ls more di cult
optimization problem. Figure[3.1 provides a schematic ovaew of the commonly
employed registration methods, from the rigid registratio with the least degrees of
freedom to the non-parametric registration formulation tfat allows the speci cation
of a transform separately for every pixel in the image domairThis section will brie y
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outline how most of these methods work.

3.1.1 Rigid and A ne Registration

In rigid registration only the position of the moving imageM is changed, but it is not
deformed in any way i.e. the transform is restricted to rotation and translation.

a(X) == AaX + tg (3.2)

The rigid transform , is de ned through the parameter vectora, which, in the
case of a3-D transform, contains three parameters to de ne the rotabn and three
parameters de ning the translation along thex-,y- and z-axes. There are several
possibilities how the rotationA 5 is de ned through the three rotational parameters
for instance by a versor (unit quaternion3-D only) [Hart 04] or Euler Angles [Hart 04].
The optimization problem (3.1) thus becomes

a =argmin D(F; M a): (3.3)
a

Dealing with a parametric transform simpli es the optimizaion considerably as the
four parameters in2-D or six parameters in3-D needed to de ne such a transform
represent a rather manageable search space.

Another interesting aspect is the validation of the registtion result. In practical
medical applications there is always the problem that the railt is hard to check for
its correctness. It is therefore a bene cial property of theigid transform that only
the position of the image is changed, but the image itself iohdeformed. This way,
at least the image itself stays trustworthy. As a downside,htere are relatively few
applications, like the registration of the skull, in which agenuinely rigid transform
is observed. In order to account for that it is possible to rak the rigidity constraint
somewhat, by allowing the matrixA , to include scalings. Adding shears ultimately
leads to a completely a ne transform.

As the number of parameters for this transform model is rathidlow (in 3-D: 6
for rigid, 9 for rigid and scaling, 12 for a ne) and thereforerequire a relatively small
search space, it is well suited to a gradient-free optimizan. Calculating good gra-
dients can be quite a challenge, especially for multi-modélstance measures. Some
of the problems encountered in this context are the suscebpility of any gradient
operation to noise, but also less well known e ects arisingdm the problem dis-
cretization, as for example gridding artifacts| [Plui00]. @dient based optimization
schemes, while often giving the fastest convergence spesat therefore be detrimen-
tal to the robustness of the algorithm. This robustness conmed with the relative
trust that can be placed in the resulting imageM a makes rigid registration the
most widespread registration algorithm used in clinical @rctice.

3.1.2 Parametric Non-rigid Registration

In non-rigid registration the image content is allowed to d®rm to some extent to
allow a better match. Still, the resulting transform shouldbe locally smooth and
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Figure 3.2: shows the TPS kernel. It is dented at the centend passes through
0 =K ((0;0)7 ). Itis also 0 on a circle with a radius ofr = 1 from the origin
i.e. Kqps (X) =0 8kxk, = 1. [(b)|shows a sample application of a TPS interpolating
the points (1;0), ( 1;0), (0;1), (0; 1), marked by the white crosses, with values of
1, 1;1; 1respectively.

disallow ridges and folds. This can be enforced by represigt the deformation as
an inherently smooth, parametric function. Usually theseunctions are composed
of kernel functions that are controlled by a set of parametsra. The optimization
problem for a parametric non-rigid registration is therefee the same as[(313). The
most common examples are BSplines and thin-plate splinesltfough the regularity
of the transform is implicitly imposed by the model, not evey model can guarantee
that unwanted properties of the transform cannot occur. Foexample it is perfectly
possible to get folds in a BSpline transform if no additionaineasures are taken to
prevent this. In practice this is often resolved by constraing the step size or search
area in the optimization, such that the control points cannbbe moved far enough to
allow such results or by imposing additional constraints othe control points.

Thin-Plate Splines

The thin-plate splines (TPS) are based on the mathematical avk of [Wahb 90]
and [Duch 76]. They were introduced into the context of imagesgistration in [Book 89]
and have been used in many publications since (see elg. [Rati{@pproximating
TPS), [Evan91](application in 3-D)). TPS and other radial basis-functions are most
often used in conjunction with landmarks i. e. known point c@espondences (Xg;) =
Xmi,» Wherexg; 2 F and xy; 2 v denote the corresponding coordinates of the
landmark in the moving and xed image frame of reference resptively. Intuitively
a TPS describes the elevation of a metal plate that is deformedy being xed to
a certain number of points. The TPS is de ned as the functionhiat minimizes the
bending energy of the plate while interpolating those xed pints. In 2-D the TPS
kernel function (see also Figuré_3.2a) is de ned as

K s (X) = kxk3 logkxKks; (3.4)
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wherek k; is the L? norm. K is centered around the origin and passes through
0 = Kus ((0;0)T ). The complete spline is made up of an a ne transform and a
set of kernel functions centered around the xed points. Th& ne transform and

a set of weights for the kernel functions are chosen such thtite landmark points
Xw; are interpolated. For an example of a TPS surface see Figuré?B. To de ne

a transform by a TPS, the deformation of the plate is interpreed as a displacement
in each dimension respectively i.e. one TPS is needed per dimsion. The ane
transform is lifted straightforwardly to d dimensions (I-D). A transform de ned by

a TPS is thus written as

X0
ws (X;8) 1= AaX + ta+  DaiKps (X XEj); (3.5)
i=1

wherea is the set of parameters de ning the TPS by providing the combl points X;

of the transform A, and t,. The de nition of the transform through the TPS makes
it possible to guarantee a one-to-one match of the landmarkgth a smoothly inter-
polated deformation eld everywhere else. It also allows ifa closed form solution
of the matching problem. One of the disadvantages of this mebis that each ker-
nel, and therefore each landmark, has a global in uence. Thumoving a landmark
in uences the transform over the whole domain and requires r@computation of all
parameters.

BSplines

BSplines are piecewise polynomial functions that are oftarsed in image processing
to represent smooth datallLee 97]. In image registration tlgehave been used for
instance by Rickert et al. |[Ruec 99] and Rohl ng et al.. [Rohl 00hi non-rigid regis-
tration. These methods employ BSplines to represent the ademation. Depending on
the number of control points used to de ne a BSpline it can beepresented with a rel-
atively low amount of parameters and is inherently smooth. fie more control points
are used, the more local the inherent smoothness becomes #me more parameters
are needed.

In 1-D BSplines are composed of a set of kernel functions that aséitched at
given points in their parameter domain. These points are deed by the so-called
knot vector t 2 R™. Usually the knot vector is set uniformly tot = (0;1;2;:::).
Using this, the individual 1-D BSpline kernel functions are de ned as

. Xt _
Kes (i 5 1) 1= ——Kos (i 15t)
1+ |
+ ti+ +1 X

Kes(X;1 +1; 1t) (3.6)
ti+ +1 ti+1
1 ifx2[tistial,

Kes(X;i; 0;t) = 0 else ; (3.7)
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the BSpline basis functions are evaluated for each dimensiseparately and multiplied
to get the nal d-dimensional kernel function. This method of applying BSpies
to higher dimensions is called a tensor product BSpline. Aodingly a separate
knot vector t; 2 R™ | = 1;:::;dis needed for the de nition of the intervals in
each dimension. The BSpline is controlled by a set of contrgloints P that are
arranged on a regular grid. In2-D, for example, with knot vectorst; 2 R™ and
t> 2 R™2 there would be a control point grid with(m; ) (m, ) control points
P=(pyu1;:::;Pm; :m, ). The tensor product BSpline in2-D is thus written as

es(X;8) 1= ws(X; ; Pity;to)
mw ™% _ _
= Pij Kes(Xa1;1; 3 t1)Kes(Xos ] 5 t2): (3.8)

As the BSpline is stitched together from kernel functions wh a limited support a

change of a control point also only has a local in uence. This advantageous during
the optimization of the registration transform, as the chage of a single control point
does not necessarily mean that the complete distance meashas to be re-evaluated.
A drawback of the stitching of the kernel functions is that tke BSpline is only dif-
ferentiable up to one less than the polynomial degree of thedis functions. Thus
for a polynomial degree , a BSpline isC ! continuous. Therefore, if one is inter-
ested in properties derived from derivatives of the deforrtian eld or intends to use

optimization schemes based on derivatives, BSplines withregh enough polynomial
degree have to be chosen.
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Additionally, registration models employing BSplines oftn add an a ne trans-
form 4, as the BSpline alone cannot accurately model rotations, finstance. Ex-
cept for BSplines of degree = 1, which is just a polygon connecting the control
points, the control points are not interpolated. The smoothess of the model is con-
trolled by the spacing and number of the control points and byhe polynomial degree

. Theoretically there is no constraint on the placement of th control points, and
therefore also no guarantee that folds may not occur. Practilly, this can be con-
trolled through the optimization algorithm by constraining the step size in a suitable
manner or by imposing additional constraints on the contrgboints. For the optimiza-
tion of the transform gradient-free, as well as di erent grdient based optimization
methods [Kabu 04, Ruec 99] have been used. A review of seveglmization meth-
ods is presented in [Klei 07].

3.1.3 Non-Parametric Non-Rigid Registration

The approach that this work is focused on is the non-paramet;, non-rigid registra-
tion, which was introduced by Hermosillo et al.[[Herm 02b]. e formulation of the
algorithm in this work is also heavily based on the work of Maoatsitzki [Mode 04].
This approach allows deformations that are not constraine@dy an explicit model,
which theoretically makes arbitrary transforms possibleAs the location of each pixel
x can be moved by an individual o setu(x) it is helpful to represent the transform
in terms of these o sets.

(x) == x u(x): (3.9

This formulation with an o set function u instead of the transform has the
advantage thatu directly represents the intuitive notion of a deformation eld, which

is an o set onto the untransformed index space. It is formulad as a negative o set
X u(x) as a deformation eld is supposed to point from the untransfoned index
position in the moving imageM to the target position in the new frame of reference,
.e. x 2 u 7' x+ u(x). But as the distance measure is evaluated in the frame of
reference of the xed imagex 2 ¢ 7! x u(x) has to be evaluated in order to apply
the transform.

In the practical implementation, with discreetly represeted vector elds and im-
ages, the deformation is also represented in the frame ofeednce of the xed image
for practical reasons: For the computation oM, the moving image has to be re-
sampled deformed and resampled to the discrete grid on whithe xed image is
represented. The deformation locally expands and compresshe vector eld which
leads to over and undersampling. This is di cult to account br when interpolating
the deformed image back onto the regular grid. It is much sinkgr to represent the
deformation in the frame of reference of the xed image, as ihway, one can simply
look up the corresponding image intensity for every pixel ition M, .

In general, if the transform is not further constrained the rathematical problem
is not well de ned. Consider for example a moving edge (seegbre[3.4). With
no additional information it is not possible to determine fo a single pixel on the
source edge, where it has to be mapped on the target edge. Thsknown as the
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(a) Aperture problem, local (b) Aperture problem, global

Figure 3.4: Local view of a moving edge in an imagk. [a) For angie pixel it is not
possible to determine a unique match on the target edg¢. [b) more global view
reveals neighboring corners for which the match is clear. Bgquiring the vector eld

to be smooth the match for all points in between is also made ique.

aperture problem in the optical ow community (see e.g.. [Baa95]). To overcome
this limitation additional information has to be considerel for the calculation of the

movement of an individual pixel. This is done by adding a soatled regularizer or

smoother. It adds information about the deformation of the xel neighborhood by
requiring that the calculated vector eld is locally smooth This way undesirable
transforms that include folds or ridges are discouraged. Aegularizer can be added
as an energy termR to the optimization problem (3.1):

u =argmin E(F;M; u)
u

| (3.10)
:=argmin D(F; M)+ R(u);

where My(x)= M(x u(x)): (3.11)

The weighting parameter 2 R; > 0 determines how strictly the regularization
term has to be adhered to. This energy regularization is a kihof Tikhonov regular-
ization [Clar 06, Tikh 77]. Usually, when such a regulariz&in is used it is desirable
to ultimately get rid of the regularization term again if a cawvergence towards a good
result is achieved, as it was not a part of the original probte statement. A standard
approach is, for instance, to iteratively decrease during the optimization. In medical
image registration, however, it can be argued that the regatizer represents physical
properties of the tissue being deformed and therefore shduiot be eliminated.

A dierent way to incorporate the necessary regularizationis related to itera-
tive Tikhonov regularization [Clar 06]. Not the energy is rgularized, but rather the
search direction (usually the gradient) in the optimizatim. For example gradient
ow methods [Strz 04, Dros 05] are basically gradient desdeoptimization schemes
for (B.1) that apply a smoothing operator to the calculated gadient in each step.
This smoothing operator can be a Gaussian smoothing or a maremplex operation,
related to the energy regularizers presented in Sectibn3.#his way a smooth path
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to the nal result is generated. Overall this also results insmooth transforms, al-
though the result might be a bit more complicated to predict a in the case of energy
regularization. In some cases, also both approaches are bamad by using a gradient
ow optimizer to optimize an energy regularized registratbn term. Another scheme
that regularizes the change in the deformation eld is the ud registration [Bro 96],
It de nes a partial di erential equation governing the time dependent behavior of
the deformation eld. Time here is introduced as an arti cid parameter, consider-
ing the moving and the xed image as two instances of the saméject at di erent
points in time. As the overall deformation eld is not further constrained it is able to
match even rather unrelated shapes if necessary. Whetherghs a desirable property
depends, as usual, on the application in question.

3.2 Mathematical Framework

For the remainder of this work we will focus on a non-rigid, noparametric, energy
regularized registration formulation, as outlined in Seabvn [3.1.3. The components
of the algorithm are, therefore, at least a distance measui2 and a regularizerR.
In this section we will discuss the mathematical tools and nation needed for the
introduction of the components of the registration algoritm. With these tools it is
possible to introduce the terms in the continuous, formula their continuous deriva-
tive and the corresponding discretizations necessary fon anplementation.

3.2.1 Notation

The following notations are used to help the reader to bettedistinguish whether a
formulation is presented in the continuous or discrete and vector or scalar valued
guantities are treated. As usual, matrices and vectors aresdoted in bold notation,

such asA and a respectively. Many of the functions used likex are also vector
valued, as they describe an o set irRY. To better distinguish between these contin-
uous, vector valued functions, they are denoted in bold, i@ notation as u, while

their discretized counterparts are denoted in standard vear notation as u. We also

di erentiate di erent norms by subscripts. If not otherwise indicatedj | denotes the
scalar absolute value and k the Euclidean orL? norm.

3.2.2 Variational Calculus

The usual way to solve continuous optimization problems isotidentify extremal
points by determining the roots of the derivative of the funtion that has to be opti-
mized. In the case of equation (3.10), however, one has to tedth an optimization
with respect to a functionu. As a function cannot be varied in the same way as a
scalar variable, it is necessary to turn to the calculus of vations [Bron99] to nd a
minimizer u . Let the space of functions over which the minimization is péormed
be a Hilbert spaceU : 7! of functions over the domain RY over which
both imagesF and M are de ned. The Hilbert space is de ned by function addition
subtraction, scalar multiplication and an inner product. fer the inner product onU,



22 Chapter 3. Image Registration

which also induces a nornkuk,,, the following de nition is chosen.

Z
. 1 :
8u;v2U hJ;VIUZ:j—j u(x)" v(x) dx kuk, := hu;uiy (3.12)
Note that this de nition of the inner product is normalized over the size of the
domainj j. This de nition makes the notation of accordingly normalizd distance
measures and regularizers easier later on, as the normdiiaa term X will be already
incorporated into the inner product. With respect to a test-tinction 2 U the

Gateaux derivative [Bron 99] of [(3.10) aroundl is de ned as

E(F;M;u+ ) E (F;M;u)

dE(F;M; u; )= IilmO

_de(F;M;u+ )

- (3.13)

=0

For the existence of a minimizer for[{3.10), it is necessarpat the Gateaux derivative
vanishes for all possible choices of the test function i.e.

dE(F;M;u ; )=0 8 2U: (3.14)

This is known as the Euler-Lagrange equation. If this equain holds the Gateaux
derivative has reached an extremum. This is very similar to directional derivative,
just with a test function instead of a direction vector. Furthermore, similarly to the
de nition of an extremum of a function through directional derivatives, we can use
the inner product of U to de ne for the Euler-Lagrange equation

_dE(F;M;u+ )

hr yE(F;M; u); iy g
=0

=0 8 2U: (3.15)

As this has to hold for all possible test functions , the Euler-Lagrange equations are
equivalenttor (E(F;M; u ) =0. Itis imperative to keep in mind thatr ,E(F; M; u)
is not a derivative in the common sense, but just de ned throgh the above equation.
This de nition is equivalent to the de nition of the gradient of a function through
directional derivatives. That this de nition is applicable to all the terms encountered
in this work is due to the chain rule being applied in the di eentiation. This ensures
that every term in the Gateaux derivatives we will derive is a inner product of or
any of its derivatives with another term.

Strictly speaking, we would have to derive the Gateaux derative for the com-
plete term ofr ,E(F;M; u) from equation (3.10). However, this would result in very
large equations. Instead we will derive the Gateaux deriviaes separately for the
regularization (Section[3.4) and distance measure termsd@&8ion[3.3). It is there-
fore important that this is done in a consistent fashion andhat constants are not
eliminated, as this would then have to be done analogously &l other terms as well.
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3.2.3 Discretization

As it is not possible to represent all possible choices forglcontinuous functionsu,
the optimization of E(F; M; u) requires a discretization of all terms. The basis for
the discretization is the discrete representation of the doain  over which all the
functions and their derivatives are de ned. To this end, thedomain is sampled at
s discrete positionsX = (X1;:::;Xs)", where each positiorx; 2 is ad-dimensional

As it is easier to represent the sampled functions and gradis as a large vector than
as a matrix corresponding toX, the discretized vector elds are arranged as

u=(uj;::ul)’
= (Up1; 17 Ups; oo Ugas s o Ugs) : (3.16)
= (u(X1); s un(Xs); o ug(Xa); o ug(Xs)) T

The discrete representationu of the deformation function u therefore containsd
sequential vectorsu; of sizes, which de ne the deformation in each dimension sep-
arately. The same discretization is also employed for the aptient of the energy
r E(F;M; u) and the terms it is composed of. The inner producf(3.12) cartis be
discretized as
‘Ui h :ui, = ! Tu: (3.17)
lLely Mgy v '

continuous discrete

The discretized Gateaux derivative of the energ is therefore

h;r yE(F;M;u)iy, h ;r JE(F;M;u)iy = é Tr JE(F;M; u)=0: (3.18)
As the discrete gradient is the vector of all partial derivaves with respect to all
parameters, it can be constructed by replacing the discretest function by the
standard basis vectors. This then constitutes real direanal derivatives, de ning
a d-D gradient vector. The resulting gradient is similar to theone that would be
obtained, if it was calculated directly on the discretized mergy E(F; M; u). Note
that the partial derivatives for each sample positiorx; get shorter with the overall
number of samples. As the number of sample positions goes to in nity, the charg
that can be obtained at a single discrete position tends taero, because the region
represented by the sample position also tends to zero.

It has also been discussed whether one should discretizedaptimize or opti-
mize and discretize , meaning whether the discretizatiorhsuld be performed before
or after the gradient derivation (see e.g. [Habe 06]). One tfe main di erences be-
tween these approaches is that if the discretization is perimned rst, the calculation
of the derivative can be performed with di erential calculs (vector derivative), which
is in general mathematically easier to handle than the demion in the framework of
the calculus of variations (function derivative). In our eyerience the result is in most
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Figure 3.5: Rough categorization of di erent distance meases in popular registra-
tion approaches.

cases pretty much identical with the notable exception of wo boundary conditions
get incorporated.

With these tools at hand we can now proceed to introduce the foulations of
the distance measures and regularizers. These are alwaysoduced as continuous
terms, for which the Gateaux derivative is calculated. Finldy, the continuous terms
are discretized to get formulations that can be implementeith a computer program.

3.3 Distance Measures

In any registration algorithm the distance measure decideghat is considered a good
match. In this section we will introduce the two distance mesures used in the ex-
periments in this work. To put them into context a rough scheratic overview over
the di erent classes of distance measures is depicted in brg [3.5. The rst block
shown there are feature based distance measures, which da compare the im-
ages directly, but instead only the distance between a set (fparse) corresponding
features computed on the images. The way that the featureseardenti ed on the
Images ranges from manual speci cation, to automatic methus like di erential oper-
ators (detect ridges, corners etc.), SIFT features (comparKe 04]) or salient region
features [Huan 04, Hahn 06]. A review of several local feagudescriptors applicable
in this problem domain can be found in [Miko 05].

A more direct approach to compare the two images is to compatke gray val-
ues directly. The simplest variant of this approach are the mno-modal measures
which assume that corresponding structures in the two imagehave identical inten-
sities. The most prominent examples of mono-modal distanoeeasures are the sum
of absolute di erences, the sum of squared di erences andetcross-correlation. The
cross-correlation already relaxes the assumption of idécdl image intensities to some
extent. The sum of squared di erences has gained some popitlaas distance mea-
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sure due to its inherent simplicity which makes it well undestood, easy to implement
and thus a good subject for experimenting with new registrain methods or opti-
mization schemes. As it is also the measure of choice for themo-modal registrations
performed in this work it is discussed in more detail in Sean[3.3.1. In order to be
able to better match images from multiple modalities, measas have to compare de-
rived quantities such as image patterns (compare [Wees 9@t £-D/ 3-D registration),
the normal eld [Dros 04, Habe 05] or image statistics. Imagstatistics based dis-
tance measures feature some of the most prominent multi-malddistance measures
like the mutual information [Well 96, IMaes 97] (MI), which isdiscussed in more de-
tail in Section[3.3.2, the normalized mutual information|[81d 9S] or the correlation
ratio [Roch 98].

In the following sections the two distance measures used ims work are presented.
We will discuss the calculation of their respective derivates and how a discrete
implementation can be realized.

3.3.1 Sum of Squared Di erences

The sum of squared di erences (SSD) is one of the simplest @isce measures avail-
able (see e.g. [Mode 04]). It is based on the assumption thduet intensities of corre-
sponding tissue within two datasets are equal and is de nedsdollows:

Z
DSSD(F;MU):J.ij (F() Mu(x)? dx: (3.19)

Note that this denotes ad-D integral. The de nition presented here contains a
normalization over the size of the computational domaip j. This makes the measure
somewhat more predictable when applied to di erently sizedatasets. The according
derivative can be calculated in the framework of the variatinal calculus as

Z
diﬁ (F(X) M u(x) (x)))? dx
J -0

Z
1

]

dDSSD(F;MU; )

2 )T (F(X) M(x u(x))((rM)x u(x) dx

[S—

R(F  My)r My; iy

=0 8 2U (3.20)
Note thatr My = (r M)(x u(x)) denotes the gradient of the untransformed moving
imageM evaluated at the transformed positionx  u(x). Using (3.I5) we can thus

de ne

I uDso (F;My) =2(F  My)r My: (3.21)
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The discrete approximation of [(3.IP) and its derivative[(Z]) is determined on the
grid X by the application of the discretization of the inner produt (B.17), as

Do (FiM) = Z(F() My(x))?
1%
=5 (F) My (xi))? (3.22)
i=1
I uDsso (F; My)(Xi) = é(F(Xi) My(xi)r My(x;) 8i=1;:::;s: (3.23)

3.3.2 Mutual Information

For the multi-modal registration task, distance measuresdsed on image intensity
statistics are widely established. One of the most often u$statistical distance mea-
sures is the mutual information and its variants. Use of the otual information (M),
was introduced as distance measure for image registratiog WVells et al. [Well 96]
and Maes et al. [Maes97]. The mutual information evaluatesotv much informa-
tion is shared between both images in their current alignmeénit is de ned over the
probability density functions (PDF) of gray values in the maing image py,, xed
imageps and the joint PDF pg.v, . The PDFs describe how likely the gray valuesy ,

ir and the gray value pairi = (ig;iy)" can be observed in their respective images
under the current deformationu.

If F and M, were statistically independent thenpe.y, = pPr pu,. For a good
match the intensities ofF and M, should be as statistically dependent as possible.
As a joint distribution of pev, = Pr puw, Would indicate a statistical independence
of the two distributions, the mutual information distance measure therefore aims to
maximize the Kullback-Leibler divergence KL) betweenpg.y, and pe pu,. To be
useful as a distance measure, which has to be minimized, theitoral information
distance measure here is formulated with the negativel .

Dw (F;My) = KL(Pem, 5 PF Pmy)
Z

= pen () log

R

PEm, (1)
Pe(iF) Pum, (im)

di (3.24)

The implementation and derivation ofD,, presented here is done as outlined in [Herm 02a].

