Discrete wavelet transform (Synopsis)

e [ilters

h = (ho,h1,...,hy) with h(z) =ho+hi(2)+---+hpz" and H(w)
g="(90,91,...,9z) with g(2)=go+g1(2)+---+grz*¥ and G(w)

h(e™)
g(e™)

related by

o= (“Dfhpy (0<k<L), ien g(z)=(—2) h(~1))

e Orthogonality conditions

M=) h(2) +h(=2) - h(—1) =2 H@)P + B+ )P =2
9()-9(2) +g(~2) -g(~2) =2 G)P + [Hw+ ) =2
M=) 9(0) +h(=2) - 9(~3) =0 H(w) O@)+ Hw+m) Clotm) =0

0 0 j=0,1,2 ...

H(j)(()) -0 G(j)(ﬂ') =0 j=12...
e Analysis transformation
H:a(z) = 5 [h(z) - a(z) + h(=2) - a(=2)].2.

G:a(z) = 5 lg(2) - alz) + 9(=2) - a(=2)] 2,

N =N =

e Synthesis transformation

H : a(2) h(%) ca(2) G a(2) s g



e Reconstruction condition

H H+G - -G=1
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z z
e Transformation of signals of finite length N
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— One-level analysis transform
. HNJX a(l)
— One-level synthesis transform
Py QN1
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— Projections and coefficients

xM) = Pyix = HJTVJHNJX

y(l) = Qn1Xx = Gj\QlGN,lX :

: projection onto the approximation space
projection onto the detail space

: approximation coefficients
d¥ = Gyix:

a(l) = HNJX

detail coefficients



Properties
PJ%/,I = P, Q?\m =0Qn1, PviQni=0niPvi =0, Pyvi+Qny =1

— Multilevel transform

* Matrices

Hyy = Hyjor11  Hyjp—1 = Hyjor-1 1Hyjor—2 1 - - Hyjp 1 Hn g
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« Analysis (approximation and detail coefficients)
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* P, and ), are projections onto the corresponding approx-
imation resp. detail spaces.
x*) and y*) are the images under these projections



— Projection scheme (for k = 3)
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— Coefficient scheme (for k = 3)
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e Note:

— The projection matrices Py and @y are N x N matrices

— The images x* resp. y®) under the projections onto the approx-
imation and detail spaces are vectors of length N

— The lengths of the coefficient vectors a® and d*) are N/2F.

— The transformation given by
x+— [a® d®) 4D d(l)f

is the k-level wavelet transform

— The representation

is the decomposition of the signal x using projections onto the
approximation and wavelet spaces