Density Estimation

The rst step in computing D,, is the calculation of the joint PDF pe.y, and its
marginals p= and py,. To estimate a smooth PDF, Parzen estimation is applied.
Parzen established in his work [Parz 62] that a PDF can be apptimately recovered
by sampling the data and smoothing the samples with an apprdpte kernel function
K. Let =( 1; »)" denote the bandwidth parameter of the kernel function theik
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is de ned as

K (x)= K % for 1-D (3.25)

K (x) = K ,[(X1) K ,(X2) for 2-D; (3.26)

If n joint intensity samples jx are drawn from the image pair(F; M) the Parzen
estimate for the joint PDF pg.y, IS written as

o1x o
Pem, (1) n K (k) (3.27)
k=1
If the function K satis es the conditions
Z 1 Z 1
K(x)dx =1 JK(X)jdx< 1
1 1
Iilm XK (x)j =0 supjK (x)j < 1 ; (3.28)
x!

then the estimate [3.2¥) converges towards the true PDF for! 1 and ! 0. For
a dense sampling of , (8.214) therefore converges to

Z
Pem, (1) = Jij K (@ (FX):;My(x)T) dx: (3.29)

Examples of functions ful lling the requirements [3.2B) ae¢ the GaussianG(x) =
912=e 2** and the BSpline kernel functions as introduced in(3.6).

Open points in the presented density estimation are the clos of the Parzen
kernel function K, its bandwidth and the sampling strategy. These points are
actually very important to the resulting estimate and have leen the subject of much
research (see e.d. [Hahn!10]). In the context of this work, wdll only shortly touch
on some of the subjects mentioned there. As kernel functionwas decided to use
a discretized Gaussian for this work. The theoretical disadntage of the unlimited
support of the Gaussian is somewhat alleviated in practicas in a discrete Gaussian
kernel representation only a limited support is used anywaydeally the choice of the
number of samples, bins and bandwidth all depend on each othend on the chosen
kernel function. In this work we always use a dense samplinige. each pixel position
in the discretized computational domain is sampled once. A sparser sampling would
not really speed up the computation much, as each image pixeas to be touched
during the calculation of the transformed gradient image ayjway. Unless otherwise
noted m = 64 bins and a bandwidth of equal to twice the bin size was chosen, as
those are values reported to work well in literature (see [Kap 06, Hahn 10]).

Derivative

The calculation of the derivative of the mutual information distance measureD,,
is rather involved. The derivation used in this work is basedn the one presented
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by Hermosillo in [Herm 02a]. As starting point we have to coider the variation of
D (F; M) with respect to  again that de nes the Gateaux derivative.

Z

d . pF'M u+ (I) H
db,, (F;My; )= — M., ()lo — — di
( ) d g PEM M) gpF(lF)pMu+ (im) =0
Z . .
— dpF;Mu_,_ (I) |Og pF;M u+ (I)
R2 d pF(iF)pMu+ (IM)
, d Pemy. (1) ,
+ De. i) —Ilo - . di
P, () d gpF(IF)pMu+ (im) =0
Z . .
_ dpem,. (i) o Pem,. (1)
R2 d Pr(iE)Pw,. (im)
. . d pF'M u+ (I) H
+ pe (i i P : di
Pe(1F)Pa. - (im) d pe(ie)pm,. (im) -0
Z . .
— dpF;Mu+ (I) IO pF;M u+ (I)
R2 d pF(iF)pMu+ (IM)
. . 1 dpF;Mu+ (I)
+ | I . .
pF(F)pMu+ (M) pF(IF)pMu+ (IM) d
pF;M u+ (I) dpMu+ (IM) d|
Pe(iF)Pm,. (im)? d
Z .
Pem, (i) dpem,. (i) :
= 1+lo — di
R2 gpF(lF)pMu(ll\/l) d =0
pF'M (I) dpM u+ (I M ) :
My di 3.30
r2 Pm, (im) d =0 ( :
The second term of [[3.30) can be shown to ik as
. . Z N4
pF;Mu+ (I) dpl\/lu+ (IM) di = 1 dpMu+ (lM) PE-M (I) d||: dIM
Rz Pm,. (im) d RPv,. (im) d | R | u{+Z }

=pmy,, (im)
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:dg Pu,. (im)diy =0 (3.31)
|

It is thus only necessary to determlnepFM“—*() i to get to the nal derivative.

To do so we substitutepe.v ,, by its Parzen estlmatlon introduced in [(3.2D).

dpF;M u+ (I)

g K (i (FOO;Mux (x)T) dx

] =0
g_,;((i (F)Mux) D Mu(x)T (x) dx  (3.32)

Similarly to the de nition in the sum of squared di erences dstance measure;, M (x) =
(r M)(x u(x)) denotes the derivative of the untransformed moving imageceessed
at the transformed positionx u(x). With this result (8:30) can be rewritten as

z 7
Y @K, .
dDy (FiMy; )= 7w EMl(l)@m (i (F(X)My(x)))
(r My(x))T (x) dx di (3.33)
where E, (i)=1+log — Prma() . (3.34)

Pr(iF)Pm, (im)

Equation (3.33) can be regarded as a convolution with respgdo E,, . Denoting the
convolution with ? equation (3.33) is transformed to

Z
dDy (F;My; ) = Jij g—;?Ew(i) (FOOIMa ()T (F My ()T (x) ok
_ @K |
= i B0 (FOOMO)T MG (339

From (B.I8) it is thus possible to identify

WD (F;My) = g—;vEM. (FOOMu ()T (r My (x)): (3.36)

Note that in contrast to the de nition in [Herm 02a] the factor = = L disappears in our
formulation of r ,D,, due to the choice of the inner product. Hermosillo also poist
out that the partial derivative commutes with the convolution, such that (3.36) can
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be reformulated as

Q@F,

D (FiMy) = K 2 (F);Mu(x)T (r My(x)) (3.37)
@ﬁMu(') @my
where @5' (|)_ Gu . (3.38)

pFM (i) Pm .,

For a practical implementation there is no clear advantagefaising equation [3:36) or
(B37) as the basis. In[(3.36) the partial derivative of thedrnelK can be calculated
analytically, such that only one discrete Iter operation 5 necessary. In[(3.37) some-
thing similar is possible, as the joint and moving image PDFare calculated from
Parzen estimation. The same KerneK is applied there, although not as a convo-
lution. It is, therefore, possible to incorporate the partl derivatives in (3.37) into
the application of the Parzen density estimation, such thaglso just one discretized
kernel has to be applied.

Discretization

In the discretization of the mutual information distance masure the calculation of the
densities takes a central role again. Evaluatind (3.27) iomputationally very costly
as the sum over all samples is usually quite large. To redudsetcomputational costs
the samples are not used directly but instead binned into a$tiogram. Equation [3.27)
can be rewritten in terms of the histogram entries as

xXn

P, ()= = BK (i o)
k=1 (3.39)
= K 22 ()
n

Wherem is the number of bins in the histogramcy, denotes thek-th bin center and

= (by;:::; by) the number of samples in the respective bins. The resultingrinula-
tlorF],can be calculated by a discrete convolution of the hisggam entriesb, normalized
to .., be =1, with the discretized Parzen kernel functiorK . Oncepgm, has been
successfully estlmatedpp and py, can be determined by marginalization. The same
is true for the estimation of 22« and €% as

Z
@p, _ @pw, dic:

@ @

All in all the discrete version of [3.36) is written as

D (FIMO() = = %m. FOa)M )T (F Mo(x)):  (3.40)
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In practice the values forE,, (i) are calculated at the same joint intensity values
that were chosen as bin centers for the histogram in the joikensity estimation. This
way, the calculation of the mutual information consists of he sampling of the joint
images to generate the histogram followed by the applicahoof the Parzen kernel.
In order to not get into any boundary handling issues duringtte computations on
the histogram values the histogram is padded with a number aeros equal to the
radius of the local support of the Parzen kernel used for thesdsity estimation. The
rst convolution with the Parzen kernel for the density estmation of the joint PDF
and the marginal PDF of the moving image is then performed orheé whole padded
histogram, using a0 Dirichlet boundary condition. From the result the values ofg,,
can be straightforwardly calculated for every bin accordmpto (3:32).

The second convolution with the partial derivative of the Pazen kernelg—; IS
then executed only inside the original, unpadded histogramegion, not in the padded
boundary, as the result of the convolution will only be accesd at intensities of
(F(x);My(xi))". This way no additional boundary handling is necessary asrfthe
region, for which the convolution is applied the local suppbof the Parzen kernel is
fully contained within the padding. For the same reason it iflso not necessary to
handle any calculation ofE,, where the densities ard. If either pr =0 or py, =
then pew, = 0. And if pev, = O then there simply was no sample for that specic
intensity combination in the data that was in reach of the suport of the Parzen
kernel. Thus, no bin within the support of the Parzen kernel @und this value will
ever be accessed.

Finally, for every discrete positionx; the image gradient of the moving image is
multiplied with the energy term resulting from @—; ? Ey accessed at the according
gray value indexi. To get a smoothly varying gradient, the values that were ogl
calculated on the histogram bins are linearly interpolatedbr gray value indices that
lie in between histogram bin centers.

3.4 Regularizers

In non-parametric, non-rigid registration the regularity of the computed deformation
eld relies on the regularization that is applied. It also esures that the problem
is well posed (compare Section 3.1.3). Most regularizersviean common that they
require the vector eld to be locally smooth, penalizing sh@ changes like ridges and
folds. Accordingly, common regularization techniques araften based on derivatives
of the vector eld. The diusion regularizer (Section[3.4.) quadratically penalizes
the rst derivative of the vector eld, the curvature regularizer (Section[3.4.2) the
second. A notable advantage of the curvature regularizer that it is invariant to
a ne transforms in the deformation, making the registration less dependent on a
good rigid pre-registration.

In the following we will introduce the di usion and curvature regularizers, with
their respective derivatives and discrete approximationsas they are used in the
experiments presented in this work.
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3.4.1 Diusion Regularizer

A straightforward way to ensure a smooth vector eld is to qudratically penalize any
variation of the vector eld, i.e. the gradient of the vector eld should be minimized.
This approach is known as a di usion regularizer (see [Fis€p as the resulting term
is equivalent to the steady state solution of a di usion prokem on the vector eld,
with the gradient of the distance measure acting as the dring force. It is de ned as
Z 1 Z xd

- kr u(x)kZ dx = —

J |

1

Ry (u) = ; kr ui(x)k? dx; (3.41)

wherek; ke is the Frobenius matrix norm. In the derivative calculation it can be a
bit confusing which dimensionality the respective terms hee. The reader is therefore
reminded that u 2 RY is a vector valued function and therefore the gradient is the
Jacobian matrix r u = (r ug;:::;r ug) 2 RY 9. Finally, the Laplacian of a vector
eld is again a vector valued quantity u 2 RY. Applying the calculus of variations
as outlined in Sectior_3.R leads to the following Gateaux deative.

d1%x
dRy (U; )= —— kr ui(x)+ r (x)k?dx
djj . "
y
Xd
- T T w0 o (3.42)
I i=1
y

1

i 2t ()" (r u(x)) dx

In order to get rid of the derivative of the test function we hae to make use of
boundary conditions imposed on the functioru. In this case either von Neumann
(xed rst derivative across the domain boundary) or Dirichlet ( xed known function
on the domain boundary) boundary condition can be chosen. €boundary condition
imposed onu also implicitly impose constraints on the test functions as these may
not changeu in a way that would lead u + to violate the boundary condition.
The Dirichlet boundary condition is formally de ned as

u(x) = c(x) implies  (x)=0 8x2 @ ; (3.43)

where c(x) is the known function of boundary values foru and @ denotes the
boundary of the domain . For the de nition of the von Neumann boundary con-
dition it is necessary to introducen which is a function that for every coordinate
X 2 @ is orthogonal to the domain boundary and has unit length. Fanally, if
b(t) : R 7! RYis a piecewise di erentiable curve that de nes the domain hundary
@ then n(b(t))™r b(t) =0 and kn(x)k =1 8xin@ . The von Neumann bound-
ary conditions on a vector valued functiornu then specify for the Jacobiarr u and
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therefore for each component u; that

implies (3.44)
nx)'r xX)= n(x)'r 1(X);::n(X)'r 4(x) =0 82 @:

These boundary conditions can be used in conjunction with @en's theorem [Bron 99]
to simplify equation (3.42). Green's theorem is the multi-otnensional extension of
integration by parts and is used here to eliminate the derivare of the test function
r

2 z 2 z
dRy (u; )= — )T(rux)dx —  (x)T( u(x)) dx
J JI@ {z } I)
=0 by (B43) or (844) (3.45)
=h 2 u; i
=0 8 2U
In accordance with [3.15), we thus de ne
ryRp (Uu)= 2 u: (3.46)

The regularizer and its gradient formulation is discretize by replacing the di erential
operator with its discretized equivalentA |, resulting from the use of second order
central di erences.

1
Ry (u) = guTA u (3.47)

2
r yRo (U) = gA u (3.48)

A is a block structured matrix of the form

A :d|ag(A ;b;:::;A ;b)

0
A, 0 (3.49)
- % %
0 A,

where each block matrixA ., represents a di usion matrix In stencil notation (see
Appendix (B)) the block matrices A , can be denoted as

3

2
1
4 5 (3.50)

OO
i
o~ O
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for 2-D and a homogeneous image spaciihg More generally the stencil entries for
a di usion stencil in d dimensions can be given as

8
12 2d ifiy,=0 81 k d
31;:::;id=—2>1 if jij=1 ~ iy=0 8 k d ~ k&l ; (351
"0 otherwise

where the subscriptsy indicate the o set in the according dimension from the stenkt
center. The full matrix A has therefore a size ofls ds, whered is the dimen-
sionality and s the number of pixels/voxels with which the data has been disetized.
Additionally, the used boundary condition has to be incorpted into A ) In the
discrete we make the simpli cation that the domain boundaes are always aligned
with one of the dimensions, due to the rectangular nature ohe discrete pixels.

In the following we will make a few simpli cations for an ea®r notation. We
only consider the matrixA “* so only one component of the vector eld at a time.
We will also only consider the domain boundary of thé-th dimension and therefore
omit the dimension index, for the other dimensions. The vaeiu,...i, is therefore
simply written as u; with j = i;. Furthermore, only the lower domain boundary is
considered i. e. entryu, is the pixel right adjacent to the boundary anduy is already
outside the computational domain.

The Dirichlet boundary condition (3.43) just require all vdues outside of the
computational domain to be equal to0, and thus ug = 0. This behavior can be
achieved by deforming the matrix stencil at the boundary surcthat in the changed
stencil entry e,....;, = 0 for i; < 0.

For the von Neumann boundary condition[(3.44) it has to be emsed that deriva-
tives over the domain boundary aré. Using a backward di erence we can conclude
that

U Uo _ 0
h (3.52)
Ug = Uzq:

The stencil thus has to be modied thus that any access acrogske boundary is
mapped to the adjacent pixel inside the domain, i. e. for theidision stencil from (B.51))
placed on a boundary pixel this results in

8
2 2d+1 ifiy=0 81 k d
_ 1 e N n A _
Ql;:::;id—ﬁ> |fJ||j—1 k=0 I 0 81 k d k6|l :

1
"0 otherwise
(3.53)

3.4.2 Curvature Regularizer

The so-called curvature regularization minimizes seconddr derivatives, more specif-
ically the Laplacian of the vector eld u to constrain the non-rigidity of the defor-
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mation. This approach was used by Horn and Schunck for opticaw in [Horn 81]
and was introduced as registration regularizer by Fischett @l. in [Fisc03b]. It is
de ned as

Z
Rew (U) = k Uk = Jij k u(x)k?dx: (3.54)

An important property of R, (u) is that a ne transforms are not penalized by this
regularizer, as ( Ax + t) = 0. As such the quality of the rigid registration that
usually precedes the application of a non-rigid registrain loses some importance. It
is also of some advantage for inter patient registrations #t global scalings are not

penalized. The Gateaux derivative of the curvature regulaer is
d 1 z 5
dR.., (U; )= di k u(x)+ (x)k= dx
1JzJ =0 (3.55)
i 2( ())T( ux) dx:

Similarly to the derivation of the derivative of the diusion regularizer we have to
make use of boundary conditions. The used boundary conditi® in this case are of
von Neumann type, i.e. [[3.44) and additionally

n(x)"r u(x)=0 implies nx)'r (x)=0 8x2 @ : (3.56)

By the application of Green's theorem[(3.35) can be simplie to

, Z
dRc. (U; )= i ()T u(x)) dx
2 X 2
= — (T u(x)) dx
i
, X Z z
= i fn(x)T{rZ i(X)} Ui (x) dx (r i)' (r ui(x)) dx
O
5 xd Z Z
= i fn(x)Tr{Z Ui(X); (x)dx +  ( Zui(x)) i(x) dx
Z=1 =0 by (E56)
- Jij (X)T( 2u(x) dx
= 2 °u; y
=0 8 2U (3.57)

(3.58)
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We can therefore de ne that
r wRew (U) = 2u: (3.59)

In the discrete the curvature regularizer and its derivatie is represented by a linear
operator

1
R o (U) = guTA 2U (3.60)

2
I uRew (U) = §A 2U; (3.61)

There are two feasible ways to discretize the operator? to the matrix A .. The
rst is based on the observation that 2 = T . In the previous section it was
shown that can be discretized with the matrixA . The matrix resulting from the
discretization of 2 can therefore be expressed & > = A TA , with discretized
von Neumann boundary conditions.

Another way to arrive at a discretized operator is to direcy discretize 2, with
nite di erences. The resulting matrix A 2 has the same block structure as the dif-
fusion regularizer (se€l{3.49)), only with a matrix represging the discretized second
order derivatives.

A :=diag(A ;A LG (3.62)

The matricesA ") acting on the individual dimensions of the vector eld are di-
cretized using nite di erences. In stencil notation, with a homogeneous spacinky
of the data, they can be denoted as

2 3

O 0 1 o0 O
1 O 2 8 2 0
i 1 8 20 8 14; (3.63)
O 2 8 2 O
O 0 1 o0 O
in 2-D. The matrix stencil in 3-D can be given as
8
42 ifig=i,=i3=0
R
1 12 if )= P
Cuigis = pz, 2 =1 " Sojii=2: (3.64)
§1 if jigj =2 Sjnj=2
"0 otherwise

For the incorporation of the boundary condition we employ te same simpli cations
for the notation as described for the di usion regularizer bove. For the curvature
regularizer we have to incorporate the von Neumann boundargondition on the
vector eld (B.44), which was already discussed ii{3.62) dnon the vector elds
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Laplacian (3.52). Looking again at the domain boundary in a® dimension, this
second condition can be discretized using nite di erenceas

(W (uo_,

h
( Wi=( u)
Up 2u;+ Uy _ U1 2Ugp + Uy . . .
h2 = h2 using nite di erences
U uUr=UuUz1 U
Up=U , using (3.52) (1 = up): (3.65)

We thus end up with a kind of mirroring boundary handling. In2-D these boundary
conditions will therefore result in the following deformedstencils, which are respec-
tively one pixel o of the image boundary and directly adjacat to it.

2 3 2 3
0 0 1 0 O 0O 0 1 0 O
§ 0 2 8 2 0 % g 0 0 6 2 0 %
19 o0 7 20 8 1 19 o0 0 12 7 1
h4 h4
0 2 8 2 0 0 0 6 2 0 (3.66)
0O 0 1 0 O 0O 0 1 0 O

one pixel removed from the boundary directly on the boundary

3.5 Parameter Selection

The registration formulation discussed this far has only anparameter that is a fun-

damental choice of the user: The weighting parameterthat balances the regularizer
against the distance measure. All other parameters discesk like the number of bins
or the kernel width in the mutual information implementation are only numerical pa-

rameters that can be automatically estimated (compare [Hahl0]). The parameter,

however, is a user choice that decides how much deformatidmosld be allowed to

get a good match. The problem is therefore how to allow the us® choose a value
for  that will yield a result that matches his expectations. ldelly the parameter

governing the sti ness of the calculated deformation shodltherefore have an intu-

itive meaning attached to it. In practice, however, the vales that have to be chosen
for to get a desired result depend on the used distance measurad aegularizers

and on the images that are registered. It is not even well dead what a change in
the value for will change in the registration result. Doubling will not necessarily

result in a twice as rigid deformation. It is unclear how oe would de ne a twice

as rigid deformation to begin with. We therefore examine inthe following how the

parameter specifying the sti ness of the desired transforroan be speci ed in a way
that is at least somewhat intuitive and behaves in a predictale fashion.

3.5.1 Stiness

The term stiness or rigidity of a deformation is intended to describe how much
the deformation eld is allowed to change over a certain dighce. This stiness is
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(@) (b)

Figure 3.6: The same deformation (gray arrows) applied to[@) normal and in[(b)
shorter, compressed stick. Intuition tells us that bendig the shorter stick by the
same amount as the long one takes more force.

measured in the algorithms used in this work by the regular@ion terms. For instance
let us consider al-D object, i.e. a stick in a2-D world. If some force is applied to
one end of this idealized stick, while the other is xed, it wi deform according to
the strength of the force and the physical characteristicsfdhe stick. If the same
forces are applied to a stick twice as long we would expect i be bended to a much
larger extent. Or, if we wanted to bend a shorter stick by theame amount, we would
expect to need much more force (compare Figure B.6). This exple is the intuitive
model we will rely on to set the parameter for the sti ness ofhe deformation. In
respect to our regularization terms the change in length ohe stick corresponds to a
change in size of the problem domain in which the deformation is represented, while
the deformation itself i.e. the length of the o sets remainginchanged. If the same
deformation is scaled (compressed or expanded) to anotheoblem domain the value
of the regularizer will change accordingly. In order to evahte this mathematically
we de ne the domain scaled by on which the regularizer is evaluated as , and
the quantities represented in it, as

n 0]

= xOjxO0=2ayo j J-:J_dl uOxO) = u0 X = ux):

(3.67)

We will now use this to take a look at the change in the regulazation energy when the
problem domain is scaled. First, let us consider the deriviae r u( )(x). Substituting
u for uC) in the derivative yields

ru(x)=r,u( x)= ru( x): (3.68)

It is imperative to keep in mind here to apply the chain rule wkn substitutingu( x)
for u()(x). Evaluating the di usion regularizer from Section[3.411 ornthe scaled
problem domain  yields

1 £ X

Ry (U= T k(r ul )(xO)k? dx )
i=1

i

R

kK rou( xO)k?ax()
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w1 L X 1 X
= T kr u; (x)k*— dx by substitution x{) = =
i=1
Z Xd
= kr ui(x)k? dx: (3.69)
i=1
Doing the same for the curvature regularizer gives
1 Z
R (U) = 1 k uO(x)k? dx)
Lz
= — ke J( ru( xO)k?ax®)
] )
¢ Z
= — k2 u(x{)k?dx")
I
a2 £
1 o X
= ——  k u(k®=; dx by substitution x¢ ) = =
JZJZ
= — k u(x)k®dx: (3.70)

]

[S—

Therefore, while a change in the size of the computational d@in by a factor of in-
duces the same amount of scaling in the di usion regularizeit is scaled quadratically
i.e. by ?2in the curvature regularizer. Therefore has to be varied di erently for
those two regularizers in order to get an (intuitively) simliar increase in the sti ness
of the transform.

To get a more intuitively behaving parameter governing thetsness of the trans-
form we propose to use the parameter introduced in this discussion instead of .
We thus consider the regularizer in an arti cially scaled cmputational domain
A high value for leads to a compressed domain, which generates higher valires
the regularizer as the vector eld appears to vary more raplg. Thus the parameter
setting for has an intuitive meaning attached that allows the user to bé¢r predict
the consequences of a speci c increase or decrease. ddoubling the sti ness leads
to domain  scaled down by a factor o and thus a twice as smooth deformation.
That this intuition actually makes sense is illustrated in Rgure [3.1 (compare also
the results presented in Figuré 6]2). The same approach wdwlso be applicable to
other standard regularizers known from literature, as fomistance, elastic.

Computationally the use of instead of to weight the regularization term,
does not change anything, as for a given regularizer a paraeesetting of can be
readily translated into a setting for , for the di usion and curvature regularizers,
respectively.

o ()= e ()= 2 (3.71)

In the discrete formulation the same e ect can be achieved iour discretized regular-

ization terms (3.48) and [3.61L) by simply scaling the imagepacingh by the sti ness

parameter ash = I,
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@ =20 (b) =40, scaled and tiled (c) =40

Figure 3.7: Example registration (see Sectidn 4.7.1 for asigiption of the dataset)
with a curvature regularizer and two di erent values for thestiness . As s
doubled betweer] (d) and (d) the deformation should be twicas smooth. This is
illustrated by Which is the same result a@), but scaledlown by a factor of 2
and tiled to yield an image that should have roughly the samenaount of variation

and similarly sharp edges as (&).

3.5.2 Distance Measure Scaling

Even though there is now an intuition how a change in the paraeter changes
the registration result, there is still no information abow how a given will act
on a new, unknown dataset. The rst part of this problem is dueo the di erent
distance measures, which can evaluate to quite di erent vaés when applied to the
same dataset. As the di erent distance measures have beersdmed with di erent
goals for a good match in mind, it is certainly not possible tanap them in a way
that they will produce directly comparable values. Howeveiit should be possible to
rescale them at least into a common value range de ned by a hesase and worst
case match. To this end we assume two identical images as thHeedretical best
case match. As a realistic worst case match we will work wita random mapping
of the pixels in the two images to each other. Naturally, thexr will often be even
worse matches available for a speci c distance measure but give meaning to the
rescaling the assumed worst case match should be the samealbdistance measures.
A linear rescaling is applied to map the values produced by ¢hdistance measure
into a range of size ofl. This way the possible variation between di erent distance
measures is at least limited, which will allow, to a certainxdent, to generate similar
results with di erent distance measures, while keeping thsti ness constant. Even
though this rescaling cannot change anything about the dieng non-linear behavior
of the distance measures, it worked surprisingly well in pctice, as exempli ed in
Figure[3.8. Nonetheless, this kind of rescaling is not apptli during any of the other
experiments in this work, to allow for an easier reproduciliy of the results.

In the following the details of the linear rescaling are intvsduced for the distance
measures used in this work (sum of squared di erences and rmat information).
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(a) Sum of squared di erences(b) Sum of squared di erences(c) Sum of squared di erences,
before after deformation magnitude

(d) Mutual information, before (e) Mutual information, after (f) Mutual information, defor-
mation magnitude

Figure 3.8: Result of two registrations on a mono-modal datat(see Sectiom 4.711
for a description of the dataset) using the rescaled mutuahformation and sum
of squared di erences distance measures with the same stess parameter = 4.
First column [(@)}(d)] checkerboard overlay before registten; Second columr (H)(€):
checkerboard overlay after registration; Third colum gradient magnitude
image of deformationu
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Sum of Squared Di erences

In the case of the sum of squared di erences distance measuhe best possible
match, i.e. two identical images will result in a distance oDss, = 0. For the worst

case match, a random association of pixels with each otheei. they are assumed
to be independent, we have to estimate the values in the di ence image created
by this match. As a simpli cation we will assume that the inpu image intensities

I and iy can be described by normal distributions i.e. their corregmding means
and variances. Using these we can also model the image inigas of the di erence

image as a normal distribution with

lg = I I'm

Elila 1=E[ie] Elim] (3.72)
Var[ig ] =Var[ig]+Var[iu]: (3.73)

The identity for the variance is based on the given worst casessumption that the
distributions for i and iy, are independent. In the discrete the sum of squared
di erences distance measure computes the arithmetic meahtbe squared di erences
in the domain. As the arithmetic mean is the same as the dis¢eeexpectation, we
can write this as

Desn(F;M)=E i2 (3.74)
This can be reformulated by using the following equivalence

Var[ig ]=E (is Elig ])?
=E i2  2E[iy ig +E[ia PP
=E i2  2E[is P+E[is P
=E i  El[ig PP
(3.75)

Solving the above forE[i2 ] we can conclude that

Dswo(F;M) =E i3
=Var[iy ] +E[is

=Var[ig]+Var[in]+(E[ir] E[iu])? by eq. 372) and (378
(3.76)

The sum of squared di erences distance measure is therefaealed with the inverse
of E[i2 ], which can be computed from the expectation and variance ohe input
images. The rescaled distance measures will then yield riésun the range [0; 1]
most of the time. As the upper bound is based on the assumptidhat the worst
case match is a random matching of gray values, which is notdahactual worst case
possible, it is not guaranteed that it will always be contaiad within this range.
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Mutual Information

For the mutual information the assumed worst case match of amdependence of
the distributions of i and iy means thatpgm, (i) = pr(ie)pm (im). The mutual
information distance measure will evaluate to

z

D, (F:My) = oear (i) log —PEM D . (3.77)
R2

Pe(iF)pum (im)

Please note that the distance measures in this work have to In@inimized and the

mutual information distance measure is de ned as the negat mutual information.

This is therefore the largest value the mutual information tance measure will take.
The best possible matchF (x) = M (x) is characterized bypg (i) = pw (i). For

the joint probability it has to hold that pe.y (1) di = pe(ig) dieg = pu(im) dim ()

iF=1iw andpgm (I)=0 ( iF 6 iyv.

Z
‘M) = og_—_PEM @
PuEN) = P 109 D () @
. dv
= I ~——d
, RpF(lF) ngF(IF) |FZ
= RpF(iF)IngF(iF)diF RpF(iF)(|09 div ) di
= H (pr) log diy (3.78)
= H (pv) log dir (3.79)

Here, H denotes the continuous entropy. In the continuous case thalue log diy
is equal to in nity. In practice, however, we never have to dal with this problem,
as diy simply corresponds to the quantization of our input imagesithe mutual
information calculation i.e. the resolution used during tk histogram binning. In
reality py and pe will rarely be identical. We therefore use the maximum absoie
rescaling factor that can be achieved by the formulation. Tdé mutual information
distance measure can thus be rescaled by a constant value telg values in the
interval [ 1;0] which has the same range as the rescaled sum of squared direres
distance measure described above. In contrast to the range whose for rescaling
the sum of squared di erences distance measure, the resdalautual information
distance measure will actually not be able to generate retsiloutside of this range.
Another possibility would certainly be to use any of the norralized mutual in-
formation variants available. However, all of these make asof a division by a non-
constant factor, which leads to more complicated derivatas of the measure.

3.5.3 Regularizers

A similar problem is posed by the regularizer. The values dfi¢ regularizer are usually
not standardized and can describe rather di erent things. Asimilar approach to the
rescaling of the distance measures is di cult as a worst casgeformation is rather
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impossible to de ne. Instead of the worst case deformatiome might choose to de ne
a standard deformation for which all regularizers shoulgield the same value. Such
a standard deformation would have to be similar to deformi#ons one would expect
to see in practice. The choice that we explore in this contexs based on a sine
function. The advantage of using a trigonometric functiondr the speci cation of the
vector eld is that it yields a smooth variation that does not vanish in the higher
order derivatives. Additionally, in the cases described he the regularizers can be
calculated explicitly for the chosen standard deformatin. The speci ¢ deformation
used is

1 X
Uy (X) i= g sin(x;): (3.80)
i=1

The regularizer is evaluated oruy, over the domain = fx | Xi I =

larizer that

Z
Ro (Ug) = ]i] Kr Ugq (X)kFZ: dx
Z
xd
= i kr 1 sin(x;)k? dx
] d i=1
1 4
= — CO§(Xi) dx
J jd i=1
xd
= i J_J adx
J 1d 1 2
1
=5 (3.81)
The elimination of the integral is done by performing partidintegration as follows
z z
cog(x;) dx = [sin(x;)cosk;)] +  sin?(x;) dx
Z Z
=  1ldx cog(x;) dx
z .
cog(x;) dx = 1.

2
Analogously we can calculate for the curvature regularizer

RCurv (ustd) = k ustd kf)
Z

xd
2k Y7 sinok? dx
I d
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z Xd
= i k % sin(x;)k? dx
1] i=1
1 Z yd yd
= 4 sin(x;) sin(x;) dx
] i=1 j=1
1 xd xd Z
= R cosi Xj) cosf; + x;) dx (3.82)
P % ia a | (z }
=0

The integrals under the double sum are for = |
Z
cos(0) cos(xj)dx =] j:

For i 6 ] we can again use partial integration to show that
Z Z
cosiki Xj;) coski + Xj) dx; dx;
oo
sin(  xj) sin( Xj) sin( + x;)+sin( + x;) dx;

Xj

cos(2 ) +cos(0)+cos( 2 ) cos(0)+cos(2) cos(0) cos(0)+cos( 2 )

=0:
Inserting these identities into [3.82) we get

RCurv (ustd) = k ustd ka

1 X x 2
= 5o cosf; Xxj) cosf; + x;) dx
RN {z }
=0
BERCA
1
- 4 (3.83)

For this speci c test function there is accordingly no resdang necessary. But this
changes quickly if the test function is changed. For exampiiethe sinfunction is varied
with twice the angular velocity i.e. sin2x; then Ry, (Uy) =4:5and R, (Uy) =
405, due to the application of the chain rule in the derivatives.This will therefore
only work to a very limited extent (compare Figure[3.D). Due @ this, and also to
keep the results reproducible, no rescaling of this kind wapplied during any of the
other experiments contained in this work.



46 Chapter 3. Image Registration

(a) checkerboard before regigbh) checkerboard after registra{c) checkerboard after registra-
tration tion with Ry, tion with Reun

_

(d) deformation magnitude uy, (€) deformation magnitude af{f) deformation magnitude af-
ter registration with Rp; ter registration with Rp;

Figure 3.9: Result of two registrations on a mono-modal dates(see Section 4.711 for
a description of the dataset) using the sum of squared di enees distance measure.
Compared is the use of the di usion and curvature regularizeveighted with a sti ness
parameter = 40. First row, checkerboard overlays:] () before registratip
after registration with di usion regularization, [c)|after registration with curvature
regularization; Second row, magnitude deformation eld reference deformation
Ugyg deformation after registration with di usion regularization, deformation
after registration with curvature regularization



Chapter 4

Optimization in Non-rigid,
Non-parametric Registration

An important part of any registration approach is the optimization of the chosen
energy terms. Experiments show that the result of the regisdition can strongly vary
with the amount of optimization applied and also with the optmization algorithm
used. This is mostly due to the complicated energy landscapepresented by the tar-
get energy functionalE, which usually has several local minima. In itself this is o
at all surprising, but it demonstrates that before speciatied smoother and matching
energies are designed and evaluated it is necessary to eadinat they are properly
optimized. Otherwise, any evaluation will not only judge a geci c registration for-
mulation, but also the quality of the optimizer employed. Vce versa the choice of the
distance measure and regularizer plays an important role jundging the performance
of the optimization algorithm, as some measures are, for enple due to a higher
non-linearity, easier to optimize than others. The numeri implementation of the
optimization also has a signi cant impact on the practical sability of the registration
in terms of runtime, memory requirements and numerical paraeters needed for a
speci ¢ algorithm.

All optimization algorithms discussed in the following arebased on solving the
Euler Lagrange equations arising fromm E(F;M; u) = 0, or rather the discretized
equivalentr (E(F;M; u) = 0.

4.1 Gradient Descent

The simplest approach to minimize the energy functiondk is to employ a gradient
descent optimization scheme. For the registration problerthis is written as

u®™D = y®  r JE(F;M; u)
=u®  (r JD(F;Myw)+ 1 R(W) (4.1)
=u® r D(F;M )+ Au® ;

where the matrix A is the linear operator resulting from the discretization of R
i.e. A ([B48)orA : (B.61). The superscripts in brackets in this formulation idicate

47
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(a) Fixed image F (b) Moving image M (c) Magnitude deformation kuk

Figure 4.1: Result of an explicit optimization scheme usinghe sum of squared
di erences as distance measure and di usion as regularizafter 20 iterations. In
order to get any signi cant steps at all, line searching wasisiabled.[(a) is the reference
image [ (b] the deformed moving image after the registratiorit is clearly visible that
the algorithm did not regularize the deformation su ciently such that only at the
edges in the image changes were performed. This is also réegcin the magnitude
image of the deformatior] (d).

the index of the variable over the course of the non-lineardtation. Theoretically

gradient descent is guaranteed to eventually converge to ackl minimum, provided

that E is su ciently smooth and that the step size is chosen su ciently small. In

practice however, the calculated descent direction is ofteso bad that a step size
resulting in an actual decrease of the energy is so small thab real improvement is
achievable. This problem occurred most pronounced in our gariments when using
the mutual information as distance measure.

A reason for these problems can be observed when looking ae thiector eld
after a view iterations of a registration using the sum of s@ued di erences distance
measure and a di usion regularizer. Figuré (¢) shows the giéent magnitude of the
calculated deformation. It exhibits strong edges and thus &igh variance of the
image gradient which are properties of a very non-smooth a@emation eld. This
result can be better understood by considering the regulagr which is supposed to
keep the deformation smooth. An application of, for instare;, the di usion regularizer
Is similar to di usion Itering on the gradient of the distan ce measure. From di usion
Itering it is known that in an explicit scheme small step sizs and many iterations are
necessary (compare e.d. [Weic98]) to solve this problem. tBo a gradient descent
based registration scheme, the di usion problem only getse iteration step applied
before the driving force, the gradient of the distance measaichanges again. As a
result, the deformation is not su ciently smoothed during each iteration step which
results in the poor performance of the gradient descent sche.

4.2 Semi-Implicit Gradient Descent

As consequence to the observations made above, the reguarihas to be treated
di erently. As all the regularizing terms we are dealing wih are implemented as
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linear operators, it is possible to solve for them implicifl. We therefore consider the
deformation u that the regularizer is applied to already in the next time s¢p, i.e.
the regularizer is applied tou™? instead ofu(®. Equation (1) thus becomes

4t

+ At

u®  r \D(F;Mywm) Au D
u®  r \D(F;M,o): (4.2)

An implicit formulation is known to be much more stable, alloving the use of larger
step sizes, which o sets the added computational cost. In th case the formulation
is only semi-implicit, but as the regularizer, which was id@i ed as one of the main
problem sources, is handled implicitly this is still a big irprovement and the conver-
gence is much more stable [Schwi06]. In practice this semipiigit scheme is relatively
well behaved and delivers good results after a su cient nundr of iterations [Schw 06].

In exchange it is now necessary to solve for a large sparseeéin system. As the
system matrix | + A is positive de nite (see Appendix_A), it is possible to apply
iterative sparse matrix solvers like Gauss-Seidel, Jacoldrylov subspace methods
(like conjugate gradient (CG)) (see![Schw 06]) or Multigrid(see |[Brig 00]). For the
regularizers used in this work there is also a very e cient dect solver based on the
Fast Fourier Transform (FFT) (see [Fisc 99, Mode 04]). Anotér downside of this
formulation is that it complicates line searching. Whenevethe step size is changed
the linear system has to be solved again, which is computatially quite costly.

4.3 Inexact Newton

In the previous sections, the regularizing term was idented as a major problem in
the optimization. As it is known that in the original energy E the regularizer is only
a second order term, a second order method like Newton's meththat makes use of
the known HessiarH will not make any errors as far as the regularizer is concaed.

The corresponding Newton type optimization will then lookike

t+1) — t 1 . . t
ut = u H Loy E(F M u®)

1
u® HoEm )t Hr r yD(F;Myw)+ 1 4R@u®) (4.3)

1
u® HoEm o)+ A r JD(F;M, )+ Au®

Additionally, the Hessian provides valuable information bout how much the energy
changes with respect to each variable, and thus how much clignshould be applied
at each discrete position in the vector eld. The gradient aine does not contain this
kind of information. While the gradient does only indicate inwhich direction the
method has to step in order to minimize the measure, the Heasiused in Newton's
method also provides an approximation of how long this stepals to be. In1-D (see
Figure[4.2) this corresponds to gradient descent tting a tagent to the function, while
Newton's method ts a parabola, with its minimum marking the natural, indicated
step length. This also explains one of the weaknesses of Nem$ method: If the
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(a) Gradient descentx =0 (b) Newton x =0 (c) Newton x =0:6

Figure 4.2: lllustration of one step of g (d) gradient descerand Newton's
method. The black curve is the functionf (x) = (x 1)(x + 1)(x 2)°. The blue
curve depicts the tangent or respectively the parabola the @thods t to the function.
shows Newton's method in a concave area of the functidn where it turns into
a maximization method.

function is not convex at the current positionx (i.e. positive de nite in d-D) then
Newton's method is not a minimization method anymore, as thdted parabola will
ip upside down (see[4.Zc). If the function is concave (negat de nite in d-D), it
will therefore maximize the function and if it is inde nite (only possible ind-D), it
will converge towards a saddle point.

If the advantage of Newton's method was limited to just the glbal step length,
this would not be a big deal as we calculate a good step length the line search
procedure anyway. The real advantage is that this behaviosiexhibited in each
variable of a vector valued function, thus allowing the metbd to scale the gradient
vector individually in each component (compare Figurg 4.3)

The bene t of this behavior can be illustrated by taking a lo& at the derivative
of the mutual information distance measure{3.36). It depats on the image gradient
r M. If the image statistics are the same for two image regionsdtoverall mutual
information energy will depend on both image regions in a silar way. For example in
Figure[4.3 two circles have to be matched onto two squares. &to the image gradient
present in the gradient of the mutual information energy, tle gradient strength di ers
for the two circles. Practically this means that over the corse of the iteration the
white area will be deformed much quicker than the gray areanlextreme cases, this
can mean that an area with high gradients completely dominas the optimization
process and an area with weaker gradients gets almost ignbreA very common
example where this might happen is in registering computediography images
where the bone and contrast agent to soft tissue contrast cagenerate such high
gradients in the distance measure. In practice, a good stejzes control will try to
nd a balance between both image regions. The better solutigp however, would be
a Newton type method that can use its Hessian (or an approxirtian thereof) to
rescale the gradient appropriately.

The challenge in applying Newton's method is to calculate # Hessian of the
distance measureH D(EM (1)) and to solve the large linear system, arising from the
inverse of the Hessian of the energy .. ,)- For the sum of squared di erences
distance measure (see Sectigon 3.3.1) the discrete Hessian lse calculated from the
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(a) Gradient descent; f (x;y) = x? +5y?
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15 1 05 o0 o5 1
X

(b) Newton; f (x;y) = x?+5y?

15

ds 1 05 o0 o5 1
X
(d) Newton; f (x;y) = x? + 10y*

15

Figure 4.3: lllustration of one step of (g)(c) gradient desmt and Newton's
method. The fat blue line is the step the methods would take Wi a step length of

1, the thin blue line shows the range that a line search could ¢k from. The 2-D
functions f(x;y) = x?+5y? and f (x;y) = x2+ 10y#, are visualized
by isolines atf (x;y) = 1;::: In the purely quadratic function, Newton's method
is obviously superior as the target function can be corregtl tted. In the mixed
guadratic and quartic function, Newton's method is not ablé¢o converge in one step,
but still it is visible that the search direction is superiorto that given by gradient
descent and also the indicated step size is reasonable.
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(a) Fixed image F (b) Moving image M

(c) Mutual information gradient magnitude (d) Overlay M and ku(x)k
ku (x)k

Figure 4.4: Behavior of the gradient of the mutual informatn distance measure.

[(@)] xed image, [(b)] moving image,[(c) mutual information gradient magnitude, [(d)
moving image after one step of semi-implicit gradient desag overlaid with xed
image contour

discrete derivativer ,Dssy, (B.23) as

HDSSD(F:MU(t))(Xi) =T ﬁDSSD(F;MU)(Xi)
ro@F(X)  Mu(xi))r Mu(xi))
20 MUGOX M)+ Z(FO0) Mu() My(x): (4.4

The according discrete Hessian matrixip v ) therefore has on its main diagonal
the squared rst order partial derivatives and the second aler partial derivatives
of M. On the o -diagonals there are the mixed products of the rstorder partial
derivatives and the mixed second order partial derivativesoupling the dimensions.
Theoretically one could just use this term, calculate it andise it in Newton's iteration.
In practice, however, there are several problems with thigpparoach. One problem is
that on image data that is often degraded by noise, it is preyt hard to calculate a
good second derivative of the image M. Another problem is that Newton's method
is only guaranteed to converge to a minimum on convex functie i.e. the Hessian
of the function is required to be positive de nite. For the eergy E(F; M; u) this is
in general not the case, due to the dependence on the imageteoh As far as the
Hessian is concerned, it is again the part with the second detives M, which
causes the problem. The summand with the rst derivatives isnherently positive
de nite, as is the regularizer (see Appendik A).

A possible solution to this problem is to just drop the termg(F My) My,
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0

(r x1Mu)? (r x1Mu)(r x,Mu) (" x Mu)(r xgMuy)

(1 x M)t x;Muy) (r x,Mu)? (1 x;My)(r xgMy)

P-2222222222222222222222222 20 0

(r x Mu)(r xgMu) (r x,Mu)(r xgMy) (r xgMu)?

Figure 4.5: General structure of the reduced Hessi&hp v ,) for the sum of squared
di erences distance measure. The delimited boxes indicatiee block matrices for the
dimension (here3-D). On the main diagonal there are the quadratic rst order gartial
derivatives, on the o -diagonal the corresponding mixed mrducts of the rst order
partial derivatives.

arguing that close to the correct solutionF M, will be small and ultimately tend
to 0. The Hessian of the sum of squared distance measure is therefapproximated
just by

2
HDSSD(FiMu(t))(Xi) g(r My)(r MU)T: (4.5)

Only the rst order partial derivatives are retained. This results in a matrix as
depicted in Figure[4.8). Homke et al. proposed in [Homk06] approach using this
approximation for the Hessian. The work makes clear that thenain problem using
this approximation of the Hessian is to solve for the resutig inverse problem. The
system matrix has, depending on the image content stronghasying stencil entries
and adds additional matrix couplings between the dimensign such that solving for
the di usion or curvature regularizer cannot be broken downnto a sub-problem for
each dimension anymore. This not only makes the applicatiaf an FFT based solver
scheme impossible, it also makes the application of an itéirge numeric solver rather
complicated. This is also shown in [Kalm 03]. In_[Homk 06] a nitigrid solver which
has to employ line smoothing in order to obtain acceptable ngergence rates is used.
All of this means that solving the linear problem with this agroximation of the
Hessian introduces a lot of overhead and is computationaltuite costly. Henn et al.
introduced a closely related approach in [Henn 03], with theain di erence that they
use an iterative regularization, by applying the regularing term only in the Hessian
and not in the energy functional itself. They circumvented hie problem of the linear
solver by working with a direct sparse matrix solver. But diect sparse matrix solvers
are limited in their applicability mostly to 2-D, due to memory constraints. Also they
are usually much slower for large problems than good iterag solvers.

In order to alleviate the problem with the linear solver, Haler et al. [Habe 06] use
only the main diagonal of(r M,)(r M,)" instead of the full matrix. This still does
not make an FFT based solver applicable, but it reduces makricoupling and makes
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the implementation of a Multigrid solver for this problem eaier.
!
@M(x) * @M(x) 2

@x: T @%

H Dssp (F;M ) 2d|ag (46)

The good convergence of a method only employing a diagonaltnraas an approx-
imation of the Hessian of the distance measure and the obsation that actually the
regularizer and not the distance measure was the cause of q@a®blems in the opti-
mizations, prompted us to simplify even further. We therefie examined approaches
that employ only a scaled identity matrix | as approximation to the Hessian of the
distance measuréH p.., (F:m,)-

HDSSD(FHVl u) l (47)

This eliminates most of the advantages discussed above thHdewton's method has
in approximating the distance measure. On the other hand it mkes it possible again
to employ FFT based solvers for the solution of the linear pldem and also greatly
simpli es any iterative solvers. The convergence rate of éhnon-linear scheme, how-
ever, can be expected to be degraded as the approximation bétdistance measure
Is basically reduced to the same quality as in pure gradientedcent. Naturally the
real performance of such methods depends on the choice wiich should re ect the
scaling of the gradient of the distance measure. A straiglatfiward choice for the sum
of squared di erence distance measure is to just use the dnihetic average over the
squared main diagonal of the part of the Hessian that was usé&u (A.5).

P
_ M)

d (4.8)

Even with this very crude approximation the convergence ohe algorithm is rather
good, as shown in Section4.7.

4.4 Quasi-Newton

So far all the Newton type methods presented were restricteid sum of squared
di erences as distance measure. This is due to the complieak nature of analytically
calculating higher order derivatives for mutual informaton. As an alternative it is
possible to try to approximateHp,, (e.m,) NUMerically. Newton-type algorithms that
work with numerically approximated Hessians are generalknown as Quasi-Newton
methods. Quasi-Newton methods are essentially the multidensional extension of
the secant method which replaces the gradient i.e. the tangeof the function by
a secant through the function values of the last steps. Qualiewton methods are
derived from the so-called secant condition, which requséhe current approximation
of the HessianH,; to at least be valid for the last two steps of the optimization
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algorithm.
Hit1Si =t
wheres, = ut  y®
ti=r uD(F;Mu(t+1)) r uD(F;Mu(t)) (49)

The secant condition constitutes a linearization of the Haegan around the current
values ofu™? andu®. As a starting point, this can be used to determine a numerita
value for from equation (4.7), by requiring that be a least-squares solution td (4.9).

Hiva = ial
; 2
i =argmin( ivasi ti)
i+1
_ St
i+1 SiTSi

(4.10)

Interestingly this is essentially a nite di erence schemeprojected down ontos;.

There are two immediate problems with this approach. The rsis how to secure
the positive de niteness ofH;.; i.e. > 0. In order for > 0 it has to hold
that s't; > 0. This could for instance be ensured in the line search by enoging
the strong Wolfe line search condition described in Secti@h3. However, the Wolfe
conditions add quite some computational cost. Other more bastic ways to deal
with this problem are to just ignore a negative value for;,; and continue with the
last valid estimate or to use its absolute value. In our implaentation, the second
alternative was chosen, along with a lower threshold forin order to prevent it from
getting too close to0. The second problem is that the formula requires an oldu®
and a new u™b position to compute i, . In other words, it is assumed that a step
has already been performed.

In most Quasi-Newton algorithms this rst step is simply a gadient descent step
i.e. Hy = I|. In the case of registration, this is not a good idea due to thbad
performance of the gradient descent. A better way is to penfim a single step of the
semi-implicit gradient descent scheme. In this case a smalitial step size for this
scheme is su cient as only any kind of rst step is needed.

Thus far we started out with an algorithm that uses a rather god approximation
of the Hessian of the sum of squared di erences distance me@sand progressively
simpli ed it. The advantage of a simple representation of th Hessian is that the linear
solver becomes simpler and the calculation of the Hessiamdae done numerically.
During the simpli cation the second order accuracy for the egularizer is retained.
The regularizer is therefore much less of a problem. What is@gaced is the accuracy
in the distance measure, which leads to a degradation in thermvergence rate of the
non-linear iteration.

In order to recover some of the information that the Hessianrpvides, we now
employ numerical approximations similar to what is used in4.10) to determine the
factor . In Quasi-Newton methods, this is done by updating a currerdgpproximation
of the Hessian with low rank matrix updates which are numeradly calculated from
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the last iteration steps. In this work, we will only considerthe scheme named after
Broyden, Fletcher, Goldfarb and Shanno or BFGS for short (gee. g.[Noce 99] for a
more in detail explanation of the BFGS and related Quasi-Nean schemes). The
BFGS formula is based on updating, not the HessiaH, but instead the inverse of
the HessianB = H . In Newton's algorithm, this eliminates the need to solve fo
the updated matrix. The actual update rule can be derived fnm the inverse secant
condition (compare [4.9))

Bt =s: (411)

In addition to the secant condition Quasi-Newton methods epiloy additional con-
straints to arrive at the actual update rule. These constraits comprise a low rank
update (rank 1 or 2), the preservation of the symmetry of the Bissian and the re-
quirement for the update to be minimal in some sense. Di ergrchoices of these
constraints, for example for the minimality of the update wli lead to di erent meth-
ods. In the case of the BFGS update rule a symmetric rank 2 upidaof the form

Bi;1 Bj=aa' +bb' (4.12)

is chosen, which ensures the preservation of the symmetrytbbé Hessian by construc-
tion. The unknownsa and b can be derived from the inverse secant condition (4]11)
and from the requirement of a minimal update i.e. that

By =argmin kB Bikwr (4.13)
B

where k:kwr denotes a weighted Frobenius norm. For details about the deation
of the update rule please refer to_[Noce/99]. The update rulesulting from the
application of these requirements is then

Biss = V{BiVi+ s
1

s

V=1 itiS-T:

where (4.14)

The matrix Bj:; is obviously not sparse, which would be a problem in a non-ity
registration application where the full size of the matrix an be huge. The solution
to this is to not actually calculate the new matrix Bi+; but instead to store the
vectorss; and t; and perform the update on the y during the multiplication with

Bi.1. Asitis also impractical to keep all the updates accumulateover the course of
an optimization in memory, only a limited number is actuallyretained. This type of
update scheme is therefore called limited memory BFGS or LH&S, as introduced by
Nocedal in [Noce 80]. Nocedal also describes an e cient resive evaluation scheme
for (4.14) that is originally due to Matthies and Strang|[Mat 79]. The BFGS update
su ers from similar problems as the numerical schemes useat fthe calculation of
the scaling factor . The vectorst and s have to ful ll certain conditions in order

to keep Bi:+; positive de nite. Similarly, to the numeric calculation of .; for the
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inexact Newton method, these conditions can be ensured by ploying the strong
Wolfe conditions in the line search. As an alternative, if welo not want to perform
these computationally expensive line search checks, we egtto simply skip a BFGS
update for which the conditions are not met.

4.5 Automatic Step Size Control

A rather important aspect in the application of optimization algorithms is the step
size control that automatically determines the length of tie step that the algorithm
takes. In algorithms like the explicit gradient descent ortlie Newton type methods
this is also known as line search, as the step sizedetermines how far along the
computed descent direction the algorithm advances. In theemi-implicit gradient
descent formulation, however, the step size is containedthin the linear problem
that has to be solved, which leads to a search on a curve rathan on a line. This
has the disadvantage that for every choice ofthe algorithm tries, the linear problem
has to be solved again. This check, the line search conditianakes sure that there is
a sucient decrease of the energy relative to the given sig size . The most basic
line search condition that can be employed, is to simply cheavhether there is any
improvement at all, i.e.

E(F; M; u®™) < E(F; M; u®): (4.15)

This is the least that any algorithm should check during iteation. The Armijo line
search condition is an extension to this that ensures that thdecrease in the energy
is su cient related to the length of the step taken. If the degease in energy is rather
small, shorter steps are favored. Letl denote the descent direction and; 2]0;1[ a
user set parameter that controls how strictly the check for asu cient decrease is
performed, then the Armijo line search condition is de ned &

E(F;M; u®™D) = E(F;M; u® +  d)
E (F;M;u®)+ ¢, dTr (E(F;M; u®): (4.16)

The application of this formula is illustrated in Figure[4.&. As in the semi-implicit
gradient descent there is no real descent direction we de rikat d := u®d  y®
with an arti cial step length =1 for the check of the condition. Equation [(4.16) is
just the rst order Taylor expansion around E(F; M; u®® + d) with respectto . The
parameterc; that is added into this Taylor expansion reduces the slope e linear
approximation, thus relaxing the constraint. As, for a su ciently smooth function,
the Taylor expansion becomes more and more accurate as thegssize is reduced,
it has to be possible to ful Il (£18) for a su ciently small . The smallerc; is chosen,
the closer this condition becomes td (4.15). In practice raer small values are used
e.g. ¢ 10 # (compare [Noce 29]), in order to not get stuck in the line sear too
long or generate unnecessarily short steps.

The Armijo condition can always be ful lled with a su cientl y small step size, but
for the algorithm to actually advance it should not be chosetoo small. One way to
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f(x)
o

(a) Armijo condition (b) Curvature condition (c) Wolfe conditions

Figure 4.6: All gures show a shifted parabold (x) = (x 2)> 1 as the function

to be optimized (black curve). The current positionx = 0:5 is marked by a black
'+', the fat black line identi es the points on the function accepted by the line search
condition, the dotted black lines highlight the accepted rgion boundaries.

[(@)] Armijo condition; blue line: tangent; red line tangent with scaled slope (scaled
by ¢; = 0:1) de ning the Armijo condition (everything below is acceptel)

[(b)] curvature condition; any point of r f (blue curve) above the red line depicting
cr f(x) is accepted ¢, = 0:5)

both conditions applied in combination (Wolfe conditions)

achieve this is to use a backtracking line search. A backtidag line search starts with
a relatively large step size and successively reduces it byad factor 0< < 1 until
the line search condition is satis ed.
Require: > 0; 0< < 1

1: while not Armijo do

2: =

3: end while

4: return

In all the applications presented in this work the reductiorfactor is always chosen as
=0:5.
As any small enough step will satisfy the Armijo condition oa can add to this a
constraint that ensures a su ciently large step size in ordeto speed up the conver-
gence. The following constraint with the constantc, 2]0; 1] is called the curvature

condition (see also Figuré¢ (B)).
d'r JE(F;M; u®+ d) cd'r (E(F;M; u®): (4.17)

In contrast to (.15) and (4.16) this condition ensures thathe step taken is not too
small. If used together with [4.16) and0 < c; < ¢, < 1 these two conditions are
known as the Wolfe conditions. This condition compares theedivatives of the target
function with respect to the step size. The right hand side jdor an actual descent
direction d always negative. If the left hand side of the condition is nte negative
than that, and the condition therefore not ful lled, it is an indication that d is still a
good descent direction at the new position®+ d and a longer step should be taken.
If it is less negative, or even positivel is no longer a good descent direction and the
line search can be stopped. The condition can be made moredtby comparing the
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absolute curvature values instead.
jd™r JE(F;M; u® + d)j cjd"r (E(F;M; u®)j: (4.18)

The main di erence to (4.17) is that in this formulation, too strongly positive values of
d'r (E(F;M; u® + d) are also rejected. Together with the Armijo condition[Z.1p
this is known as the strong Wolfe conditions. If this conditn fails the step size has to
be increased. It is therefore necessary to employ a di erehibhe search strategy that
allows for increasing and decreasing of the step size. Inghwork we used a strategy
based on the bisection method.
Require: > 0
Require: 1==0; u==0; == false

1: while not bdo

2. if not Armijo then

3: u=

4: =0:5(+ )

5. else if not Curvature then
6: if u==0 then
7: =2

8: else

9: | =

10: =0:5@u+ )
11: end if

12: else

13: b= true

14:  end if

15: end while

16: return

Even though it is guaranteed that there is a value for the stepize satisfying the Wolfe
conditions, we chose to terminate thevhile -loop after a maximum of 5 iterations, if
at least the Armijo condition is satis ed. This is done to sa# computations and as a
safeguard in situations where numerical errors in the evaltion of the measures can
lead to di culties in satisfying the conditions. A disadvantage of the Wolfe conditions
are the added computations for evaluating the energy gradieat the new positions
u® + d. These evaluations have to be performed for every step sizandidate.
In exchange the Wolfe conditions should provide the best @siate and additionally
ensure in combination with the BFGS method that the approximted Hessian stays
positive de nite.

The last thing that has to be determined is, how the line sealcis initialized in
the rst iteration of the optimization algorithm. In the case of the Newton based
methods, an initial step size of =1 is a possible choice, as that corresponds to the
optimum step size if the quadratic approximation on which N@ton's method relies,
is correct. A better approach in practice is to specify the itial step size depending
on the length of the initial step. Especially when using a b&tracking line search the
initial step size has to be chosen large enough or the iterati progress will be small.
If it is chosen too large such that considerable parts of thenages are not overlaid
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anymore, the registration will fail completely. For calcuhting a good initial step size,
we choose a sensible length like 5% of the shortest edge of the image domain as
a reference length for the desired average deformation inchgixel. The initial step
size is then computed as

P
> kr GE(F; M; u)(xi)k

< (4.19)

init * T
In most experiments, this has proven to be a good initial gusgor the backtracking
line search. In all successive iterations, the step size bktlast successful step is used.
In the case of the semi-implicit gradient descent, the graglnt of the distance
measure is used instead of the descent direction. This is bdson the assumption
that the solution to the linear systeml + A acts only as a smoothing and does not
change the overall length of the gradient vector too much.

4.6 Multilevel

In addition to the various choices of linear and non-linearatvers and line search
methods, a multi-level continuation can be added to speed upe optimization pro-
cess and to alleviate problems with local minima. The basidéa of a multi-level
approach is to downsample the input images to a lower resoioih, solve the registra-
tion problem there and upsample the result again. The upsartgd result can then
be used as an initial guess for the original registration pbbem and thus be re ned.
The optimization of the low resolution registration problen has much lower compu-
tational cost than the original problem. Additionally, if a downsampling scheme that
incorporates some smoothing is employed, high frequencyusttures will disappear in
the low resolution images, which will lead to fewer local mima in the optimization.

This approach can be iterated, thus creating a pyramid of l&ls of increasingly
lower resolution. Generally a downsampling by a factor & along each dimension is
often employed in practice, and is also the choice in each digation of a multi-level
scheme in this work. In &-D application, the number of pixels in the lower resolution
problem and therefore the computational cost decreases byfactor of 4, in 3-D it
decreases by a factor d. It can therefore be bene cial to perform more iterations
on the lower levels than on the ner ones, as the cost is low artle gain might be
a reduced number of iterations on the next ner level. On the ther hand, the low
resolution images can never fully capture the original préddm. Most importantly,
during the downsampling there is usually some averaging oixpl values performed.
This leads to gray values in the low resolution image that wernot present in the
original images. This can impair the registration result orthe low resolution images,
especially when statistical measures like the mutual inforation are used. Due to
this, the e ectiveness of the multi-level technique can vardepending on the image
content.
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4.7 Comparison of Optimization Methods

The presented optimization techniques and choices for thmé search will be evalu-
ated in the following on a set of2-D example datasets. The evaluated optimization
techniques and their respective designations are

N

semi-implicit semi-implicit gradient descent (4.2)

Newton secant Newton's method [4.3) with HoEm () estimated according

to (A7) and (4.10)

Newton SSD average Newton's method(4.3) wittH p e.m ) estimated for the
sum of squared di erences (SSD) distance measure accordind@.7)) and (4.8)

Newton SSD diagonal Newton's method [4.B) withH D(FM y) €Stimated for
the sum of squared di erences (SSD) distance measure acdongito (4.6)

" L-BFGS secant limited memory BFGS method (4.3)(4.14) wih B, estimated
according to [4.T) and [4.1D) (similar to Newton secant)

For the line search the used conditions and names are
" descent simple condition checking if the measure improwkat all (Z.15)
" Armijo Armijo rule (4[I6)Jwith ¢; =0:1

" Wolfe Wolfe rules consisting of the Armijo rule (4.18) with ¢; = 0:1 and the
strong curvature condition (4.18) withc, = 0:9

The values chosen for the line search parametecs and ¢, have been experimen-
tally determined, but are also in agreement with the valuesecommended by No-
cedal [Noce 99]. For the Armijo condition parameter;, which is chosen relatively
high, lower values lead to results that are pretty much idemtal to the descent con-
dition and even with this value the di erences are slim. In sme cases the results for
the line search condition descent is therefore omitted tceduce clutter in the plots.
As the semi-implicit gradient descent method does not regllallow to search on a
line, the application of the Wolfe rules for this optimizaton algorithm is questionable
and therefore omitted.

The methods are compared in their respective single levelnsergence. Addition-
ally the nal result of a single and a multi-level application employing the respective
optimization methods is also presented. For the single le\applications, 50iterations
are performed. In the multi-level caselO iterations are performed on the nest level
and the maximum number of iterations is doubled for each stegown in the multi-
level pyramid. Finally plots are provided that allow a compason of the in uence
of the di erent line search conditions on the optimization &orithms. The L-BFGS
method is run in all examples with 5 updates to the estimated éksian matrix, as a
good compromise of convergence improvement and memory agnption.

The example datasets are introduced in the following. All adhem are taken from
real world applications that make use of the registration glorithms implemented as
a part of this work.
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(a) Fixed image F (b) Moving image M (c) Checkerboard overlay

Figure 4.7: The kidney perfusion dataset xed imagé-, moving imageM and a
checkerboard overlay of both, showing the initial mismatch

4.7.1 Kidney Perfusion

The rst application example is a mono-modal registration babdominal MR images.
The aim of this application is to calculate the perfusion inte kidneys from sequen-
tially acquired MR images without the use of contrast agentécompare [Ritt 10]). If
the kidneys are correctly registered, the perfusion can bermputed by comparison
of the pixel gray values in two successive images. As the inesgare acquired in
a relatively short time period no rigid pre-registration isnecessary and the images
can be regarded as mono-modal. We therefore chose the sumapfased di erences
distance measure (see Sectign _3.13.1) in combination withetlrcurvature regularizer
(see Section3.412) for this application case. The images/ea size o256 256with
a pixel spacing ofh = (1:4;1:4) mm and gray values in the rangd0 550]stored as
unsigned short,12-bit dicom data. The used sti ness parameter is = 20 and the
multi-level registrations use 4 levels. The dataset and arxample result are depicted
in Figure [4.1 and[4.8 respectively.

As this a mono-modal registration problem, the used distaecmeasure is the sum
of squared di erences. This application example allows theomparison of all the dif-
ferent presented methods for estimatingi D(EM (1) These are tested in conjunction
with the inexact Newton's method. The L-BFGS method is only pplied with the
numerical estimator based on the secant condition that is b applicable in a multi-
modal scenario. This allows the best comparison of the di ent estimators and how
the L-BFGS method which is also applicable in a multi-modalcenario, compares to
Newton's method employing the best, sum of squared di ereas speci ¢ estimate for
the Hessian of the distance measure, Newton SSD diagonal .

The performance with respect to the di erent optimization dgorithms (Figure[4.9)
shows that, not surprisingly, the Newton method employingtte most accurate esti-
mate of the Hessian Newton SSD diagonal also exhibits theebt performance. But
it is encouraging to see that the exclusively numerical womg L-BFGS method is
about as good with the Wolfe line search conditions and evernutmps the Newton
SSD diagonal performance when both use the simpler Armijoé search condition.
It is also visible from Figure[4.1ID that Newton SSD diagonalis pretty much the
only optimization algorithm in this application example that signi cantly bene ts
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(a) Checkerboard before registration (b) Checkerboard after registration

(c) Di erence before registration (d) Di erence after registration

(e) Deformed image with checker- (f) Magnitude image of deformation
board

Figure 4.8: Sample results for the registration of the kidryeperfusion dataset. The
used optimization algorithm is the multi-level Newton diay with the Wolfe line
search conditions. First row: checkerboard overlays of xkand moving imag@ be-
fore and after registration. Second row: di erence imaegs before an) after
registration. Last row: moving image overlaid with a chekerboard image and
deformed; (f} magnitude image of the deformation.
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single level multilevel
initial 0:242142 107 | 9:242142 107
semi-implicit, descent 2:621928 1(% | 1:949514 1@
semi-implicit, armijo 2:733949 1% | 1:977111 17
Newton secant, descent 2:383151 1¢* | 1:885831 1
Newton secant, armijo 2:425350 1¢* | 1:907033 17
Newton secant, wolfe 2:361874 10* | 1:868363 1C*

Newton SSD average, descent| 2:398196 1(% | 1:897096 1
Newton SSD average, armijo || 2:398196 107 | 1:906924 1(?
Newton SSD average, wolfe || 2.279642 107 | 1:881680 10
Newton SSD diagonal, descent 2:047015 107 | 1:854769 10
Newton SSD diagonal, armijo || 2:047015 107 | 1:854725 10?
Newton SSD diagonal, wolfe || 1:869532 1(* | 1:851277 1%

L-BFGS secant, descent 1:926995 10 | 1:864865 10?
L-BFGS secant, armijo 2:000681 1% | 1:864668 1(*
L-BFGS secant, wolfe 1:943582 1(? | 1:860350 1C?

Table 4.1: Final energies after optimization with the di eent algorithm and line
search combinations, applied to the kidney perfusion dates

from the improved line search due to the application of the Wte conditions. In par-
ticular the descent line search condition yields no sigrantly di erent results from
the Armijo condition. Finally the optimization results f or all the applied methods
in the single and the multi-level scheme are given in TableBand[4.2. It is clearly
visible that all methods improve a lot when used in the multievel framework. How-
ever L-BFGS seems to bene t the least of all the methods. Tha drent types of line
search seem to only have a rather marginal e ect on the end dsof a multi-level
based optimization.
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Table 4.2:

single level multilevel
initial 0:242142 107 | 9:242142 107
semi-implicit, descent 2:241489 10 | 1:662688 10
semi-implicit, armijo 2:332077 1¢% | 1:689916 10
Newton secant, descent 2:047475 1¢% | 1:599432 1%
Newton secant, armijo 2:086677 1¢% | 1:625634 10
Newton secant, wolfe 2:012050 1¢* | 1:574586 1¢*
Newton SSD average, descent| 2:066580 107 | 1:614456 1(?
Newton SSD average, armijo || 2:066580 1% | 1:623398 107
Newton SSD average, wolfe || 1:949253 1(? | 1:598922 1(?
Newton SSD diagonal, descent 1:745574 10 | 1:563084 10
Newton SSD diagonal, armijo || 1:745574 107 | 1:562825 10
Newton SSD diagonal, wolfe || 1:578066 107 | 1:557602 1(?
L-BFGS secant, descent 1:637812 1(? | 1:573520 1(?
L-BFGS secant, armijo 1:691247 1(? | 1:.573811 1¢?
L-BFGS secant, wolfe 1:642830 1(* | 1:565525 1(?
(a) Distance
single level multilevel
initial 1:135443 10 | 1:135443 107
semi-implicit, descent 3:804390 10 | 2:868262 10
semi-implicit, armijo 4:018726 10' | 2:871942 10*
Newton secant, descent 3:356765 10' | 2:863991 10
Newton secant, armijo 3:386730 10 | 2:813989 10
Newton secant, wolfe 3:498234 10 | 2:937774 10
Newton SSD average, descent| 3:316158 10" | 2:826396 10"
Newton SSD average, armijo || 3:316158 10" | 2:835265 10
Newton SSD average, wolfe || 3:303892 10' | 2:827580 10
Newton SSD diagonal, descent 3:014413 10' | 2:916844 10
Newton SSD diagonal, armijo || 3:014413 10' | 22919000 10
Newton SSD diagonal, wolfe || 2:914661 10" | 2:936754 10
L-BFGS secant, descent 2:891833 10' | 2913450 10
L-BFGS secant, armijo 3:094344 10 | 22908572 10t
L-BFGS secant, wolfe 3:007523 10 | 2:948253 10

(b) Regularizer

65

Final energies after optimization with the di eent algorithm and line
search combinations, applied to the kidney perfusion dates
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Figure 4.9: Comparison of optimizer performances with Arijg and Wolfe type line

search conditions. The descent

line search condition isnitted as the results are

almost identical to those of the Armijo conditions.
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Figure 4.10: Comparison of the impact of the choice of line aeh condition on
the di erent optimization algorithms, for the mono-modal kidney perfusion dataset.
Except for the Newton SSD diagonal optimization algoritim [(d)]the di erent line
search conditions show almost no e ect. In all plots where thline of the descent
condition is not visible it is identical to the Armijo.
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| L,
- Nok o

(a) Fixed image F (b) Moving image M (c) Checkerboard overlay

Figure 4.11: The hair follicle dataset.

4.7.2 Hair Follicle

The second application example we use to evaluate the optation algorithms is
the reconstruction of 3-D volume data from histological slices. Histological sks
are produced by embedding a tissue sample, in this case a hfallicle, in a hard
matrix, usually para n wax, and then cutting and photographing thin slices from it.
However, the mechanical stress due to the cutting and the foling staining of the
tissue can introduce artifacts in the form of deformationsrad ssures. Some slices
are also completely destroyed during this process. The refyation algorithm is used
in this application to interpolate lost slices by registeng the two neighboring slices.
The lost slice is then replaced by a halfway deformed neigbr i.e. only O:5u is
applied. For more details please refer to Ga ing et al.].

The staining process generally leads to considerable ing#y di erences between
the images. Although an intensity standardization is emplged in this application,
there remain enough intensity di erences between the imageéo make a multi-modal
registration employing the mutual information as distancemeasure necessary. The
two images used here (see Figure 4111) have not been rigidienegistered. They are
reasonably well aligned, but, as the registration result é Figurd 4.1IR) shows, there is
some rotational component in the solution. The images havesi&ze 0f648 514and a
gray value range of0 255]i. e. 8-bit images. A spacing oh = (1;1) is assumed as no
speci cation for the image resolution is available. The alyyithms used a sti ness for
the registrations of =4 and 5 levels for the multi-level optimization. The dataset
and an example result is showcased in Figure 4111 and 4.12pessively.

The results depicted in Figuree4.13 an@4.14 show the L-BFGSgarithm with
the Wolfe line search condition outperforming the semi-injgit time marching as well
as the Newton secant method by a considerable amount. TheBFGS algorithm
also reacts in the expected way to the line search conditiofsee Figure 4.15), with
the Wolfe conditions yielding the fastest convergence, folved by the Armijo con-
dition and the descent condition. The semi-implicit gradiet descent on the other
hand shows rather good results with the descent line searabnalitions but performs
remarkably worse with the Armijo conditions. This bad perfomance in conjunction
with the Armijo conditions might be related to the fact that reducing the step size
in the semi-implicit method does not result in the search on éne, but rather on
a non-linear curve instead, which is the same reason why thensi-implicit gradient
descent is not run with the Wolfe conditions in these experiants. Finally, the New-
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(a) Checkerboard before registration (b) Checkerboard after registration

(c) Contour overlay before registration (d) Contour overlay after registration

(e) Deformed image with checkerboard (f) Magnitude image of deformation

Figure 4.12: Sample results for the registration of the hafollicle dataset. The used
optimization algorithm is the multi-level L-BFGS secant with the Wolfe line search
conditions. First row: checkerboard overlays of xed and mang image[(a) before
and|(b)| after registration. Second row: xed image overlaidvith contours of moving
image| (c) before andl (d) after registration. Last rowf (¢) meng image overlaid with
a checkerboard image and deformefd; |f) magnitude image oftldeformation.
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ton secant method performs slightly worse than the semi-ipticit gradient descent
and does not seem to be signi cantly a ected by the choice oht line search, even
though the Wolfe line search conditions seem to have a sligatige on the others.

The numerical results in Table 4.3 again show large improvemnts in the multi-
level application of the algorithms. The L-BFGS still perfems best in the multi-
level framework, but the Newton secant now outperforms th semi-implicit time
marching. Furthermore the impact of the line search condibn becomes relatively
negligible, with the Wolfe conditions even performing wotf the three.

This dataset also illustrates nicely that the di erences inthe nal registration
energy are not only of numerical interest but actually restiiin signi cant di erences
in the nal registration result as depicted in Figure 4.16.
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Figure 4.13: Comparison of optimizer performances with demnt and Armijo type

line search conditions on the hair follicle dataset.
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Figure 4.14: Comparison of optimizer performances with thé/olfe type line search
conditions on the hair follicle dataset.
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Figure 4.15: Comparison of the impact of the choice of lineaeh condition on the
di erent optimization algorithms, for the hair follicle dataset.
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single level multilevel
initial 3:527458 10 1! 3:527458 10 1!
semi-implicit, descent 5:680410 10 ' | 6:725602 10 !
semi-implicit, armijo 5320870 10 1 | 6:444729 101

Newton secant, descent| 5:381436 10 ' | 6:903303 10?
Newton secant, armijo 5:406839 10 ' | 6:865059 10 !
Newton secant, wolfe 5:530918 10 ' | 6:819689 10 !
L-BFGS secant, descent 5:830720 10 ' | 7:158433 101
L-BFGS secant, armijo 5979125 10 ' | 7:160220 101
L-BFGS secant, wolfe 6:225189 10 ' | 7:119749 101

(a) Energy
single level multilevel
initial 3:527458 10 ! 3:527458 10 !
semi-implicit, descent 5:936443 10 ' | 6:956034 10 !
semi-implicit, armijo 5:556283 10 ' | 6:688135 10 !

Newton secant, descent| 5:598435 10 ' | 7:117882 101
Newton secant, armijo 5.605795 10 ' | 7:089288 101
Newton secant, wolfe 5:771348 10 1 | 7:064972 10!
L-BFGS secant, descent 6:165330 10 ' | 7:381439 101
L-BFGS secant, armijo 6:262602 10 ' | 7:383496 10 !
L-BFGS secant, wolfe 6:487738 10 1 | 7:352672 10 !

(b) Distance

single level multilevel

initial 2:573186 10 2 | 2573186 10 °
semi-implicit, descent || 22560326 10 2 | 2:304325 10 2
semi-implicit, armijo 2:354132 10 2 | 2:434056 10 2
Newton secant, descent|| 2:169989 10 2 | 2:145790 10 2
Newton secant, armijo || 1:989564 10 2 | 2:242290 10 2
Newton secant, wolfe || 2:404303 10 2 | 2:452834 10 2
L-BFGS secant, descent| 3:346105 10 2 | 2:230057 10 2
L-BFGS secant, armijo || 2:834769 10 2 | 2:232763 10 ?
L-BFGS secant, wolfe || 2:625494 10 2 | 2:329222 10 2

(c) Regularizer

Table 4.3: Final energies after optimization with the di eent algorithm and line
search combinations, applied to the hair follicle datage
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(a) Semi-implicit gradient descent

(b) L-BFGS

Figure 4.16: Checkerboard images of the results of a mulével registrations using
the (a) semi-implicit gradient descent and the (b) L-BFGS m#hod. Especially in
the highlighted regions it becomes very visible that the nusrical di erence in the
registration energies has a signi cant impact on the visualutcome of the registration.
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(a) Fixed image F (b) Moving image M (c) Checkerboard overlay

Figure 4.17: The glaucoma dataset.

4.7.3 Glaucoma

The nal dataset used for the evaluation is from a database @iaucoma, color fundus
images. These are color images of the human retina, showirg toptic nerve head in
particular. There are currently several application scem@s based on these images
that make use of a non-rigid registration. In [Paul 10] gra@int magnitude images of
these color fundus images are co-registered to get infornmat about the optic nerve
head variability that can provide information about the prdoability of glaucoma.
The same method has also been applied directly to the images.di erent approach
registers two consecutive images of the same patient in orde extract movement
from which 3-D information about the optic nerve head can be gained, whidadn turn
can give further insights about the glaucoma risk of the pagnt.

The experiment performed for the optimization evaluations concerned with the
latter application. The images (see Figure 4.17) have a sizd 1300 900 with
gray values in the range off0 255](8-bit). The image spacing is taken ash =
(1;1) as no speci c image resolution is available. As the illumiren does not stay
quite constant the registrations have to be considered midnodal and the employed
distance measure is the mutual information. The registrabns use a stiness of

= 3:5and 5 levels for the multi-level registrations. At rst glance the images exhibit
only slight di erences, but results (see Figure 4.18) showome rather signi cant
deformations especially at the left boundary of the optic nmege head.

The single level registration results (see Figure 4.19 and20) show again the L-
BFGS secant method in the lead. The Newton secant methoda the semi-implicit
gradient descent appear, depending on the used line searcmdition, pretty closely
matched. The semi-implicit gradient descent again exhilstthe peculiar behavior
of performing worse in conjunction with Armijo condition, than with the simpler
descent condition (see Figure 4.21). Aside from this thenle search condition does
not seem to have much impact in this application example.

The multi-level registration results show the same tendega@s in the hair follicle
dataset. The L-BFGS secant is in the lead followed by the Bwton secant and
the semi-implicit gradient descent The line search conddn again has only a minor
impact, but it improves the results somewhat, especially Wi the Wolfe conditions.
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(a) Checkerboard before registration (b) Checkerboard after registration
(c) Contour overlay before registration (d) Contour overlay after registration
(e) Deformed image with checkerboard (f) Magnitude image of deformation

Figure 4.18: Sample results for the registration of the glaoma dataset. The used
optimization algorithm is the multi-level L-BFGS secant with the Wolfe line search

conditions. First row: checkerboard overlays of xed and mong image (a) before
and (b) after registration. Second row: xed image overlaidvith contours of moving

image (c) before and (d) after registration. Last row: (e) mang image overlaid with

a checkerboard image and deformed; (f) magnitude image ofetldeformation.
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conditions on the glaucoma dataset.

-0.69 ‘ ‘ ‘ : -0.68 : :
descent descent
-0.7 0.7 Armijo - ]
071 0. Wolfe -~
-0.72 |
073 |
w074} L
> L >
) 0.75 | | )
o 076 | )
S o7t S
-0.78 |
-0.79 | -
-0.8 L L L L -0.82 L L L L
0 10 20 30 40 50 0 10 20 30 40 50
iterations iterations
(a) semi-implicit (b) Newton secant
-0.68 ‘ ‘
descent
Armijo -
0.7 Wolfe -~ ]|
-0.72 |
-0.74 +
w o
> 076}
P
2
$ 078t
08}
-0.82 :
0 10 20 30 40 50
iterations

(c) L-BFGS secant

Figure 4.21: Comparison of the impact of the choice of lineaeh condition on the
di erent optimization algorithms, for the glaucoma dataset.
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single level multilevel
semi-implicit, descent 7975746 10 1 | 8:073360 101
semi-implicit, armijo 7939780 10 1 | 8:067917 101

Newton secant, descent| 8:005637 10 ' | 8:135049 101
Newton secant, armijo 8:025690 10 ' | 8:083490 101!
Newton secant, wolfe 8:028601 10 ' | 8106817 101
L-BFGS secant, descent 8:142090 10 ' | 8:194019 101
L-BFGS secant, armijo 8:134388 10 ' | 8:179640 101
L-BFGS secant, wolfe 8:139087 10 ' | 8:196936 10?

(a) Energy
single level multilevel
semi-implicit, descent 8:061491 10 ' | 8171590 10!
semi-implicit, armijo 8:021961 10 ' | 8161303 10 *

Newton secant, descent| 8:088138 10 ' | 8:247281 101
Newton secant, armijo 8:108823 10 1 | 8:179362 101
Newton secant, wolfe 8:116863 10 ' | 8:206396 10 *!
L-BFGS secant, descent 8:246216 10 ' | 8:339531 101
L-BFGS secant, armijo 8:240784 10 ' | 8321323 101
L-BFGS secant, wolfe 8:244515 10 ' | 8:336899 10 !

(b) Distance

single level multilevel

semi-implicit, descent || 8:574472 10 ° | 9:823000 10 3
semi-implicit, armijo 8:218024 10 3 | 9:338676 10 3
Newton secant, descent|| 8:250060 10 3 | 1:122314 10 2
Newton secant, armijo || 8:313321 10 3 | 9:587228 10 3
Newton secant, wolfe || 8:826252 10 2 | 9:957811 10 3
L-BFGS secant, descent| 1:041264 10 2 | 1:455127 10 2
L-BFGS secant, armijo || 1:063967 10 2 | 1:416825 10 2
L-BFGS secant, wolfe 1:054276 10 2 | 1:399628 10 2

(c) Regularizer

Table 4.4: Final energies after optimization with the di elent algorithm and line
search combinations, applied to the glaucoma dataset.
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4.7.4 Discussion

Overall the results from the 3 example datasets lead to a fewnmclusions. In general
the L-BFGS secant method performed best, or at least tiedof best method in all
application examples, single and multi-level. Even in thease of the mono-modal
application where better, analytical estimates of the Hegm of the distance measure
are available it performed almost on par with the Newton methd employing that
estimate. The Newton secant method usually performed dier about as good or
a little better than the semi-implicit gradient descent. Inthe multi-level framework
it always outperformed the semi-implicit gradient descent In general the multi-
level results were in each instance a major improvement ondlsingle level results.
It is also noteworthy that the line search procedure is moreomplicated for the
semi-implicit gradient descent and often required signiantly more checks until a
good rst step size was found. In the Newton based methods, ghline searching
Is computationally cheaper and easier to initialize. Thos&lewton based methods
( Newton secant, L-BFGS secant) that employ a step of thesemi-implicit gradient
descent for initialization could run this single step, witha rather small step size,
which made excessive backtracking unnecessary.

The choice of line search condition itself shows somewhatxad results. In some
cases of combinations of application example and optimizah algorithm, a better
and more computationally demanding line search conditionke the Wolfe conditions
also leads to an improvement in convergence speed. This issnootable in the L-
BFGS secant and the Newton SSD diagonal algorithm. Thissi probably due to
them yielding the best descent directions, for which a moreethanding and thus more
accurate line search will give the most bene ts. On the othelhand, in some appli-
cations the improvement was negligible even for those algdbhms. With most of the
other optimization algorithms the improvement is also quié disappointing. Finally,
in the case of the semi-implicit gradient descent, the use tifie Armijo condition
instead of the simple descent condition actually made thalgorithm perform much
worse. As previously noted, this is probably due to the stepze in this algorithm
is not applied to a descent direction i.e. there is not actugl a line to search on,
which violates the basic assumptions made in the Armijo and ®fe conditions.

Overall, it thus looks as if the L-BFGS secant was the cleawinner of this com-
parison, combining good performance and multi-modal apphbility. However, it also
has some disadvantages. It has signi cant additional memprequirements to store
the updates for the estimated Hessian matrix and some comg@itional overhead ap-
plying them. For a 128 single precision oating point volume the additional memoy
requirement is for 5 updates to 8-D vector eld is 128 3 5 4Bytes 120MB, which
is manageable. For &12 volume it is already 64 times as much i. e.7:68GB, which
should be quite detrimental on most consumer PCs. Additionlg, the numerical
estimates regarding the Hessian are always susceptible liobiehaved optimization
functions. A sharp ridge in the target function can lead to a alue that is far o
from a good approximation to the Hessian. For the estimate of such a bad value
only takes e ect during the next iteration step, as is then replaced. In an L-BFGS
scheme with 5 updates, it stays for the next 5 iterations. Tlkiadmittedly happened
very rarely and never for the datasets that were used to anag the methods in
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this section. But it did happen and thus made the Newton seca an overall more
robust algorithm. For these reasons, and for the reason that the multi-level frame-
work the convergence advantage of the L-BFGS algorithm is mewhat diminished
the Newton secant method is used for all the applicationsrpsented in this work.
As the Newton secant method showed very little dependenogn the type of line
search used, it is always used together with the descentné search condition, which
requires the least computational amount to evaluate.
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Chapter 5

Prior Information in Registration

The registration methods presented so far are based on somedamental assump-
tions. The deformation eld u should be smooth and the gray values should be nearly
identical in a good match (for the sum of squared di erencesistance measure) or
at least statistically dependent (for mutual information dstance measure). All of
these assumptions constitute some form of prior knowledgdaut the registration
application. But so far the information incorporated into the registration approach
is of a very broad and general nature. In this chapter we presesome possibilities
how more speci ¢ information, targeted at certain applicabns or even only valid for
a speci c pair of datasets can be used to add further stabilitand robustness to the
registration algorithm.

Similarly to the components of the registration presentedcsfar, the distance
measure and the regularizer, the incorporation of prior infmation can have two
targets. Either the type or shape of the deformation eld carbe further constrained
or the way the gray values in the image are compared is augmedtby some additional
knowledge. We will concentrate on the rst possibility, addional constraints on the
deformation eld. The advantage of constraints placed on th deformation eld, is
that they are applicable without change to any modality comimation, assuming that
the expected deformation is the same. This is an important pperty when applied for
example to MR imaging, where even for the same imaging sequerthe gray values
are not standardized and thus can vary somewhat between sassive scans. It also
has the advantage that a training can be performed on simpl® tregister modality
combinations, with the result still being valid in more di c ult application scenarios.

5.1 Landmark Correspondences

The most straightforward type of prior information about a registration is if some
parts of the transform are already known. The classic caseibg known point-to-
point correspondences or landmarks. Formally this meansdhthere is an area or a
set of areas . with known corresponding locations in the xed imagexg and
the moving imagexy , and the functionc : . 7! RY that associates them with each
other asxy = c(xg). Therefore the transform in these areas is

Xg = Cc(Xg) U(Xg) 8Xg 2 (5.1)

83
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These landmarks could be used with a landmark based regigican method such as
thin-plate splines (compare Section 3.1.2). However, suehmethod only considers
the landmarks and otherwise ignores the image content. Idgawe would like to have
a method that adheres to the known correspondences where ifalale and considers
the image content for the calculation of the match everywherelse.

This basic idea of combining landmark and intensity based gestrations into one
method has been treated in several works. Johnson and Chrissen [John 02] propose
an algorithm that alternatingly optimizes the landmark andintensity based registra-
tion. The intensity based registration itself is however uaware of the landmarks.
They reason that if the landmarks are speci ed at image corng edges or other sig-
ni cant points, the intensity based algorithm will not change them. Their algorithm,
however, cannot guarantee that the landmarks are matched. his is especially the
case if their assumption is violated and landmarks are spesd so that they contra-
dict the intensity information. Hartkens et al. [Hart 02] and Urschler et al. [Ursc 06]
propose approaches that add an additional regularizatioretm for the landmarks,
to the energy term minimized in the intensity based registrigon. As the additional
energy term only contributes a part of the matching energy ib approaches also
cannot guarantee an exact matching of the landmarks.

Fischer et al. propose in [Fisc03a] to integrate (5.1) the m@marks with La-
grange multipliers as hard constraints into the registratin energy. This allows an
exact matching of the landmarks. The approach requires dug each iteration step
the calculation of the according Lagrange multipliers by $aing an additional linear
system, whose complexity depends on the number of landmarénstraints used.

We propose a computationally simpler approach for introdueg the landmark
constraints in the registration formulation that likewise guarantees an exact match
of the landmark points. The approach and its realization isutlined in the following
section. In Section 5.1.2 a synthetic and a practically relant application example
of the method are presented. An application employing thispgroach in the context
of the registration of histological slices has recently begublished in [Ga 11].

5.1.1 Optimization of Non-rigid Registration with Landmar ks

The basic concept of our approach to integrate the landmarks not to constrain the
regions with known correspondences, but instead to entiyefemove them from the
computational domain. This can be mathematically expresdeas

Y= n . (5.2)

The known transformu(xg) 8xg 2 . is used as a Dirichlet boundary condition
(see (3.43)), which will in uence the areas adjacent to thesboundaries. This way
the computational work is actually reduced for each constnat that is added, as the
computational domain gets smaller and smaller.

We will use the semi-implicit gradient descent to outline a g@ctical implementa-
tion of this approach, as it is much easier to integrate dirfdet boundary conditions
into this scheme than it would be with the Newton based scherselLet us recall the
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formulation for a problem without any point correspondence from (4.2)
I+  AUEY =u® 1 D(F;M,w); (5.3)

whereA is the system matrix of the regularizer (in this work eithetA or A 2). The
discretized correspondences from (5.1) are representeckaswn discrete transforms.

u=u(xj)=x; c(xj) 8 :x;2 ¢ (5.4)

With this information we could eliminate the rowsi in the linear system of equa-
tion (5.3) right away, as these correspond to the, now knowmwvariable u;. However,
this would make it necessary to introduce a new mapping of was inu to the dis-
crete positions in the image domain. For easier implementah we therefore instead
replace the corresponding rows in the system matrix+ A by identity stencils,
which, in stencil notation (see Appendix B), are written as

2 3

4 S: (5.5)

o N oo
o+ O
o OO

Additionally, we set that (rD (F;M,)); = 0, as the derivative with respect to a
xed value has to be 0. By making these two adjustments it is @ ensured thatu;
will not change if one iteration of the non-linear optimizaion is performed. Thus, if
u©@; is initialized with the known transform from the corresponéhg point-to-point
correspondence, it will stay constant throughout the itertion. The neighborhood of
these boundary points, however, will be in uenced throughhte regularizer and result
in a smooth deformation around the landmark.

It is debatable whetheru; should be included in the distance measure calculation.
In the case of the sum of squared di erences distance meastines would result in
a constant contribution to the value of the distance measurand therefore be of no
consequence. In the mutual information distance measura) contrast, the points
would in uence the overall statistics and therefore have am uence on the distance
measure value and also its non-linear behavior. In all our pgriments we adhere to
our initially proposed idea to completely remove . from and thus exclude the
known points from the distance measure computation altogle¢r.

A slight drawback of this approach is that the computationaldomain loses its
rectangular shape. This has the following consequences: ridally, the regularizer
matrix A and therefore the system matrixl + A is symmetric (compare Sec-
tion 3.4.1 and 3.4.2). However, as the changes indicated &boare only applied to
some of the rows of this matrix, the ones that correspond to x®ls removed from
the domain , this symmetry is, in general, lost. As the symmetry of this ratrix is
a prerequisite of the application of the FFT based solver selme or also a standard
conjugate gradient solver these are now not applicable angme. The linear system
either has to be resymmetrized by performing Gaussian elination on the columns
containing i corresponding to the modi ed rows or we have to rely on linear solvers
that can deal with non-symmetric matrices like the stabilied bi-conjugate gradient
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method.

In our experiments the bi-conjugate gradient method often as slow to converge
when started from an all zero initial deformation eld. We therefore additionally try
to provide a good initialization. This is done by solving theoptimization for the
regularizer only i. e.

Au© = f (5.6)

whereA is again a placeholder for the regularizer matrix antlis an all 0 vector except
for the entries corresponding to a landmark, which are set earding to (5.1). The

result is a smooth deformation eld only based on the landmés. For the curvature

regularizer this deformation eld is to some extent similarto the deformation that

would have been obtained for a thin-plate spline registrain. The di erence is that

the thin-plate spline also minimizes the mixed derivativeswhich are not considered
in the curvature regularizer. This deformation eld, whichis globally smooth and
satis es the landmark constraints, is used as an initial gues for the actual registration
algorithm.

Another issue that has to be dealt with is how to treat the landharks in the
multilevel scheme that was outlined in Section 4.6. In ordep specify landmarks on
the coarse grid we consider each coarse grid pixel whose ptglslocation coincides
with one or more landmarks to be a landmark as well. Naturallythis will lead
to a growth of the discrete landmark regions on the coarseagrids, as an isolated
ne grid landmark pixel will result in a single coarse grid ladmark pixel, which is
physically much larger. If there are larger landmark regianspeci ed on the ne grid
this growth e ect can only occur on the boundary of these regns. Nevertheless,
the coarse grid solutions always proved to be good enough iaorcexperiments to
bene t the optimization on the ner levels. The initialization of the next ner grid
is then done by upsampling of the coarse grid solution as eapied in Section 4.6),
with one additional step: On the ner grid the landmark pixek are reset to the xed
values that they should have to compensate for smoothing oumerical errors from
the up-sampling.

5.1.2 Application Examples

To illustrate the in uence of the landmarks on the standard egistration approach we
rst consider a synthetic example depicted in Figure 5.1. Foa human observer it
seems obvious that the square structure in the image has mdvd-or the registration
algorithm, however, any solution that maps the black objestonto each other is ne.
The standard algorithm therefore tries to shrink the squaretructure into the main
object at the one location and pull it out again at the other. h order to get the
rotating motion instead 4 landmarks are speci ed at the corers of the square. These
landmarks are su cient to nudge the registration algorithm into doing the desired
deformation while still keeping the rest of the object in plee.

As a real application problem we chose a full body PET with CT eqgistration
problem. This kind of registration application is di cult f or several reasons. First,
PET and CT show fundamentally di erent things (compare alsdSection 2.1 and 2.4),
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(a) Fixed image (b) Moving image (c) Landmark positions in
xed image

(d) Result, no landmarks (e) Checkerboard, no land- (f) Deformation overlay, no
marks landmarks

(9) Result, with landmarks  (h) Checkerboard, with land- (i) Deformation overlay, with
marks landmarks CT

Figure 5.1: Non-rigid registration of a synthetic dataseta illustrate the in uence
of the landmarks on the standard non-rigid registration algrithm. Without the

additional landmarks (second row) the protruding square ishrunk into the structure
and drawn out at the new location. That this process cannot beompleted (remaining
line and rounded corners of the new square) is due to the regtiker, prohibiting such
a very non-smooth deformation to some extent. With the landmé&s set (third row)

it is actually rotated while the distance measure keeps theemaining structure in
place.
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which means that not every structure visible in one datasetds a counterpart in the
other. Furthermore, the blurry appearance of the PET and thantensity gradients
sometimes present in organs that appear homogeneous in th&, @Geads to not very
peaky, smeared looking joint histograms in the mutual infanation, which degrades
the matching energy. Finally, the typical image acquisitio protocol for CT requires
the patient to lie with his arms up and fully inhaled, while inPET he has the arms
down and is freely breathing. These very di erent patient psitions lead to large
deformations between the datasets. As a result one would We® select a rather
low sti ness to have enough freedom to move the organs arounds a downside,
this also makes it possible for the algorithm to locally defm the datasets in a way
to compensate for their inherently di erent characteristcs like the higher degree of
blurriness in the PET, which is an intolerable behavior. Figre 5.2c shows the result
of such a non-rigid registration with a sti ness parameter hat guarantees that no
such local deformations in the PET can occur. The coronal ss show a de nite
improvement over the only rigidly registered dataset (Figre 5.2b) but there is still a
large degree of mismatch. With landmarks placed on the highesnd lowest points
of both kidneys along the axial dimension of the dataset, thiowest point of the
liver and two at the diaphragm, the result improves immensgl(Figure 5.2d). The
improvement is also visible in areas like the lungs where thhi@ndmarks cannot have
a direct in uence. Instead, we presume the better match in ber image parts such
as the liver and the kidneys leads to a better overall matchgnenergy. This in turn
improves the match in image parts not directly a ected by thelandmarks.
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(a) CT (b) PET/CT rigid

(c) PET/CT non-rigid (d) PET/CT non-rigid with landmarks

Figure 5.2: Coronal planes of fused8-D CT and PET dataset, showing a (b) rigid,
(c) non-rigid and (d) non-rigid with landmarks registration result, respectively. Land-
marks have been speci ed in the highest and lowest points alg the axial dimension
of the kidneys (4 landmarks), at the lower tip of the liver (1 &ndmark) and at the
diaphragm (2 landmarks).
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5.2 Deformation Models

A more involved, but also far more exible way to impose consaints on a deforma-
tion eld, is to constrain the deformation eld to be similar to transformations that
were observed previously for other datasets in the same ajggtion. In other words
there has to be a learning phase where good transformat®ior the application in
guestion are analyzed and the result is used to make subseufuesgistrations more
robust. The deformations used for training are analyzed diatically, for example
with principal component analysis (PCA) to determine majormodes of variation
that are characteristic for the kind of deformations occuing in the application. This
kind of statistical model constraint in image registrationis usually referred to as
statistical deformation models (SDM). Wang and Staib [Wan@0] describe a method
that generates a sparse PCA-based model on a set of boundamyints that they
use to constrain the dense non-rigid registration. Kim et al [Kim 08] construct a
dense PCA-based deformation model from registrations with standard registration
approach. The model is used to generate a large set of sampteages which are
then compared to the reference image in order to nd a good stang position for a
standard registration approach. Xue and Shen [Xue 09] prop® a model base on the
wavelet PCA that has the advantage to also capture very locaind ne grained defor-
mations. Nevertheless, the model is only used for an initiaégistration followed by
an unconstrained non-rigid registration. Wouters et al. [Wut06] use a PCA based
regularization in conjunction with a viscous ow registraton. They constrain the
registration result completely within the space represeat by the PCA. On a basis
of 85 learning datasets of the brain they are still somewhahert of a complete cover-
age of the possible deformations. This indicates that for m® complex anatomies it
is rather unlikely that it is possible to capture the whole rage of possible anatomical
variability with such a model.

This work therefore focuses on a regularization with a PCA nutel that prefers the
resulting deformation to be close to the model space, but doeot rigidly enforce it.
The hope is that, similarly to the addition of landmarks to the registration approach
as in Section 5.1 itis su cientto nudge the algorithm in the right direction, without
the need to have a model that covers every little detail.

The general work ow of our approach is outlined in Figure 5.3For training (see
Figure 5.3a) a template dataset is registered with a numberf draining datasets.
Preferably these registrations are more robust and reliablthan the registration in
the latter application. For instance, in our application ca@e (see Section 6) we want
to improve multi-modal registrations, by learning from theresults of a set of mono-
modal registrations, which are less error prone. These defation elds are treated
as the gold standard for the application and are used to traithe PCA based model.
Later on the model is then used to constrain the registratiorfisee Figure 5.3b) to
stay close to known deformation elds from the model, which akes the registration
more robust. A rst work describing this approach, was pubBhed in [Daum 09].

A related method has been published by Albrecht et al. [Albr&)]. They use a PCA
based regularization to enhance a di usion regularized resgration of shape images,
I.e. distance transforms of segmentations. One of the majadvantages of the two
approaches presented here, is the added robustness withpexs to the initial rigid
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)

(a) Model generation (b) Model application

Figure 5.3: Work ow for (a) the generation and (b) applicaton of the PCA model.

alignment of the datasets, either by incorporating transtaons explicitly in the model
or by working on derivatives of the deformation eld. In [Albr08] the regularization
scheme is also introduced only in the discrete, while we déwe the regularization
term consistently in the non-rigid registration frameworkoutlined in Section 3.2.
They also do not discuss how they optimize the nal energy fuational, although the
optimization scheme can have a considerable in uence on theal result.

In the subsequent sections the theoretical and practical ads to implement this
regularizer are introduced. A practical application of thé approach is presented in
Section 6.

5.2.1 Functional Principal Component Analysis

In the eld of non-parametric, non-rigid registration we ae dealing with the problem
of optimizing for an unknown functionu. To handle the probabilistic analysis of
functions as training data we therefore have to turn to methds for functional data
analysis (see e.g. [Rams05]). As we want to identify common des of variation
we make use of the functional principle component analysi®CA). The function

spaceU iBtroduced in Section 3.2 de nes an inner product that indues the norm
kuk, = = hu;uiy. The aim of a functional PCA decomposition is thus to nd
mutually orthogonal modesv; that optimize

X
W (x) = argmax hw W;viiﬁ (maximum variation) (5.7)
Vi j=1
. 1
with  w(x) = - wi(x) (mean) (5.8)
i=1
subject to (5.9)
kvik = hvi;viiy, =1 (normal length) (5.10)

hvi;vjiy, =0 8i 6 ] (orthogonality); (5.11)
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wherew; i = 1;:::;m are the m training functions, and w is the corresponding
mean training deformation. The modes/; then represent the principal axes along
which the major variations in the sample data could be obseed. They can be used
to regularize the registration by favoring deformations tht coincide with these axes.
The principal axisv; can be determined by incorporating the constraint ensurinthe
normal length by a Lagrangian multiplier
!
- !
W = argmax Epca (Vi) = argmax hw W;viifJ (hvi;viiy, 1) (5.12)

Vi Vi le

From this, one can calculate the Gateaux derivative to iderfly the extremal points.
!

g 17 2
dEpca (Vi; ) = q — (Wi (x) wE)(v(x)+ (x)) dx
i=1 JZJ -
§ o W ) .
o o, Z y4 !
= [ 7 ()T (wily) w(y)dy (wj(x) w(x))Tv(x)dx
j=1 7
00T o
* | +
xn
=2 (wj  w)hlw;  w);vi Vi(X)
j=1 U
=0 8 2U (5.13)
It therefore follows that
* o +
;(wy o w)hwy w);viiy, = hovi(X)iy (5.14)
i=1 U

which is the continuous version of an Eigenvalue problem. practice this is solved in
the discrete, by replacing the variables with their discret equivalents and the inner
product with its discretized version from equation (3.17).This essentially reduces
the functional PCA to a PCA on the discrete values ofi at the grid positions de ned

in X. The discrete Eigensystem is thus

1
g(wj w)(w; w)'v= v
i=1

:—SLWW Tv= v (5.15)
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with W =(w;  w;:::;w, w)2 R™ 3 s the number of samples in the discrete
domain and d the number of dimension.

The Eigenvalue / Eigenvector analysis o§WW T to determine the principal axis
v; and the corresponding Eigenvalues;, would be very computationally costly, if
not outright impossible, if performed directly, aswwW T 2 R s4 can become very
large. As we have only a small number of sample deformationlds m, which is
much smaller than the number of unknownsd in the discrete deformationsw;, we
employ a trick for the Eigenvalue / Eigenvector analysis ofVW T which was, to
our knowledge introduced by Murase and Lindenbaum [Mura 95Multiplying (5.15)
from the left with W T, yields

1
g(WTW)WTV = WTv: (5.16)
It is thus evident that solving the smaller system
1 T
E(W W)vw= v (5.17)
with WTW 2 R™ ™ also leads to a solution of the larger system (5.15) with =
W Ty,
While the determined Eigenvectory; specify the directions of maximal variation,

the associated Eigenvalues are related to the variation along these principal axes.
The variance along the axisv; is

1 X .
2= = hw Wi
=,
1 _s _
= —— Vvi(x) (wj(x)  w(x))hw; w;vii, dx
mj | (=1
Z
= ——  vi(x)" vi(x) dx by (5.14
mg V0T Vi y (5.14)
o by (5.10): (5.18)

Similarly, the total variance of the data can be expressed iterms of the variances
along the Eigenvectors and therefore the Eigenvalues. Inghrst step of the following
calculation we make use of the fact that all the Eigenvectorg; together form an
orthonormal basis for the samplesv;. We can therefore apply a basis transform and
get

xXn

2
total kWJ' w ku

S|

vih(wj  w);vii

S|
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1 X" 1 Z o | i |
= E J_J rQ(WJ W);Vi|UVi(X) Vk(X)k(Wj W);VKIU dx
j=1 i=1 k=1
1 X0 X X . | |
“m hwj  w);vii, [\/i(x);{\zlk(x)“}! hw, W) Vi
e =1 if i=k; =0 otherwise
xn 1 xn
=7 27wy w2
=1 m i=1
| {z }
=L by (5.18)
i ‘ (5.19)
i m - : 5.19
K
j=1 m j=1

These relations are used in Section 6.1.3 to calculate how chwof the overall variation
in the data is covered by a certain number of PCA modes in the mdel. This is
necessary for choosing a suitable number of modes for the kggtion.

5.2.2 PCA Regularization

A straightforward approach to generate the proposed morphagical model is to per-
form the PCA directly on the training deformations. The resiting model is incorpo-
rated into the registration energyE(F; M; u) (from (3.10)) as an additional regular-
ization, which forces the result to be close to the model by qdratically penalizing
any deviation from the model space represented by the PCA.

u =argmin E(F;M; u)= D(F;M,)+ R(u)+ P(u) (5.20)
u )(n )
P(uy= u(x) (w+ vi(x)hvi;u - wiy)
14 - X B
j_j u(x) (w+ vi(x)hvi;u - wiy)  dx; (5.21)
i=1

where is a weighting factor that governs the strictness with whiclthe morphological
model is applied.

Even though all datasets are aligned rigidly before perforimy the non-rigid reg-
istration for the training as well as for the application of he model, the result of
this rigid registration is not always consistent. As we are ehling with registrations
between di erent patients the rigid registration cannot yeld a perfect result. The
rigid registration therefore tries to nd a best possible match. Depending on the
data this can lead to the algorithm aligning those parts of th patient data best that
are most similar, i. e. in one registration the facial area rght be matched best and in
another the back of the skull. This is a problem for the PCA moel as it is sensitive
to di erences in this initial rigid alignment. To alleviate this problem somewhat we
make our model robust to variations in the translational patrof the rigid alignment,
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by explicitly introducing global rigid translations into the model. We de ne thed
constant global rigid translation functions as

t;(x)=(0;:::;0; |{}} 00 2RY j=1;0d: (5.22)

j -th entry

Note that t; are chosen such that they have unit length i.e.kt,-kfJ =1, and are
mutually orthogonal. These translations are then removeddm all training data w;,
by using

xd
W (X) = wi(X) t; (x)htj s wiiy I=1;::0n; (5.23)
j=1

as the new training data. The adjusted training dataw; is thus orthogonal to the
global rigid translationstj. As the m Eigenmodesvy are linear combinations of the
training data, they have to be orthogonal to the functionstj as well. This makes
the modest; orthonormal to the PCA basisvy and we are free to de nevy,+j = t;
as additional modes for the PCA basis. Adding these arti @l modes to the PCA
makesP invariant to global translations in the vector eld u, as they are now included
in the model and will not be penalized byP (u).

Unfortunately, the same approach cannot be applied to compsate rotations. It
is certainly possible to represent a rotation by a vector e. However, if that vector
eld is scaled by a scalar value, as this happens when used a$#&@A mode, the
rotation turns into a scaling and rotating operation, as thedeformation vectors scale
linearly and do not follow the circular movement given by theotation.

In order to incorporate our new PCA energy term into the regisation framework,
the derivative r (P has to be calculated. During this derivation we make, for ngw
the simplifying assumption that the samples have a zero meane. w(x) = 0. The
Géateaux derivative ofP is thus

EP(u + )
d =0 | |
5 4 X T X '
= — (%) vi(x)hvi; iy u(x) vi(x)hvi;uiy  dx
] i=1 i=1
* + !
X0 xXn
=2 U vilvi;uiy 2 h;viighvisuiy
i=1 U i=1
X

+2 |"Mi;{\zljl h ;viighu; v
ELIE S =gl
=0 otherwise
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X
= 2 U vilvi;uiy : (5.24)

i=1 U

Before we can wrap up the calculation of the derivative we hawo return to a model
with a non-zero mean. To this end we substitutel by u  w, yielding

* |+
d xn
d—P(u+ )= 2 U w vilvi;u  wiy
* i=1 U !+
xn xn
= 2 U vilvi;ui w vilvi;wi
* i=1 I+ i=1 U
= 2 U vilvi;uiy W (5.25)
i=1 U
xn
where w=w vilvi;wi; (5.26)

i=1

This is possible as the model mean is a constant with respectthe functionu. The
model meanw is transformed into a constant o setw on the derivative, making it
easier to handle. Using again (3.15), we can thus de ne

X
r P(U)(x)=2 u(x) vi(x)hvi;uiy, 2w (5.27)

i=1

Note that this term is identical to (5.21) except for the squeed norm and the factor
2 in the derivative. This can be exploited in the numerical imfmentation of the
regularizer to save computations.

Discretization and Optimization

The discretization can be directly obtained by replacing fuctions and the inner
products with their discrete equivalents.

P2

1 1

Pu=s!! u w s vivi (U w)
=sl( sWwWhHu w)’ (5.28)
!

roPW™)=2 u st wviviu w
i=1

=2 (0 swWhu w (5.29)

w=s Y VW Tw; (5.30)
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the function scalar product we used which results in discretEigenvectorsv; with
norms tkvik = 1.

As described above, the energf is integrated straightforwardly as a penalty
term into the registration energy (5.20), but adding it to the optimization algorithms
is not quite as straightforward. The simplest solution is tdreat the derivative of the
PCA energy termr P in a way similarly to the distance measure. The semi-implici
gradient descent scheme from equation (4.2) then becomes

I+ Aputd = yo r D(F;M 0)+2 (I s*wWhHhu 2w ; (5.31)

where A is a placeholder for the linear operator resulting from thetandard regu-
larizer, i.e. A (3.48) or A : (3.61). Similarly, for the Newton based methods, this
results in

U(t+l) = U(t) HD(F?Mu(t)) + Hp + A

rD(FMyo)+ Au®+2 (1 s 'wW i 2w @ (5.32)
where
Hp=21 stwT (5.33)

If we do not want to solve the large and densely populateéd, = s (I VV T) this
scheme can only be used with a numeric approximation for thegldsian of the overall
energy. Based on the secant condition (4.7)(4.10) it is poske to calculate a rough
estimate for HD(F;Mum) + Hp. While this method seems to work well enough in
practice, synthetic examples showed that they are limitedFor instance a synthetic
test case proved impossible to optimize, due to the descenteattions being so bad
that the step size control essentially stopped any progrest this test case a circle
had to be registered to a box, with a high weighted PCA regulaer containing only
translational componentst;. Cases like this seem to require that the PCA regularizer
is treated together with the standard regularizer. As the sstem matrix of the PCA
VV T is a linear operator of rather low rank it is possible to solvéor the linear system
arising from the combination of the standard regularizer ashthe PCA term. Doing
so for the semi-implicit gradient descent results in

G+ A+2 (1 sivwHHu™d =u®  (r \D(F;My0) 2 w)
(@+2 N+ A 2s whu®™ =y® (r \D(F;My0n) 2 w): (5.34)

This means one has to solve for the matrix1+2 )I+ A 2 VVT. Asthe
regularizer matrix A and the PCA system matrix VV T are symmetric and positive
semi-de nite, and the identity | is symmetric and positive de nite, the whole system
is symmetric and positive de nite (compare Appendix A). It @n thus be solved by
the application of a Krylov subspace method like Conjugate @dient (CG), which
requires only an implementation of the multiplication withthe system matrix. The
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multiplication with ttr@ matrix VV T can be e ciently implemented as a sum of inner
products VV Tu = ™ vi(v[u). The same can be applied for the Newton based
methods, with a system matrix ofH,, + A +2 (I VV 7).

Another approach to solve for the linear system containinghe added PCA matrix
VV T is based on the Sherman-Morrison-Woodbury formula (see e[Bete 08]). This
formula allows to rewrite the inverse of a matrix that is compsed of the sum of a
full rank matrix and a low rank update.

(E+aFFT) *=E *(a'l+F( FTE 'F) 'FTE %) (5.35)

with E 2 R" "andF 2 R"™; m n. The advantage of the reformulation is
that the inverse of(I FTE 1F) containing the low rank matrix F has only a size
of RM™ ™, If m is small compared ton this inverse is computationally cheap. The
inversion of the original linear system can thus be reduced tsolving several times
for E, which can be an advantage iE is sparse or otherwise easy to solve for. In the
case of the semi-implicit gradient descent we can associate

E=(1+2 )i+ A F=V a= 2s & (5.36)

The linear systemE is thus equivalent to the linear system arising from the appl
cation of the standard regularizer without the PCA. To evalate (5.35) with these
associations it is necessary to solve f&@ m times in order to evaluateE F and
an additional 2 times to calculate the nal result. If E does not change in between
iterations i. e. if the step size is not changed then the resuwf E 'F can be cached.
Otherwise it has to be recomputed in each iteration. This appach is, therefore,
computationally quite demanding. The main advantage is thait allows to employ
the FFT based direct solver for the solution of the standardegularizer matrix. Hav-
ing a direct solver available for this kind of problem is adwatageous, as it allows to
assess whether this implicit approach has a real advantagk.the system matrix is
instead solved by an iterative solver like conjugate gradie we are faced with the
problem of having to trade o between accuracy and runtime, @d can never be fully
certain that the non-linear optimization could not have peformed better if the result
of the linear problem had been more accurate.
In the case of the Newton based non-linear solver we would leato associate

E=Hp +2 1+ A F=V a= 2s . (5.37)

Here, the formulation is computationally even more disadvdageous asH,, and
therefore E change in every step. This makes a reuse Bf 'FT in the next iteration
impossible.

5.2.3 PCA Curvature Regularization

A di erent approach to a translation invariant deformation model is to generate the
model not on the deformations themselves but instead on thiederivatives. The
rst derivative of a deformation is already invariant to translations. As discussed
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in Section 3.4.2 the Laplacian of the deformation eld u is invariant against all
a ne transforms. This makes the model completely robust tomconsistencies in the
rigid alignment. As one of our standard regularizers is alaely based on Laplacian
term we also use the Laplacians of the deformation elds as¢hbasis for the PCA
model. Please note that the invariance to rotation and trarlations in the model, does
not altogether eliminate the need for a rigid pre-registrabn. The pre-registration is
still required in order to give a good starting position to tle non-rigid registration.
However, if there is a need during the optimization of the nenigid registration for a
rigid component in the transformu it is not penalized by the model.

With the mean and the Eigenmodes; computed on the Laplacians of the learning
data w, the PCA becomes

xXn
W (X) = argmax hvi;  w; wifJ (maximum variation) (5.38)
Vi j_l
. 1 X
with  w(x) = o wi(x) (mean) (5.39)
i=1
subject to (5.40)
kvik = hvi;vii, =1 (normal length) (5.41)
hvi;vjiy, =0 8i 6 j (orthogonality): (5.42)

The resulting regularization energy is de ned similarly to(5.21) as

u =argminE(F;M;u)= D(F;,My)+ Rg,(U)+ P (u) (5.43)
u )(n 5
P (u)= u(x) w + vi(x)hvi; u Wi
14 a X IR

i u(x) w + vi(x)hvi; u Wi dx: (5.44)
i=1

For this approach we only consider the curvature regularizeés standard regularizer,
as this will allow some simpli cations later on. For the calalation of the derivative,
we again make the simplifying assumption that the model haszero mean, i.ew =

w = 0. For the application of the PCA to the Laplacian of the deformation function
we will see during the calculation of the Gateaux derivativehat it is necessary
to impose von Neumann type boundary condition (3.44)(3.56)n the functions of
U, similarly to what is needed for the curvature regularizer.Note that as the v;
are composed of Laplacians of the training datav;, generated with a curvature
regularizer based registration method, these deformatismlso have the von Neumann
boundary condition (3.44) imposed on them. It therefore hdk that

N)Trvx)= ne)Trvix):n(x)Trvgx) =0 8x2@: (5.45)

To derive the Euler-Lagrange equations it is again necesgdp consider the vari-
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ation of P with respect to

d —
d—P (u+ ) L ,
> £ Xt T
= — (x) vihvis iy
1) 21 |
u(x) vi(x)hvi; uiy  dx
i=1
!
> £ T X .
== (T u) v uiy o
1] . =1 |
2 xXn xn
— vi(x)hvi; iy u(x) vi(x)hvi; uiy  dx (5.46)
i=1 i=1

Before the test function can be isolated its derivatives have to be eliminated. This
is done similarly to the derivation of the curvature regulaizer (see Section 3.4.2), by
applying Green's theorem and making use of the boundary catidns imposed on

u and v;. First the inner product of the second summand is treated tkiway. With
Vi = (Vi1;::05Vig), We get

. 1 4
bvi; iy, = 7 vij (y) j(y)dy
j=1
L Z z !
= — Vij (y)fr j(nyn(y} dy (rvig (y)Tr j(y)dy
Il e {
=0 by (3.44)
e Z z !
= O Vi (Do) dy+ (v () ) dy
1o @
=0 by (5.45)
=h vi; iy (5.47)

In a second step, the same is applied to the rst part of the sumand.

z s !
( xX)"  uX) vi(x)hvi; ui,  dx
i=1
xd Z X !
= ( jx)  u(x) Vi (X)hvi;  uiy

j=1 i=1
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A N !
- , T _ . )
_J-:l @Fr J()%) n(x; u;j (x) ~ vij (X)hvi; uiy o dx
=0 by (3.44)
z Lo
xXn
reNT 1w rvig Ohvi; uiy  dx
i=1
_Xd Z T Xﬂ T h/ . d
= . . i (x) fr _l:jéf(z)) n(x; . fr \f;j (@) n(x; Uiy dx
=0 by (3.56) =0 by|(5.45) |
Z 5 ! !
+ 50 Pu(x) vij (X)hvi; uiy,  dx
i=1
Z s !
= )" Pu(x) vi(x)hvi; uiy  dx (5.48)
i=1

Substituting the results of (5.47) and (5.48) into (5.46) wean now continue to isolate
the test function

d
—P +
gP U )
Z v !
_ 2 T 2 .
=5 ( (X)) u(x) vi(x)hvi; iy dx
=t |
2 4 X o X .
— vi(x)h vi; iy u(x) vi(x)hvi; uiy  dx
J J i=1 i=1
! !
X0 X0
=2 ; Pu h wviighvi; ui, 2 h vi; igh u;viig
i=1 | i=1
X " ] '
+2 iVl i, uigh; vy,
i=1 j=1 J:/_if{izz_j’
=0 otherwise
* +
X0
=2 ; 2u Vih‘/i; ui U (549)
i=1 U

As a last step, it is necessary to substitutel by u w to return to a nhon-zero mean
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PCA model.
* |+
d xn
—P U+ ) = 2 *u w) vitvi; (U w)iy
d =0 i=1 U
* |
xn ' xn
= 2 2 vitvi; uiy 2 2w vitvi; wi,
i=1 i=1
* |+
xn
= ;2 4 vibvi; ui,  w (5.50)
i=1 U
xn
w=2 2w vitvi;  wi,

i=1

Finally, with this simpli ed version of the Gateaux derivative, we can identifyr ,P
by making use of the inner product.

roP (WX)=2 2u(x) vi)hvi; uiy, woe (5.51)

Discretization and Optimization

The measure and its derivative is discretized by replacindhé di erential operators
and 2 with their respective discrete version® (3.48) andA : (3.61) that were
introduced in Section 3.4. Combined with the discretized imer product this yields

X 2
PW= A w) st wW'A U w
= (1 s™WDHA u w)?’ (5.52)
X !

roP (u(x)=2 A -.u st A WwW'Au w
i

=2 Au s!AWTA U w
=2 Au svVvu w (5.53)

w=(l sWWHA (u w):
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realized asA - = A A , then (5.53) can also be rewritten as
reP W(XX)=2A | s*wT'T A u 2w (5.54)

The integration into the optimization algorithms is perfomed, to some extent,
analogously to the integration of the PCA regularizer. For he semi-implicit gradi-
ent descent, with the PCA curvature regularizer added expitly, this leads to the
following formulation.

I+ A )u®D = y® r «D(F;My0)+2 (A 2 s vHu® w
(5.55)

The same can be applied for the Newton type methods

1
U(t+1) = U(t) HD(F;MU(t)) + Hp + A

r D(F;My0)+ Au®+(A . s wvHu® w ; (5.56)

where
Hp =2 A . s vy’ (5.57)

For the formulation of the semi-implicit gradient descent hat handles the curvature
PCA term implicitly, we get

l+ (A 242 (A2 stwvh) u®™D =u® (r \D(F;My0) W)

I+ ( +2)A 2 2s Wv" u®D =uy®  (r \D(F;M,n) W):
(5.58)

As far as the optimization algorithms are concerned this isuglitatively equivalent

to the formulations presented for the PCA regularization. e same is true for the
approach making use of the Sherman-Morrison-Woodbury fouta (5.35) to solve
for the matrices incorporating the PCA core matrixWV'. For the semi-implicit

algorithm we would associate

E=I+ ( +2 )A 2 F=VvT a= 2s % (5.59)
for the Newton based methods
E=Hu +( +2 )A F=V a= s & (5.60)

Especially in the case of a regularization term that, analagisly to the curvature
regularizer, is based on the Laplacians of the vector eld; is a reasonable expectation
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that an implicit treatment of this term is advantageous.



Chapter 6

Application: MR/PET Attenuation
Correction

The introduction of hybrid scanners, for example the combation of PET and CT
imaging within one machine, has brought many new possibilis to the eld of medical
imaging, such as the invention of highly speci ¢ tumor markes. However, the superior
tissue contrast and the large variety of di erent sequences ered by MR imaging
make it desirable to have such hybrid systems with an MR scaaninstead of the CT.
Although there are technical di culties to overcome, combned MR/PET scanners
for the human head have been studied for a while now and curtgnthe rst full
body scanners are undergoing clinical trials.

One of the problems posed by the combination of PET and MR is éhattenuation
correction of the PET image (see Section 2.3 and 2.4). In PEThé aim is to measure
the concentration of a radioactive tracer within the patieh body. However, the
guantity that the machine can actually measure is the radiabn emitted by the tracer
and attenuated by the patient body. In order to correct for the attenuation of the
measured radiation it is necessary to provide an attenuatiomap for each acquisition.
The map can be created, for instance, from a CT, where the rélan between the
energy dependent Houns eld units and the tissue densities known.

The values measured by MR, however, are not related to the atteation or the
tissue density, therefore, no straightforward solution isurrently available for the at-
tenuation correction in case of a hybrid MR/PET scanner. To geerate attenuation
maps from MR images there are two main categories of approash Segmentation
based approaches try to segment the MR image into di erent $sue classes (usu-
ally air, soft tissue and bone) with known attenuation valus. Registration based
approaches non-rigidly register an atlas CT to the patient ® image, thus creating
a pseudo CT for the patient. A survey of MR/PET attenuation techniques can be
found in [Hofm 09]. In addition, combined methods can be agpt that rst perform
an atlas registration and use the knowledge from the regiseal atlas as an additional
input to the classi cation step to get overall improved resits [Hofm 08].

Some recent methods instead focus on ultra short echo (UTEquences for the
MR/PET attenuation correction, as these are to some extent db to image bone in
MR. For instance, Keereman et al. [Keer 10] use two UTE sequescwith di erent
echo times to generate air, bone and soft tissue masks by ampemach composed of

105
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thresholding and combinations of the resulting masks. Thegompare their results to

also thresholded ground truth CT data and report a sensitity of 89%for bone,91%

for soft tissue and82%for air on phantom data. On real patient data they achieve a
(quote) overall accuracy of betweel®5%and 95%for all patients , which we assume
refers to the sensitivity to all tissue classes.

In this work we will concern ourselves only with an improvenm& of the atlas
registration. The multi-modal, non-rigid registration, which is used to perform such
an atlas registration, o ers many degrees of freedom in thg@atial domain and also in
the mapping of corresponding intensities, which is not knawa priori. We therefore
employ the statistical regularization of the deformation eld presented in Section 5.2.
The model we use in this application is generated from goldastdard deformation
elds computed on mono-modal CT registrations. The model &ined on these mono-
modal registration results is then used to constrain the merdi cult multi-modal
registration problem. The training CT data is also used to geerate good atlas image
for use during the atlas registrations.

In the following two sections we rst present the generatiof the atlas, the model
and the choice of parameters during their generation, foleed by an evaluation of
the atlas registration approach using a standard, a PCA cotrained and a curvature
PCA constrained registration method.

6.1 Model Generation

6.1.1 Data

For this evaluation data of34 di erent patients is used. Data from 9 patients is taken
from the RIRE database [West97]. The remaining patient data isf epilepsy patients
who had a PET/CT scan and a varying number and type of MR seque&es taken. All
in all, 34 CT scans,25 T1 weighted and17 T2 weighted MR scans are used during
the evaluation.

All the scans (CT and MR) are downsampled to an isotropic resation of 1:95mm
and volume size ofl28 128 71 The downsampling is performed in order to keep
computation times down, safe memory during the later applation of the PCA model
for the multi-modal registration and to make additional reampling during the ap-
plication of the PCA model unnecessary. The used resolutide su cient for the
application in MR/PET attenuation correction, as PET imagesthat were acquired
together with the CT image used in this evaluation had an isobpic spatial resolu-
tion of 2mm. Additional structures in the images, like the table in CT images, are
masked and ignored during processing (template image geswgon, model generation,
evaluation).

6.1.2 Template Image Generation

The rst step in the generation of a model is the computation bthe image that
will be registered to the patient MR images, which we will refr to as template
image. In [Daum09] we simply used another patients CT image-dowever, this is
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not ideal as, even though CT o ers the normed Houns eld unit KHU) for denoting
image intensities, there are signi cant di erences of thealues in similar tissue types
between di erent patients. For example the Houns eld valueof bone varies between
800and 1200HU in our data, depending on the general bone density of the pants.
In order to generate a good template from the available dataentherefore register
(mono-modal) all datasets to one manually picked referentleat is used as the xed
image in the non-rigid registration. All non-rigid registiations are preceded by a rigid
pre-registration. The xed image and the resulting deform& moving images from all
other datasets are averaged in this common frame of referencrhis mean image is
then used as the template for the MR/PET attenuation correcton.

As side note, it has to be mentioned that in contrast to the gesration of the
PCA model, the template image is not generated in a leave-co@t manner. The
ground-truth CT image of the patient for most of our datasetss thus included in
the averaging of the template image. This choice has been neatb reduce some
of the workload in the leave-one-out evaluation as it mean$at the gold-standard
mono-modal registrations have to be performed only once amnfy as the template
image does not change. As it is only one &4 images that are averaged and the
main aim of this evaluation is to compare the registration vih and without the PCA
regularizer, the e ects should be minimal.

The result of the averaging naturally depends on the sti nesused during the non-
rigid registrations. If the sti ness is chosen high, bad mathes and therefore blurry
averaged template images are generated. If the sti ness tsasen low, the registration
has too much freedom and the reference image is more or lesst jieplicated. In
Figure 6.1 the registration energies for di erent choicesfdhe sti ness parameter

are shown, together with a plot of the mean squared gradientagnitude in the
resulting template image, which is supposed to give an ided the sharpness of the
edges in the image. Figure 6.2 depicts slices of the genedatemplate along with a
sample deformation eld for one of the registrations perfened during its generation.
The sample images show the progression from very local anchremooth deformation
elds that result in very good matches and therefore a very srp average image to
very smooth deformation elds and a blurry average image. Téamain intent behind
the averaging is to get average values for structures that cavary in the Houns eld
unit they are represented in, like bones and to get rid of anamical details that
are not present in a majority of the scans. However, if the nengid registration is
given too much freedom, details present in the dataset used aed image can be
generated from unrelated structures in the other images. As usually the case in
non-rigid registration a compromise has to be found betweehe aim of a good match
and a match that identi es unrelated structures with each oher. For the very low
stiness value = 15 the deformation eld is exceedingly local and in some slices
even exhibits edges. The resulting template image accordlg looks almost the same
as the reference used during the registrations. As a good qmomise for this work
we identi ed a stiness of =25 by manual inspection of the data.
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Figure 6.1: Average registration energies for di erent choes of the stiness in the
generation of the template image. (a) shows the average, sged, gradient magnitude
in the atlas image as in indicator of image contrast and (b) th corresponding average
value of the distance measure, (c) regularizer and (d) ovdiraegistration energy.
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(a) Reference CT (b) =15 (c) =25

d) =40 (e) =80 (f) =150

Figure 6.2: Di erent results for the averaged image used ake template for di erent
choices of the sti ness . (a) shows the CT image used as xed imagg for the reg-
istrations. The remaining columns show the resulting tempte image (top row) and
a sample deformation eld of one of the registration perfored during the template

image generation. The higher the sti ness the smoother theefbormations and the
blurrier and less detailed the template image.
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Figure 6.3: The plots show the average registration energiever all training data
used for the gold standard generation, with respect to the osen sti ness parameter

. This illustrates nicely that, the lower is chosen, the better the distance measure
can be minimized.

6.1.3 PCA Generation

The next step is the generation of the PCA model. As we later wato register the
template image onto the patient data, the training data alsohas to be generated
by registering the template onto the patient CT images i.e. le template is used
as moving imageM in these mono-modal registrations. Again the unknown in tisi
process is the stiness parameter that should be used during the non-rigid regis-
trations. If the sti ness is chosen low the deformation eldwill be very ne grained
and local and a PCA decomposition will not nd too many meanigful major axes.
If it is chosen high the nal match will not be good and the detemined major axes
will describe deformation elds yielding bad matches. To dean intuition about the
e ects of the stiness several experiments are run with a sti ness parameter of
2 f 25,30,405Q060; 80; 110 150. These can be analyzed with respect to the qual-
ity of the numerical match i.e. the registration energies ée Figure 6.3) and the
variances along the axes of the PCA model (see Figure 6.4) ate curvature PCA
model (see Figure 6.5).

The average resulting registration energies after the naigid registration (see
Figure 6.3) show a steady decrease with decreasingi.e. the lower the sti ness,
the better the match, which does not indicate a speci c valuéor as a good value.
The second criterion we have to keep in mind is how well the rdss of these gold
standard registrations can be captured by the PCA models. T&is characterized by
the number of Eigenmodes necessary to capture a certain pamtage of the variation
in the data. This naturally improves the higher the sti nessduring the training
registrations was set as this will lead to generally smootheesults, which are more
likely to coincide between di erent datasets. This behaviois illustrated in Figure 6.4
and 6.5. The plots show the percentage of the overall variati in the training data
covered by a number of principal components. It is interestg to see that in general
the PCA model indicates a larger coverage of the variance ihd learning data, than
the curvature PCA model. It would be rash, however, to judgerém this that the
PCA model is superior. For example the curvature training da does not contain any
rotational information as this is lost in calculating the deivatives and similar things
will be true for relatively sti local motions. This kind of i nformation is therefore not
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or only to a small extent present in the learning data of the awature PCA, while
it might contribute a signi cant variance to the plain PCA model. As this kind of
information is easy to represent in the PCA model, it will bia the indicated coverage.

Another noteworthy observation concerning the curvature A is that not only
the coverage increases, but also the model variation itselécreases steadily with an
increasing value for the stiness . This behavior is a consequence of the standard
regularizer used in the registrations penalizing exactlyhe thing that we are trying
to learn in the curvature PCA model.

For the nal evaluation a stiness of =50 was used as a compromise between
match quality and model coverage, which gives us a coveragde90%with 15 compo-
nents for the plain PCA model, and80% with 19 components in the curvature PCA
model. To give an impression of the resulting model the rstiiree components of the
standard PCA model are depicted in Figure 6.6. These rst coponents show very
smooth and global deformations mostly related to changes size (mostly component
1) and shape of the skull.

As a nal step it is worth to consider the integration of the PCA model mean,
into the template image. This could either be done by directl applying the mean
deformationw to the template image or by combining it with the current estinated
transform u during the registration. The second approach generates neooverhead
during the registration, but has the advantage that we circmvent one additional
resampling step on the template. If the mean is treated in tkiway this has two
consequences: First, the mean transform does not generatpenalty energy in the
standard regularizer, as it has been incorporated into theemplate image and second,
the PCA model can be treated as having a zero-mean, thus siniping the PCA
regularization terms.

6.2 Evaluation

The basic registration algorithm used for the evaluation wes the mutual information
as distance measure in conjunction with the curvature regatizer. This algorithm is
run with the additional PCA regularizer, the curvature PCA regularizer or with no
additional regularization. The used optimization algoribm is the Newton formula-
tion (4.3). For the treatment of the Hessian both the choicegresented in Section 5.2.2
and Section 5.2.3 are employed: Either the Hessian of the PGé treated together
with the Hessian of the distance measure and estimated nurreally via the secant
condition according to (4.7) and (4.10) or it is handled indiidually and therefore
exactly, by making use of the Sherman-Morrison-Woodbury fmula (5.35) for the
PCA regularizer (5.37) or for the curvature PCA regularize(5.60). There are thus
ve di erent algorithms to compare:

" standard standard registration (no model regularizatian)

" PCA approximate registration with PCA regularization an d a numerical es-
timate for the application of the inverse Hessian of the PCAdrm

" PCA exact registration with PCA regularization, with the Hessian solved
exactly for the PCA
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(a) component 1, lateral (b) component 2, lateral (c) component 3, lateral
(d) component 1, frontal (e) component 2, frontal (f) component 3, frontal
(g) component 1, axial (h) component 2, axial (i) component 3, axial

Figure 6.6: Frontal, axial and lateral views of the gradienmagnitude of the rst
three principal components of the standard PCA regularizemodel.
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" curvature PCA approximate registration with curvature P CA regularization
and a numerical estimate for the application of the inverse é$sian of the PCA
term

" curvature PCA exact registration with curvature PCA regu larization, with
the Hessian solved exactly for the PCA

The quality of the atlas registrations is evaluated by compason with the CT
scans available for the patients. The CT images are aligneditivthe MR images
used during the atlas registration by a rigid registration. As the skull is a rigid
object and the rigid registration we employ has an accuracyf about 0:7mm - 1:2mm
target registration error for CT to MR registrations (see [Hhn 10] for a presentation
of the used rigid registration algorithm and an evaluation bits accuracy; the used
method is KCR), the aligned CT images can be treated as a reasdobe ground truth
for the evaluation. The scanner table visible in the groundrtith CT is masked and
ignored. For the comparison of the ground truth CT with the rgistered template
CT image several measures are employed.

" RMSE root mean square error (in Houns eld units (HU))
MAE mean absolute error (in HU)
" BDICE Dice's coe cient of thresholded bone areas (threstolded at 600 HU)

" STDICE Dice's coe cient of thresholded bone and soft tissue areas (thresh-
olded at -200 HU)

Mathematically these are de ned as follows: LeR be the ground truth reference
image, T the deformed template image and the points in the discretidamage domain
given by x; 2 with i =1;:::;n, then they can be written as

Vv

u
o pax
RMSE(R;T) = o (R(Xi) T(x))? (6.1)
i=1
1 X
MAE(R:T):H JR(Xi)  T(x)j: (6.2)

i=1

For the DICE measures we additionally, introduceN (I;t) = jfx; j 1(x;) > tgj and
N(;3;t) = jfxi jI(xj) >t~ J(x;) >tgji.e. N counts the number of pixels above
a threshold in one or two images. The two DICE scores we use iargvaluation are
therefore

. 2N(R;T;600)
BOICE(RIT) = N(R:600) + N (T:600) (6:3)
STDICE(R;T) = 2N(R; T; 200) (6.4)

N(R. 200)+N(T; 200)
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None of these measures alone is perfect for an evaluationtgtsort, but together
they give a good impression of the quality of the registratits. The main problem
of RMSE and MAE as a quality measure is their dependence on the&es of the
background area. The larger the background area, the lowehg mean values will
be as the registration of air to air will obviously always vyilel good results. They
are, therefore, not well suited for a comparison between dirent works that employ
di erent datasets, as these may contain more or less large dk@round areas, which
would bias the results. However, a comparison of our di erémethods, which are all
evaluated on the same datasets will work ne. RMSE and MAE alle a ne grained
comparison on the actual HU, which are after all, what we try @ recover by the
atlas registration. The Dice measures BDICE and STDICE do ridhave a problem
with a varying background area. In exchange they can only bepplied on masks,
thus ignoring the actual HU units. This is most prominent in te results for the
bone masks BDICE. The low values achieved there by all regiagtions is, in part,
due to the template image we use. Especially in the facial @& e. around the nasal
cavity, sinuses etc. there are a lot of rather thin bone strigres. These already have
a somewhat lower HU in the reference CT images we use. In thenjglate image
this is compounded, as it is a mean of these CT images, and thegistrations in the
template image generation do not yield identical images. Ehaveraging thus leads
to a smoothing of the bone structures in this area and thereaf® to lower HU values.
Many of these structures are therefore not captured by the thsholding used to
generate the bone masks used for BDICE. In the original CT ing&s however some of
these structures are included in the bone mask and conseqtlgtead to mismatches
in the masks that no registration algorithm can compensate.

The evaluation is split for the25T1 and 17 T2 weighted MR scans, as the distance
measure might give slightly di erent energies for the di eent MR sequences (the
normalization introduced in Section 3.5.2 is not used herePtherwise results for the
di erent patient data is averaged and presented with the radting mean and variance
for the individual measures.

A problem in the application of the registration algorithm s the parameter choice
for the stiness , the weighting of the PCA regularizer and the number of PCA
components used. Even though one can reason about the amoohtmorphological
variation covered by a particular model and the number of coponents used (compare
Section 6.1.3) this does not directly suggest for which nureb of components used in
a regularization term we will get the best results. It is posble to limit the range of
reasonable values, but eventually experimentation or sirhpa brute force parameter
search is necessary to determine a good parameter set. In oase a brute force search
on the complete evaluation data is rather prohibitive due taruntime constraints.
Especially in the case of the exact application of the PCAagularizers the runtime
of a single registration is already rather high, as one has swolve several times for the
standard regularizer in each iteration step. Therefore, arbte force search of many
parameter combinations is performed on a small subset of tlewaluation data. The
most promising candidates are then applied to the full dataAll the evaluations are
performed in a leave-one-out manner i.e. the dataset that ¢hatlas registration is
applied to is excluded from the model generations process.
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The results for the standard approach not using a PCA regulerer are given in
table 6.2. As this method only requires the sti ness paramet it is possible to give
results for the whole range of reasonable values. The bestukts (highlighted in each
column) show that for the T2 weighted MR scans a somewhat lowsti ness of =4
gave the best results compared with the best parameter settj of =6 for the T1
weighted scans. Overall we have a mean absolute error of ab@a HU with a rather
high standard deviation of 19 HU and a root mean square errof about 189HU for
the T1 weighted MR data as reference. As these values incluthe background the
actual deviation in the foreground pixels is higher. Nonettless, we get a very good
agreement in the STDICE i. e. soft-tissue and bones to air meit. The BDICE value
is substantially lower which is in part due to the used templg image, as discussed
above. The results for the T2 weighted reference data is oedira bit worse than
the results for the T1 weighted reference MR images in the ngaa&es comparing HU
directly (RMSE, MAE) and comparable in the Dice measures.

Table 6.2 shows the result for the PCA regularizer applied i the approximate
optimization. Both the MAE and RMSE decrease with the decreasbeing much more
noticeable for the T2 weighted reference MR images. For theesve also see a large
decrease in the variance of the measures, indicating a highebustness of the model
constrained registration. The Dice measures also improv&he largest improvement
can been seen in the BDICE. As the bones are relatively ne sictures by comparison
this indicates a better match in the details. The exact vesion shows similar results,
although with slightly di erent parameters.

The results of the curvature PCA regularizer presented in tae 6.4 for the approx-
imate and in table 6.5 for the exact optimization, give a ery similar impression.

Whether any of these improvements are signi cant is di cult to say, as the vari-
ance for the results given not only depends on the quality ofié registration, but also
on the quality of the atlas. As our atlas is not perfect, even aerfect registration
would likely not be able to generate a result with no distance any of our measures.
This would incur a base variance even for a perfect registtion algorithm. The
variances for the measures given are therefore not suitedjtage the signi cance of
the results. We can however see that we get general improvertgein all measures and
usually also their variances, for the model constrained appaches. This means the
average result improves and the likelihood of a really bad ({dier) result decreases.

Overall the results give the impression that the type of moddplain or curva-
ture) or its approximate or exact solution only make a mnor di erence in the
real application. The main di erence seems to be that plain vong deformations are
inhibited enough to nudge the registration towards the coact match. Usually, a bad
result that matches unrelated parts with each other will costitute a local minimum
in the landscape of the registration energy. The deformatiomodels help to elimi-
nate these undesirable local minima, while leaving the loceninima of the desired
solutions intact. Hence, the relatively minor in uence of he actual formulation of
the constraining model term.

We can therefore conclude that the approximate implemeation, which requires
far less computational overhead, is su cient to improve theresults of our atlas reg-
istration. This implementation only requires the computaton of a few addition dot-
products and vector additions. In exchange we get a higher mbined robustness



118 Chapter 6. Application: MR/PET Attenuation Correction

and accuracy of the registration application if we have an gfication case that has
a limited variability in the kind of deformations that can occur.
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Table 6.1: Results of the atlas registration using the standd registration approach (no PCA regularization).
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com RMSE MAE BDICE STDICE
PI—E E E E
25[108 23| 1:68710¢° 3:33110' | 7:45210" 1:87010' | 6:82410 ' 833910 2 | 9:68110 ! 7:76910 °
35[/10°8 23 || 1:71410° 3:70210' | 7.60210" 2:08210' | 6:75710 ' 1:19110 ! | 9:68610 ! 6:86910 °
50/[10 10 10 || 1:70210¢° 3:69310' | 7:53010 2:08710' | 6:78910 ' 1:30510 ! | 9:70110 ! 6:11110 3
50|10 ° 26 || 1:6911¢° 3:56510' | 7:47110" 2:01210' | 6:84410 ! 1:19610 ' | 9:70310 ! 5:92010 °
6.0 10 10 10| 1:68710° 3:42910' | 7:42210" 1:92810' | 6:87310 * 1:12610 ! | 9:70910 ! 557510 3
60|10 % 20| 1:68510° 8:3641 7:40910" 1:9021 6:87910 ' 1:09610 9:71010 ' 5:48110 3
6.0 10 1 10 || 1:6901C¢° 3:42310' | 7143610 1:93310' | 6:85710 ' 1:16410 ! | 9:70810 ! 5:51110 3
6.0 101 20| 1:69310° 3:46110' | 7:44910" 1:95010" | 6:85010 * 1:17010 ! | 9:70710 ! 5555710 °
6:0| 10 ! 23 || 1:69210° 3:46510' | 7:44510" 1:95210' | 6:85210 ' 1:17510 ! | 9:70810 ! 5:47810 °
(a) MR T1 weighted reference images (mean and variance ove5 datasets)
com RMSE MAE BDICE STDICE
PI—E E E E
25[108 23| 1:8101¢° 6:02010" | 7:75710" 2:47610' | 6:84510 1 1:10510 ! | 9:66910 ! 1:42510 °
35[10°8 23| 1:76810° 4:36510' | 7:58310" 1:82510' | 6:90210 * 9:30010 2 | 9:69510 ! 9:90910 °
50[10 10 10 || 1:69310° 2:61910' | 7:34110" 1:30210' | 7:08610 * 814210 ° | 9:71510 * 6:67910 °
50[10° 26 || 1:72310° 3:17510' | 7243910 1:45210' | 7:01510 * 8:38310 ? | 9:71010 * 7:46310 °
6010 10| 1:67610° >2:1001 7:28410" >1:1971 7:10510 ¢ j:87810 9:72310 1 7:38710 3
6.0 10 10 20 || 1:6791C¢° 2:13610' | 7:29510" 1:20910' | 7:09810 * 7:80110 2| 9:72210 ! 7:61310°
6.0 10 1 10 || 1:6791C¢° 2:11810' | 7:29810" 1:20810" | 7:09610 * 7:83310 2 | 9:72110 ' 7:43410 3
6.0 10 % 20| 1:67910¢° 2:12910' | 7:29610" 1:20910' | 7:09910 * 7:83610 2 | 9:72110 ! 7:62710 °
6:0| 10 1 23 || 1:67810¢° 2:10010" | 7:29110" 1:20010 | 7:10010 * 7:82310 ? | 9:72210 ' 7:55610 °

Table 6.2: Results of the atlas registration using the PCA regarizer and the approximate optimization scheme.

(b) MR T2 weighted reference images (mean and variance ovel7 datasets)

0cT

UOoN98.410D uonenuany 1 3d/49IN :uoneoddy ‘9 1aideyd



com RMSE MAE BDICE STDICE
P E E E E
5010 1 10 || 1:70110¢° 3:56610' | 7:52810" 2:01310' | 6:81210 ' 1:21510 * | 970010 * 6:11510 3
50[10 10 16 || 1:70310° 3:62410' | 7:53910" 2:04610' | 6:79410 * 1:27910 ' | 9:70110 * 5:98110 °
5010 16 || 1:70810° 3:72810' | 7:56710" 2:09710" | 6:77710 * 1:32010 ' | 9:69910 * 6:26810 °
6:0| 10 10 10 || 1:68410° 3:31310' | 7:41810" 1:86610' | 6:90810 ' 1:06210 ! | 9:71210 ! 5:56110 °
6:0 |10 10 16 || 1:68310° 3:29610' | 7:41310"° 1:85910' | 6:91610 ' 1:05410 ! | 9:71210 ! 5:65410 °
6:0 |10 1° 20| 1:68210° ;8:2941 7:40510 >1:8581 6:91710 1! :1:06010 9:71410 1 :5:46710 s
6:0| 10 T2 16 || 1:69810° 3:45610' | 7:48510" 1:94210' | 6:84510 * 1:20310 ! | 9:70510 * 5:57410 °
6:0 | 10 *° 20 || 1:69710° 3:43810' | 7147610 1:93210' | 6:85110 * 1:18610 ' | 9:70610 ' 5:61210 3
(&) MR T1 weighted reference images (mean and variance ovex5 datasets)
com RMSE MAE BDICE STDICE
P E E E E
50[10 1 10 || 1:68310° 2:32410' | 7:32810" 1:21810' | 7:09710 ' 7:97410 ? | 9:71810 ! 6:71710°
5010 1 16 || 1:68910° 2:48010' | 7:34810" 1:26010' | 7:08210 ' 8:00810 2 | 9:71910 * 6:48710 °
5:0| 10 *° 16 || 1:69010° 2:46710" | 7:35110" 1:25110' | 7:09210 ' 801910 % | 9:71710 * 6:55810 °
6:0| 10 1© 10 || 1:68210° 2:14910' | 7:32210" 1:20210' | 7:09110 * 7:80210 ? | 9:72410 * 7:42510 °
6:0| 10 1° 16 || 1:68410° 2:16310' | 7:33410" 1:20510' | 7:08710 * 7:86310 ° | 9:72310 * 7:50910 °
6:0 |10 10 20| 1:68310° 2:15410' | 7:32710" 1:20710' | 7:08910 * 7:79210 9:72410 1 ﬁ:35010 3
6:0 | 10 *? 16 || 1:67810° 2:10110' | 7:30710" 1:19310' | 7:10810 * 7:70010 2 | 9:72310 ! 7:45110°
6:0 | 10 *? 20| 1:67610° >2:0801 7:29810" >1:1911 7:11110 1 j:66710 219724101 7:26410 3

(b) MR T2 weighted reference images (mean and variance ovel7 datasets)

Table 6.3: Results of the atlas registration using the PCA regarizer and the exact optimization scheme.
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com RMSE MAE BDICE STDICE
PI—E E E E
40[10Y9 26 || 1:74210¢° 3:91310' | 7:76310" 2:20710"' | 6:61410 * 1:43310' | 9:68710 ! 6:88310 °
50[10 % 20 || 1:70910¢° 3:70110" | 7.57010" 2:08710' | 6:77210 ' 1:32610 ' | 9:69910 ! 6:16910 °
50|10 % 26 || 1.7101¢° 3:72610' | 757610 2:09910" | 6:76710 * 1:32810 ' | 9:69810 ! 6:21410 °
5010 % 26 || 1:7101¢° 3:70410' | 7.57410" 2:08510' | 6:77210 * 1:31610 ' | 9:69810 ! 6:21010 °
6.0 10 ® 20 || 1:69410° 3:42110' | 7:46810" 1:92210' | 6:85910 * 1:19010 ' | 9:70710 ! 5:47410 °
60|10 ® 26 || 1:69410° 3:42210' | 7:46810" 1:92210' | 6:85910 ! 1:19110 ! | 970710 ! 548310 °
6.0 10 1 20| 1:69410° 3:42110' | 7:46810" 1:92310' | 6:85910 ! 1:19010 ! | 9:70710 ! 547510 °
6.0 101 26| 1:69410° 84161 7:46410" 1:9201 6:86210 ' 1:19310 9:70810 ' 5:50210 3
6:0| 10 3 26 || 1:69510° 3:42710' | 747210 1:92710' | 6:85610 * 1:18810 ! | 9:70710 ! 5:53810 °
(a) MR T1 weighted reference images (mean and variance ove5 datasets)
com RMSE MAE BDICE STDICE
PI—E E E E
40[ 109 26 || 1:69310° 2:69910" | 7:34310" 1:25610' | 7:10410 * 847410 %2 | 9:71010 ! 6:01210 °
5.0/ 10 % 20| 1:67910° 2:24710' | 7:31610" 1:20410' | 7.09710 * 803010 2 | 9:72110 ! 6:00410 °
50[10 % 26 || 1:68110° 2:31510' | 7:31710" 1:21810' | 7:10510 ' 7:96510 ? | 9:72010 ! 6:26210 °
5010 % 26 || 1.67810° 2:24210' | 7:30810" 1:20310' | 7:11010 * 7:94710 ? | 9:72010 ! 6:16310 °
6.0 10 ® 20| 1:67610° 2:0921 7:29610" 1:1881 711810 ' "7:80110 9:72410 1 "7:32210 3
6:0 | 10 %° 26 || 1:67610° 2:08910" | 7.29710" 1:18810' | 7:11410 ' 7:77010 ? | 9:772410 * 7:40410 3
6.0 10 1 20| 1:67610° 2:08410' | 7:29910" 1:18810' | 7211310 * 7:74710 2 | 9:72410 * 7:38310 °
6.0 10 % 26| 1:67610° 2:09510' | 7:29910" 1:19010' | 7211110 * 7:78210 2 | 9:72310 ! 7:53710 °
6:0| 10 3 26 || 1:67910° 2:12010' | 7:30810" 1:19610' | 7:10710 ' 7:76410 ? | 9:72210 ' 7:63210 3

Table 6.4: Results of the atlas registration using the curvate PCA regularizer and the approximate optimization sceme.

(b) MR T2 weighted reference images (mean and variance ovel7 datasets)
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com RMSE MAE BDICE STDICE
P E E E E
5:0( 10 % 16 || 1:71210° 3:73010' | 7:58610" 2:10410' | 6:76510 ' 1:32610 * | 9:69610 * 6:17010 °
5010 16 || 1:70910° 3:72610' | 7:57110" 2:09910" | 6:77310 * 1:32610 ' | 9:69810 * 6:25510 °
6:0| 10 % 16 || 1:70110° 3:48510' | 7:49710" 1:96010" | 6:83910 * 1:20110 ! | 9:70410 * 5:46710 °
6:0] 10 % 26 || 1:70110° 3:48610' | 7:49810" 1:96010' | 6:83810 * 1:20210 ! | 9:70410 ! 5:47610 3
6:0] 10 ¢ 16 || 1:69610° 3:43310' | 7:47510"° 1:93010' | 6:85610 ' 1:19010 ! | 9:70710 ! 5:55510 °
6:0] 10 ¢ 26| 1:69010° ;8:4201 7:43010" >1:9281 6:86810 1! :1:18410 9:70910 1! :5:42910 s
6:0| 10 8 16 || 1:69810° 3:45210' | 7:48410" 1:93810' | 6:85010 * 1:18610 ' | 9:70610 * 5:70510 °
6:0 | 10 ¥ 26 || 1:69710° 3:45710' | 7:48010" 1:94110' | 6:85110 * 1:18710 ' | 9:70610 ' 5:67210 3
(&) MR T1 weighted reference images (mean and variance ovex5 datasets)
com RMSE MAE BDICE STDICE
P E E E E
50[10 % 16 || 1:69210° 2:54010' | 7:35410" 1:26810' | 7:09010 * 8:00310 ° | 9:71810 * 6:80210 °
5010 3 16 || 1:67210° 2:09710' | 7:28710" 1:1651 7:12710 1 j:88210 21972010 ' 6:53910 3
6:0 | 10 % 16 || 1:68510° 2:16910' | 7:33510" 1:20710' | 7:08710 ' 7:74110 2 | 9:72210 * 7:82910 °
6:0| 10 % 26 || 1:68410° 2:16110" | 7:32810' 1:20510' | 7:09310 * 7:75110 ? | 9:72210 ' 7:85310 °
6:0 | 10 16 || 1:67810° 2:10310' | 7:30810" 1:19410' | 7:10710 * 7:75410 °? | 9:72310 * 7:51310 °
6:0] 10 ¢ 26| 1.6711C° >2:1261 7:24910 >1:2221O1 7:12410 ' 7:79210 ? | 972210 ' 7:62510 °
6:0] 10 B 16 || 1:67710° 2:07410' | 7:29910"° 1:18510' | 7:10810 * 7:75610 9:72510 1! ﬁ:21510 3
6:0] 10 B 26 || 1:68110° 2:12710' | 7:31410" 1:19710' | 7:10210 * 7:78010 | 9:72210 ' 7:69410 3

Table 6.5: Results of the atlas registration using the curvate PCA regularizer and the exact optimization scheme.

(b) MR T2 weighted reference images (mean and variance ovel7 datasets)

uonenjens °'z'9

ect
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Chapter 7

Summary

Image registration is a standard task in medical image prossing. The retrospective
combination of images from di erent modalities, time poins or even di erent patients
is used directly for visualization, as well as indirectly aghe basis for numerous ap-
plications, such as di erence imaging, atlas registratigrthe training of shape models
and many more. Accordingly, this eld has sparked a lot of re=arch interest and lead
to numerous di erent registration approaches that di er from each other in the type
of transform they employ, such as rigid, a ne and non-rigid on-rigid, whether they
model it parametric or non-parametric and how they calcula it. An overview over
the most commonly employed is given in Section 3.1.

This work focuses on a non-rigid, non-parametric registretn scheme. Especially
in non-rigid registration approaches the general usabiitand the evaluation of the
registration results is a problem. Many registration appraches require the user to
specify numerical parameters necessary for the optimizati algorithm. Additionally,
in non-rigid registration, it is always necessary for the @ to specify how non-
rigid the desired result may be, as this is purely problem depdent. Finally, if
a visually appealing registration result is achieved it istdl not completely clear if
it only looks good or actually makes medical and physiologit sense. The aim of
this work is therefore to ease the use of non-rigid registian by providing a solid
standard registration approach that makes parameter selg@n as easy as possible,
and integrating additional prior information into the registration that can make the
registration more robust and the output more predictable.

The registration scheme used in this work assigns a vector &ach individual
position in the xed image that describes its correspondindpcation in the moving
image's frame of reference. If the images are representedcastinuous functions
this is therefore a vector valued function over the image damm. The registration
is now concerned with nding such a transform that leads to a@pd match and is
regular in some sense. The quality of the match is de ned by ansilarity measure.
In this work we employ the sum of squared di erences (SectiaB.3.1) between the
images and the mutual information (Section 3.3.2) which meares the statistical
information shared by the images. The required regularityfdhe transform is usually
a requirement pertaining its smoothness. In our case we workost of the time
with the so-called curvature regularizer (Section 3.4.2) wich penalizes variations in
the second order derivative of the deformation function. Walso shortly introduce
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the somewhat simpler di usion regularizer (Section 3.4.1Which penalizes rst order
derivatives instead.

These two terms, the distance measure and the regularizergave to be weighted
against each other by the so-called sti ness parameter, toedide whether a better
match or a smoother transform is more important. The weightig depends on the
scaling and value range of both terms which themselves depleon the input data.
By examining the behavior of the registration result with repect to the sti ness
parameter and the input data we propose some rescalings thatke a choice of this
parameter better predictable and more intuitive for the use

As the type of optimization algorithm has a signi cant in uence on the registration
result we compare several methods. The most important aspec the optimization
seems to be how the regularizer is integrated into the formation. Due to its global
in uence the regularizer can pose problems in the non-lineaptimization, however,
the regularization terms considered in this work are only qudratic terms which can
be solved directly. The non-linear optimization schemes pbored here, therefore, are
a semi-implicit gradient descent method, which treats theegularizer implicitly, and
several variants of Newton type methods that all work with tle correct Hessian matrix
for the regularizer. The Newton type methods di er mainly inthe way they treat
the Hessian of the distance measure. In the case of the sumaiiaed di erences an
analytically derived approximation can be used. For a moreegeral applicability that
also works with the mutual information distance measure, maeric approximations
like an L-BFGS scheme are applied. All methods are evaluatad a single- and
multi-level context. The more generally applicable L-BFGScheme proves to perform
almost on par with the analytical approximation for the disence measure. In very
seldom cases the numerical estimation of the Hessian caupesblems that degrade
the results. As an alternative we propose a similar schemeathonly approximates the
Hessian of the distance measure with a scaled identity matri While the single-level
performance is not quite as good as the L-BFGS it is very close the multi-level
environment and was a bit more robust in our experiments.

But even for the best non-rigid registration, some problems er just too many
ambiguities to yield a robust and good result. To improve th&e situations we incor-
porate additional prior information into the registration formulation. The rst kind
of additional information we use are known point-to-point orrespondences. These
landmarks specify a priori known parts of the deformation. @rsequently, we propose
to remove these regions from the domain over which the registion is computed and
instead treat them as boundary regions. This way the computianal e ort actually
gets less, if more known correspondences are speci ed. Tlgliional information
is shown to be able to constrain the registration in a way thatmproves registration
results to agree better with user expectations.

The second approach for integrating prior information presnted in this work,
Is a bit more involved. If gold standard deformations for a c¢tain application are
available these can be used to build statistical models oféhmost common kinds of
deformations. In our case we examine two types of model. A PQAodel computed
directly on the deformation elds and a PCA model computed otthe Laplacian of the
deformation elds. The rst approach is susceptible to rigd transforms contained in
the learning data. These are the result of misalignments irné rigid registration that
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is performed before the gold standard registrations are cquited. This is to some
extent xed by adding additional translational componentsto the PCA model. As the
second approach generates the model only on second derixedi of the deformation
elds it is robust to rigid motions in the learning data by default. The models are
added to the registration formulation as additional energyterms. Any part of a
deformation that cannot be represented by the model is quaatically penalized. In
the optimization algorithm these terms can be either treai@ similarly to the distance
measure, or we can make use of the linear nature of a PCA traosh to solve for
them similarly to the regularization term. While the second pproach is numerically
better it also demands a lot more computational e ort and dog not yield signi cant
advantages in our experiments.

The model based regularization is applied in the practicalpplication scenario
of MR/PET attenuation correction. In PET there exists the necessity of perform-
ing attenuation correction, which requires an attenuationmap of the patient. In
PET/CT scanners the CT can be used as the source of the atteniian map. In a
MR/PET hybrid scanner, however, the MR data cannot be used dectly to compute
an attenuation map, as the values measured by the MR scannereanot related to
attenuation in any way. One possible way to derive an attend@n map from the
MR image nonetheless is to perform an atlas registration byegistering a template
CT image to the MR image and use the deformed CT as attenuatiomap. This
multi-modal inter patient CT to MR registration is quite di cult. Allowing large
deformations in the non-rigid registration can lead to nunm®us mis-registrations.
A more constrained non-rigid registration, however, will ften be too in exible to
match the atlas su ciently to the patient dataset. We alleviate this by adding the
model based regularizers. These allow large deformatiost coincide with deforma-
tions learned from mono-modal registration data and inhilbbideformations deviating
from this learned information. Experiments show an increasin overall accuracy and
robustness of the atlas registrations.

The algorithm presented in this work is therefore suited to uimerous medical
applications. For standard registration problems the usecan specify the desired
smoothness of the result in a simple and intuitive way. If theesult does not agree
with the users expectations it can be re ned by manually addig landmarks that
constrain the registration. In specic application scendos the algorithm can be
additionally constrained with information from gold standard training data, to yield
robust and reliable results.
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Appendix A

Matrix Properties

In this appendix the properties of the linear system matriceresulting from the dis-
cretization of the regularizers from Section 3.4.1 and 321and, depending on the
optimization method, the distance measures are discussed.he main point of inter-
est here is the positive de niteness as it is this property tht decides whether most
of the standard iterative linear solver schemes like the Khgv subspace methods or
Multigrid can be applied.
Let A 2 R" " be the system matrix as indicated above. We want to show that

is positive de nite (PD) under certain, easy to check condibns. A common de nition
for positive de niteness is

XTAx > 0 8kxk60 (A.1)

A necessary and su cient condition forA being PD is that there existn real valued,
positive Eigenvalues forA, i. e.

i2R N >0 8Av,= ,v; kvik=1 i=1;:::;n: (A.2)

This is a su cient condition for (A.1), as

XTAX = xT(vy;iiovn) T diag( 10005 n)(Va)iiiiva)X
= y"diag( 1;:::5 )y
X0
= i
i=1
>0 8kyk= k(vy;::i:;vp)xk=kxk 60:

The converse, i. e. that (A.1) implies (A.2) is also true, butequires are more elaborate
proof, and is not necessary for the work presented here. A Wwearequirement than
PD, is the positive semi-de niteness

xTAx O (A.3)

A matrix being positive semi-de nite (PSD) is thus either PD or singular. Simi-
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larly to (A.2) a necessary and su cient condition for A being PSD, are real valued
Eigenvalues O, i.e.

i2R 7N i 0 8Av;= v i=1;:::;n: (A.4)

The proof relating (A.4) to (A.3) is identical to (A) with > replaced by
It also holds that adding a PD matrix A and a PSD matrix B will yield a PD
matrix in turn, as

xT(A + B)x = T(-T{%Z(} + T(_T{@} >0 8kxk > 0 (A.5)
>0 0

Assuming that A hasn real valued Eigenvalues, it can be shown tha is PD if
it is diagonally dominant, i. e.

X" - - -

aji IEN 81 i n (A.6)
j=1
i6i

We now consider an arbitrary Eigenvalue and its associated Eigenvector. Without
loss of generality it is possible to choose a scalingwfand an indexi such that

Vi jvj>0 81 |j n (A.7)

Using this maximum entryi in the Eigenvector and the diagonal dominance (A.6) it
Is possible to show that

X1 X“ - .. -
V= ajVi &V 18 1vj)
j:]_ J:l
i6i
X1 - - X] - -
ai Vi jajjvi = &y jaj] v by (A.7)
j:l ]=1
i6i i6i
and therefore
X] - -
aj jajj O by (A.6): (A.8)

wherea; is the element in thei-th row and j -th column of the matrix A. As this can
be shown for each of th@ Eigenvalues, we have shown that (A.4) holds and therefore
A is at least PSD.

Additionally, if it is possible to prove that A is non-singular i.e. ; 6 0 for all
Eigenvalues, then we can conclude thak is PD. This is, for example necessary for
the random walker system matrix. In this case the non-singaitity of the diagonally
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dominant matrix can be shown by requiring two more propertie (the following proof
is similar to [Schw 06] pp. 499). The rst is the strict diago@l dominance in one line,
i.e.

9i ai > ja”j (Ag)

Additionally, it is necessary to require thatA is not reducible. A reducible matrix is
de ned as

ON; 6 ;;N, 6 ; Nl[ N>, = N; Nl\ N, =
a =0 8i2Ngj 2Ny (A.10)

exists a permutation matrix P such that

All A12

PTAP =
0 Ax

(A.11)

The non-singularity of A is then proven by contradiction. Suppose that there exists
an Eigenvalue =0. It follows that, for a single row ofAv = v

X
a”- Vi= V= 0
j=1
X
ai Vi = a;j Vi
i=1 (A.12)
j8i
. .. . .X‘I . X] - .. .
laijviy =1 a5Vl 185 ) Vi )-
j=1 j=1
jsi j6i

Furthermore choosev such that kvk; =1, i.e. jyj 1with 1 ] n. For
N;:=fi2N :jvj=1g86 ; andi 2 N; results

X1 . . - -
jaj) ] ai) by (A.6)
j=1
i6i
= jajjvil
X1 - e -
IENING by (A.12) (A.13)

j=1
i6i
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If N;y= N, thenjvjj=1 81 | nandequation (A.13) implies that

X1 . . . . .
jajj=jaij 81 i m (A.14)
i=1
i6i
which contradicts (A.9). ThereforeN; 6 N and we de ne
N, =NnNnN; 6 ;: (A.15)
From equation (A.13) it can be derived that

X1 - . X1 . .. . X“ . . . -
jay | jay jjvi] and jagj(L jvj) O (A.16)

i6i i6i i6i

From (A.15) it follows that for all indicesj 2 N, and thereforej 2 N; the inequality
1 j v;j > 0 holds. In order to satisfy (A.16) it is therefore necessarnyhat ja; j =
0 8 2 N,. As this contradicts the irreducibility (A) the assumption that =10
has to be wrong.

These results can now be applied to the regularizer matriceised in this work.
The discretized system matrices of the di usion (see Secti®.4.1) and the curvature
(see Section 3.4.2) regularizer are both diagonally domimaand symmetric. They are
thus PSD. In the semi-implicit gradient descent optimizaton scheme (Section 4.2),
they are added to a (positive) multiple of an identity matrix. As the combination of
a PSD matrix (regularizer) and a PD matrix (identity) yields a PD matrix according
to (A.5), the system matrix of the semi-implicit gradient descent scheme is indeed
PD. The same is true for the inexact newton approaches (Semti 4.3) as each of the
approximations of the Hessian of the distance measuke presented there is PD.



Appendix B

Stencil Notation

The system matrices of the registration methods presented this work have in com-
mon that they are very large and sparse. For this type of matxiit is impractical
to put them down as a whole. In fact as most of the matrix is llel with 0 anyway,
giving every entry explicitly would be very redundant. Insead this kind of matrix,
resulting from discretizing a local operator on a regular gf is usually given in the
so-called stencil notation (see e.g. [Brig00]). Basicalthe stencil is a direct repre-
sentation of the discrete local operator, much like a Iter msk. For example, let us
consider a2-D problem of dimensionn m to which an operator described by the
stencil

2 3
S1 S» S3

45, s5 s6° (B.1)
S7 Sg So

is applied. If the variables on the discrete grid on which tlsioperation takes place are
sorted rst column- and then row-wise, then the rows of the corresponding matrix
A 2 R"™" with elementsa; are de ned as

A m 1= S dii m= S2 dii m+1 = S3
i 1= S4 Qi = Sg dii+1 = Sp (B.2)
dii+m 1= S7 dii+m = Ss Aii+m+1 = Sg

However, this is only applicable for the rows not correspoimty to a point in the
2-D domain not lying on a boundary. For example on the lower bawdary of the rst

dimension the assignment ady.; m 1 = @ m would be invalid. At the boundaries the
stencil therefore has to be deformed according to the speetl boundary conditions.
For example at the left boundary of the domain and with von N umann boundary
conditions the stencil

3
0 so+S; S3

4 0 Ss+ S5 Sg 5 (B3)
0 sg+s7 S
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would result. If Dirichlet boundary conditions were choses;, s; and s; would simply
be set toO, i.e.

2 3
0 s s3

40 s5 569 (B.4)
0 sg Sg

These deformed stencils are applied as speci ed by equati¢B.2), except for the
zero entries in the stencil.

The stencil from (B.1) with Dirichlet boundary conditions would therefore de-
scribe the matrix depicted in Figure B.
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Appendix C

Notation

a scalar

v vector

A matrix

V(X) a vector valued function

X a continuous vector valued variable

KL(py;p2) the Kullback-Leibler divergence

diag(A) a matrix consisting of the main diagonal of the matrixA

f g function composition

R real numbers

rf gradient of function f

f the Laplacian of functionf

f?g convolution of functionf with g

df (u; ) Gateaux derivative off with respect to the function u using the
testfunction
computational domain for a registration

I the size of the domain

@ the boundary of the domain

U Hilbert space of functions 7!

kuk, norm foru 2 U

hu;vi, inner product for u;v 2 U

registration transform
I identity matrix
F xed image
M moving image
u deformation
M deformed moving image i.eM, = M(x u(x))
u) registration energy
D(F;M,) distance measure
Dw (F; M) mutual information distance measure
Dsso (F; M) SSD distance measure
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R(u) regularizer energy

Ry (u) di usion regularizer energy

R (U) curvature regularizer energy

P(u) PCA model regularizer energy

P (u) curvature PCA model regularizer energy

Hsso Hessian of the sum of squared di erences distance measure
Hw Hessian of the mutual information distance measure

A system matrix of the discretized di usion regularizer

A system matrix of the discretized curvature regularizer

step size in optimization algorithms

S number of pixels in the discretized domain

d dimensionality of the problem
weighting factor for the standard regularizer (see SectioB.5.1)

i gray value in the xed imageF

im gray value in the moving imageM

i combined/overlaid gray valuei = (ig;iv)

E [X] expectation of the random variablex

Var [X] variance of the random variablex

p probability density function

Pe probability density function of the xed image gray value dstribu-
tion

Pwm probability density function of the moving image gray valuedistri-
bution

PE:m joint probability density function
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Abbreviations

1-D one-dimensional

2-D two-dimensional

3-D three-dimensional

AX C-arm X-ray angiographic imaging

BFGS guasi-Newton method due to Broyden, Fletcher, Goldfar and
Shanno

CG conjugate gradient

CR correlation ratio

CT computed tomography

DICOM digital imaging and communications in medicine

DOF degrees of freedom

DSA digital subtraction angiography

FFT fast fourier transform

GPU graphics processing unit

HU Houns eld unit

KL Kullback-Leibler

MAE mean absolute error

MI mutual information

MR magnetic resonance

MSE mean squared error

PCA principal component analysis

PD positive de nite

PDE partial di erential equation

PDF probability density function

PET positron emission tomography

PSD positive semi-de nite

SDM statistic deformation model

SE sensitivity

SPECT single photon emission computed tomography

SSD sum of squared di erences
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SVvD singular value decomposition
TPS thin-plate splines
TRE target registration error
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